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The recent interest in aspects common to quantum information and condensed matter has
prompted a flory of activity at the border of these disciplines that were far distant untill few
years ago. Numerous interesting questions have been addressed so far. Here we review an im-
portant part of this field, the properties of the entanglement in many-body systems. We discuss
the zero and finite temperature properties of entanglement in interacting spin, fermion and boson
model systems. Both bipartite and multipartite entanglement will be considered. In equilibrium
we show how entanglement is tightly connected to the characteristics of the phase diagram. The
behavior of entanglement can be related, via certain witnesses, to thermodynamic quantities thus
offering interesting possibilities for an experimental test. Out of equilibrium we discuss how to
generate and manipulate entangled states by means of many-body Hamiltonians.
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I. INTRODUCTION

Entanglement expresses the “spooky” non-locality in-
herent to quantum mechanics (Bell, 1987). Because of
that, it gave rise to severe skepticisms since the early
days of quantum mechanics. It was only after the semi-
nal contribution of John Bell that the fundamental ques-
tions related to the existence of entangled states could
be tested experimentally. In fact, under fairly general
assumptions, Bell derived a set of inequalities for corre-
lated measurements of two physical observables that any
local theory should obey. The overwhelming majority
of experiments done so far are in favor of quantum me-
chanics thus demonstrating that quantum entanglement
is physical reality (Peres, 1993). !

Entanglement has gained renewed interest with the de-
velopment of quantum information science (Nielsen and
Chuang, 2000). In its framework, quantum entanglement
is viewed at as a precious resource in quantum informa-
tion processing. It is e.g. believed to be the main ingre-
dient of the quantum speed-up in quantum computation
and communication. Moreover several quantum proto-
cols, as teleportation (Bennett et al., 1993) just to men-
tion an important example, can be realized exclusively
with the help of entangled states.

The role of entanglement as a resource in quantum in-
formation has stimulated intensive research trying to un-
veil both its qualitative and quantitative aspects (Bengts-
son and Zyczkowski, 2006; Brufl, 2002; Eisert, 2006;
Horodecki et al., 2007; Plenio and Vedral, 1998; Plenio
and Virmani, 2007; Vedral, 2002; Wootters, 2001). To
this end, necessary criteria for any entanglement mea-
sure to be fulfilled have been elaborated and lead to the
notion of an entanglement monotone (Vidal, 2000) al-
lowing to attach a precise number to the entanglement
encoded in a given state. There is a substantial bulk of

1 There are states that do not violate Bell inequalities and never-
theless are entangled (Methot and Scarani, 2000).

work for bipartite systems, in particular for the case of
qubits. Many criteria have been proposed to distinguish
separable from entangled pure states, as for example the
Schmidt rank and the von Neumann entropy. The suc-
cess in the bipartite case for qubits asked for extensions to
the multipartite case, but the situation proved to be far
more complicated: different classes of entanglement oc-
cur, which are inequivalent not only under deterministic
local operations and classical communication, but even
under their stochastic analogue (Bennett et al., 2001).

In the last few years it has become evident that quan-
tum information may lead to further insight into other
areas of physics as statistical mechanics and quantum
field theory (Preskill, 2000). The attention of the quan-
tum information community to systems intensively stud-
ied in condensed matter has stimulated an exciting cross-
fertilization between the two areas. Methods developed
in quantum information have proved to be extremely use-
ful in the analysis of the state of many-body systems.
At T = 0 many-body systems are most often described
by complex ground state wave function which contain
all the correlations that give rise to the various phases
of matter (superconductivity, ferromagnetism, quantum
hall systems, .. .). Traditionally many-body systems have
been studied by looking for example at their response
to external perturbations, various order parameters and
excitation spectrum. The study of the ground state of
many-body systems with methods developed in quantum
information may unveil new properties. At the same time
experience built up over the years in condensed matter
is helping in finding new protocols for quantum compu-
tation and communication: A quantum computer is a
many-body system where, differently from “traditional
ones”, the Hamiltonian can be controlled and manipu-
lated.

The amount of work at the interface between statistical
mechanics and quantum information has grown tremen-
dously during the last few years, shining light on many
different aspects of both subjects. In particular, there
has been an extensive analysis of entanglement in quan-
tum critical models (Osborne and Nielsen, 2002; Osterloh
et al., 2002; Vidal et al., 2003). Tools from quantum in-
formation theory also provided important support for nu-
merical methods, as the density matrix renormalization
group or the design of new efficient simulation strategies
for many-body systems (see for example Verstraete et al.,
2004c; Vidal, 2003, 2004). Spin networks have been pro-
posed as quantum channels (Bose, 2003) by exploiting
the collective dynamics of their low lying excitations for
transporting quantum information.

Despite being at its infancy, this new area of research
has grown so fast that a description of the whole field
is beyond the scope of a single review. Many interest-
ing facets of this branch of research will therefore remain
untouched here. In this review we will only discuss the
properties of entanglement in many-body systems. The
models which will be considered include interacting spin
networks, itinerant fermions, harmonic and bosonic sys-



tems. All of them are of paramount interest in condensed
matter physics.

This review is organized as follows. In the next Sec-
tion we give a brief overview on the concepts and mea-
sures of entanglement, with particular attention to those
measures that we will use later on. In Section IIT we
then proceed with a brief introduction to several mod-
els of interacting many-body systems which will be sub-
ject of the review. We will discuss various aspects of
quantum correlations starting from the pairwise entan-
glement, Section IV, we then proceed with the proper-
ties of block entropy, Section V , and localizable entan-
glement, Section VI. In these three Sections it is espe-
cially relevant the connection between entanglement and
quantum phase transitions. The effect of a finite temper-
ature is considered in Section VII. The characterization
of entanglement in many-body systems requires also the
understanding of multipartite entanglement. This topic
will be reviewed in Section VIII. From the point of view
of quantum information processing, dynamical proper-
ties of entanglement are important as well. They will be
addressed in Section IX. The conclusions, the outlook
and a very short panorama of what is left out from this
review are presented in the concluding Section.

Il. MEASURES OF ENTANGLEMENT

The problem of measuring entanglement is a vast and
lively field of research in its own. Numerous different
methods have been proposed for its quantification In this
Section we do not attempt to give an exhaustive review of
the field. Rather do we want to introduce those measures
that are largely being used to quantify entanglement in
many-body systems. Comprehensive overviews of entan-
glement measures can be found in (Bengtsson and Zy-
czkowski, 2006; Bruf}, 2002; Eisert, 2006; Horodecki et al.,
2007; Plenio and Vedral, 1998; Plenio and Virmani, 2007;
Vedral, 2002; Wootters, 2001) In this context, we also
outline a method of detecting entanglement, based on
entanglement witnesses.

A. Bipartite entanglement in pure states

Bipartite entanglement of pure states is conceptually
well understood, although quantifying it for local di-
mensions higher than two still bears theoretical chal-
lenges (Horodecki et al., 2007; Virmani and Plenio, 2000).
A pure bipartite state is not entangled if and only if it
can be written as a tensor product of pure states of the
parts. It is an important fact with this respect that for
every pure bipartite state | ap) (with the two parts, A
and B), two orthonormal bases {|v4;)} and {|¢p;)}
exist such that |9 4p) can be written as

|aB) = Zai |Ya,i) | b5.) (1)

where «; are positive coefficients. This decomposition
is called the Schmidt decomposition and the particular
basis coincide with the eigenbasis of the corresponding
reduced density operators

pp=tr al$ap) = Y of [Ya) Wail
pa=trg(|Yap)) = Y o o) (¢l -

The density operators p4 and pp have common spec-
trum, in particular are they equally mixed. Since only
product states lead to pure reduced density matrices, a
measure for their mixedness points a way towards quan-
tifying entanglement in this case. Given the state | ¥ap),
we can thus take its Schmidt decomposition, Eq.(1), and
use a suitable function of the a; to quantify the entan-
glement.

It is interesting that an entanglement measure FE is
fixed uniquely after imposing the following conditions

1. Eis invariant under local unitary operations (= E
is indeed a function of the a;’s only).

2. E is continuous (in a certain sense also in the
asymptotic limit of infinite copies of the state; see
e.g. Ref. (Plenio and Virmani, 2007)).

3. F is additive, when several copies of the system are
present:

E(|vap) ®@ | ¢aB)) = E(|Yas)) + E(|¢a)).

The unique measure of entanglement satisfying all the
above conditions is the von Neumann entropy of the re-
duced density matrices

S(pa) = S(pp) = — Za? log(ay) , (2)

this is just the Shannon entropy of the moduli squared
of the Schmidt coefficients. In other words: under the
above regularity conditions, the answer on the question
of how entangled a bipartite pure state is, is given by the
von Neumann entropy of (either of) the reduced density
matrices. The amount of entanglement is generally dif-
ficult to define once we are away from bipartite states,
but in several cases we can still gain some insight into
many-party entanglement if one considers different bi-
partitions of a multipartite system. In particular if no
reduced density matrix is pure, then the state is globally
entangled.

It is worth to notice that a variety of purity measures
are admissible when the third condition on additivity is
omitted. In principle, there are infinitely many measures
for the mixedness of a density matrix; two of them will
typically lead to a different ordering when the Hilbert
space of the parts has a dimension larger than two.

In contrast, if we trace out one of two qubits in a pure
state, the corresponding reduced density matrix p4 con-
tains only a single independent and unitarily invariant



parameter: its eigenvalue < 1/2. This implies that each
monotonic function [0,1/2] — [0, 1] of this eigenvalue can
be used as an entanglement measure. Though, also here
an infinity of different mixedness measures exists, here
all lead to the same ordering of states with respect to
their entanglement, and in this sense all are equivalent.
A relevant example is the (one-) tangle (Coffman et al.,
2000)

T1[pa] :=4detpa . (3)

By expressing p4 in terms of spin expectation values

(A (s
= (e BT e

where (S%) = trg(paS®) and S* = 10% o {a =
x,y, z} being the Pauli matrices, it follows that

nlpal =  — (%)% + (8% + (5°)7) .

For a pure state |9 ap) of two qubits the relation
=@ oY @oh|¢) P = Cllvap))? =172 (5)

applies, where C' is the concurrence (Hill and Wootters,
1997, Wootters, 1998) for pure states of two qubits, a
measure of pairwise entanglement (see next Section), and
x indicates the complex conjugation in the eigenbasis of
o*.

The von Neumann entropy can be expressed as a func-

tion of the (one-) tangle

Sipal=n (3 (14 VI=) )

where h(z) =: —zlogy x— (1 —x)log,(1—2) is the binary
entropy. Both the tangle and the concurrence lead to the
important monogamy inequality (Coffman et al., 2000;
Osborne and Verstraete, 2006) which will be discussed in
the next Section.

B. Pairwise qubit entanglement in mixed states

Subsystems of a many-body (pure) state will generally
be in a mixed state, and then even different concepts of
entanglement do exist. Three important representatives
are the entanglement cost F¢, the distillable entangle-
ment Ep (both defined in Ref. (Bennett et al., 1996a))
and the entanglement of formation Er (Bennett et al.,
1996b). Whereas Ep and E¢ are asymptotic limits of
multi-copy extraction probabilities of Bell states and cre-
ation from such states, the entanglement of formation is
the amount of pure state entanglement needed to cre-
ate a single copy of the mixed state. Very recently, a
proof of the full additivity of F'r has been presented (Paz-
Silva and Reina, 2007), which implies that for bipartite
systems both concepts coincide (see e.g. (Vidal et al.,

2002)), i.e. Ep = E¢. The conceptual difficulty behind
the calculation of E'r lies in the infinite number of possi-
ble decompositions of a density matrix. Therefore, even
knowing how to quantify bipartite entanglement in pure
states, we cannot simply apply this knowledge to mixed
states in terms of an average over the mixtures of pure
state entanglement. The problem is that two decomposi-
tions of the same density matrix usually lead to a differ-
ent average entanglement. Which one do we choose? It
turns out that we must take the minimum over all possi-
ble decompositions, simply because if there is a decom-
position where the average is zero, then this state can
be created locally without need of any entangled pure
state, and therefore Ep = 0. The same conclusion can
be drawn from the requirement that entanglement must
not increase on average by means of local operations in-
cluding classical communication (LOCC). A minimal set
of requirements every entanglement measure has to fulfill
has lead to the notion of an entanglement monotone (Vi-
dal, 2000).

The entanglement of formation of a state p is therefore
defined as

Er(p) = minzij(pA,j), (6)

where the minimum is taken over all realizations of the
state pap = >_; pj|¥;) (], and S(pa ;) is the von Neu-
mann entropy of the reduced density matrix ps,; =
tr g|v;) (¢¥;|. Eq.(6) is the so called convex roof (also
the expression convezr hull is found in the literature) of
the entanglement of formation for pure states, and a de-
composition leading to this convex roof value is called an
optimal decomposition.

For systems of two qubits, an analytic expression for
Er does exist and it is given by

EF(P) — _ Z \/1 +0C? (l)) In \/1 + 0'02(,0) (7)

o 2 2

where C(p) is the so called concurrence (Wootters, 1998,
2001), the convex roof of the pure state concurrence,
which has been defined in the previous section. Its con-
vex roof extension is encoded in the positive Hermitean
matrix

R=/pp/p = /A" ® ") (0¥ 8 o) VB,  (8)
with eigenvalues A2 > --- > A\? in the following way?
C = max{)\l - )\2 - )\3 - )\4, O} . (9)

As the entanglement of formation is a monotonous func-
tion of the concurrence, also C' itself or its square 7o -

25 := (0¥ ®aY)p* (0¥ ® o¥) is the tilde-conjugate of the density
matrix, which here coincides with its time reversal.



called also the 2-tangle - can be used as entanglement
measures. This is possible due to a curious peculiarity
of two-qubit systems: namely that a continuous variety
of optimal decompositions exist (Wootters, 1998). The
concurrence C' and the tangle 71 both range from 0 (no
entanglement) to 1.

By virtue of (8) and (9), the concurrence in a spin-1,/2
chain can be computed in terms of up to two-point spin
correlation functions. This is of importance when study-
ing two-site entanglement in spin chains. For simplicity
we consider a case where the model has a parity symme-
try 3. For this case the reduced density matrix p;; for
spins placed at sites ¢ and j assumes a simple form in the
basis {|00),]01),]10),]11)} *

[ 0 0 Cij

2) 0 @ 25 0

P = * 3 10
C;(j 0 0 bz’j

with real a,b,x,y, and complex ¢,z. The concurrence

results to be

Cij = 2max{0, |eij| — \/Tij¥ij: |2i5] — /aijbisy - (11)

For translational invariant systems: x = y; for real
Hamiltonians and stationary states: ¢, z € R. Each entry
of the matrix p;; is then simply related to one and two
point correlation functions,

Ci; =2max{0,C};,Cll} . (12)

YRl

where

rxr 1 2
Ci; = |9;3‘+g;?3?’|—\/<1 +gff> - Mz, (13)

1
11
Cij = loij — 95| + 95 —

T (14)
with g7 = (S7'S5) and M, = (S*) (assuming transla-
tional invariance). A state with dominant fidelity of par-
allel and anti-parallel Bell states is characterized by dom-
inant C! and C!, respectively. This was shown in (Fu-
bini et al., 2006), where the concurrence was expressed in
terms of the fully entangled fraction as defined in (Ben-
nett et al., 1996b). A systematic analysis of the relation
between the concurrence (together with the 3-tangle, see
section ILE) and the correlation functions has been pre-
sented in (Glaser et al., 2003).

The importance of the tangle and the concurrence is
due to the monogamy inequality derived in (Coffman
et al., 2000) for three qubits. This inequality has been

3 In this case all the components of the wave function have an even
(or odd) number of flipped spins

4 when discussing qubits or spin-1/2 systems both notations
[0),|1) and | T),]||) will be used for the eigenstates of S=.

proved to hold also for n-qubits system (Osborne and
Verstraete, 2006). In the case of many-qubits (the tangle
may depend on the site 7 that is considered) it reads

> Ch<m. (15)
i

The so called residual tangle T ; — Zj# Cf is a measure

J 3
for multipartite entanglement (Coffman et al., 2000; Os-
borne and Verstraete, 2006) not stored in pairs of qubits
only. We finally mention that the antilinear form of the
pure state concurrence was the key for the first explicit
construction of a convex roof, and hence its extension to
mixed states (Hill and Wootters, 1997; Uhlmann, 2000;
Wootters, 1998).

Another measure of entanglement we mention is the
relative entropy of entanglement (Vedral et al., 1997).
It can be applied to any number of qubits in princi-
ple (or any dimension of the local Hilbert space). It
is formally defined as E(c) := min,ep S(o]|p), where
S(ollp) = tr o[lno —1Inp] is the quantum relative en-
tropy. This relative entropy of entanglement quantifies
the entanglement in o by its distance from the set D of
separable states®. The main difficulty in computing this
measure is to find the disentangled state closest to p.
This is in general an open problem, even for two qubits.
In the presence of certain symmetries - which is the case
for e.g. eigenstates of certain models - an analytical ac-
cess is possible. In these cases, the relative entropy of
entanglement becomes a very useful tool. The relative
entropy reduces to the entanglement entropy in the case
of pure bi-partite states; this also means that its convex
roof extension coincides with the entanglement of forma-
tion, and is readily deduced from the concurrence (Woot-
ters, 1998).

We close this summary on the pairwise entanglement
by commenting on the notion on the quantum mutual in-
formation. Groisman et al quantified the work necessary
to erase the total correlations existing in a bipartite sys-
tem (Groisman et al., 2005). Although the entanglement
can be erased to an ensemble of suitable randomly cho-
sen unitary transformations on one of the parts, certain
amount of classical correlation amoung the two partners
may survive. The work necessary to erase all correla-
tions is given in terms of von Neumann entropies by the
formula

Zap =5(pa) +5(ps) — S(pas) (16)

C. Localizable entanglement
A different approach to entanglement in many-body

systems arises from the quest to swap or transmute dif-
ferent types of multipartite entanglement into pairwise

5 Since D is compact, the minimum is assumed always.



entanglement between two parties by means of general-
ized measures on the rest of the system. In a system of
interacting spins on a lattice one could then try to max-
imize the entanglement between two spins (at positions
¢ and j) by performing measurements on all the others.
The system is then partitioned in three regions: the sites
1, 7 and the rest of the lattice. This concentrated pairwise
entanglement can then be used e.g. for quantum infor-
mation processing. A standard example is that the three
qubit GHZ state (1/+/2)(] 000)+ | 111)) after a projective
measure in z-direction on one of the sites is transformed
into a Bell state.

The concept of localizable entanglement has been in-
troduced in (Popp et al., 2005; Verstraete et al., 2004a).
It is defined as the maximal amount of entanglement that
can be localized, on average, by doing local measurements
in the rest of the system®. In the case of N parties, the
possible outcomes of the measurements on the remaining
N — 2 particles are pure states |¢s) with corresponding
probabilities p;. The localizable entanglement FEj,. on
the sites ¢ and j is defined as the maximum of the aver-
age entanglement over all possible outcome states | ), ;

Bioc(i, ) = supg »_ psE(|¥s),;) (17)

where £ is the set of all possible outcomes (ps,|1)s)) of
the measurements, and F represents the chosen measure
of entanglement of a pure state of two qubits (e.g. the
concurrence). Although very difficult to compute, lower
and upper bounds have been found which allow to deduce
a number of consequences for this quantity.

An upper bound to the localizable entanglement is
given by the entanglement of assistance (Laustsen et al.,
2003) obtained from localizable entanglement when also
global and joint measurements were allowed on the N —2
spins 7. A lower bound of the localizable entangle-
ment comes from the following theorem (Verstraete et al.,
2004a)

Theorem I1.1 Given a (pure or mized) state of N qubits
with reduced correlations QZ‘»’B = <S7°‘SJ5> - <S{"><SJ5> be-
tween the spins i and j and directions o and [ then
there always exist directions in which one can measure
the other spins such that this correlation do not decrease,
on average.

It then follows that a lower bound to localizable entan-
glement is fixed by the maximal correlation function be-
tween the two parties (one of the various spin-spin cor-
relation functions Q%”B )8,

6 These operations in principle need not to be local operations in
terms of the multipartite setting of single spins on all the chain.

7 The entanglement of assistance is defined as the maximum aver-
age entanglement among the pure state realizations of the state
under consideration (Bennett et al., 1996a)

8 It has been argued recently (Gour, 2006; Gour and Spekkens,

D. Entanglement witnesses

It is important to realize that not just the quantifica-
tion of many-party entanglement is a difficult task; it is
an open problem to tell in general, whether a state of n
parties is separable or not. It is therefore of great value
to have a tool that is able to merely certify if a certain
state is entangled. An entanglement witness W is a Her-
mitean operator which is able to detect entanglement in
a state. The basic idea is that the expectation value of
the witness W for the state p under consideration exceeds
certain bounds only when p is entangled. An expectation
value of W within this bound however does not guarantee
that the state is separable. Nonetheless, this is a very ap-
pealing method also from an experimental point of view,
since it is sometimes possible to relate the presence of the
entanglement to the measurement of few observables.

Simple geometric ideas help to explain the witness op-
erator W at work. Let 7 be the set of all density matrices
and let £ and D be the subsets of entangled and separable
states, respectively. The convexity of D is a key property
for witnessing entanglement?. The entanglement witness
is then an operator defining a hyper-plane which sepa-
rates a given entangled state from the set of separable
states. The main scope of this geometric approach is
then to optimize the witness operator (Lewenstein et al.,
2000) or to replace the hyper-plane by a curved manifold,
tangent to the set of separable states (Giihne, 2004) *°.
We have the freedom to choose W such that

tr (ppW) <0
for all disentangled states pp € D. Then,
tr (pW) >0

implies that p is entangled. A caveat is that the concept
of a witness is not invariant under local unitary opera-
tions (see e.g. Cavalcanti and Terra-Cunha, 2005).
Entanglement witnesses are a special case of a more
general concept, namely that of positive maps. These
are injective superoperators on the subset of positive op-
erators. When we now think of superoperators that act
non-trivially only on part of the system (on operators
that act non trivially only on a sub-Hilbert space), then
we may ask the question whether a positive map on the
subspace is also positive when acting on the whole space.
Maps that remain positive also on the extended space

2006) that in order to extend the entanglement of assistance and
the localizable entanglement to being an entanglement mono-
tone (Vidal, 2000) one should admit also local operations includ-
ing classical communication on the extracted two spins, this was
named entanglement of collaboration.

9 This is based on the Hahn-Banach separation theorem, stating
that given a convex set and a point outside there exists a plane
that separates the point from the set.

10 For other geometric aspects of entanglement see (Bengtsson and
Zyczkowski, 2006; Klyachko, 2002; Leinaas et al., 2006).



are called completely positive maps. The Hermitean time
evolution of a density matrix is an example for a com-
pletely positive map. Positive but not completely posi-
tive maps are important for entanglement theory. There
is a remarkable isomorphism between positive maps and
Hermitean operators (Jamiolkowski, 1972). This can be
used to prove a key theorem (Horodecki et al., 1996).

Theorem I1.2 A state pap is entangled if and only if a
positive map A exists (not completely positive) such that

(]IA X AB)/)AB <0.

For a two dimensional local Hilbert space the situation
simplifies considerably in that any positive map P can
be written as P = CP; + CPyTi , where CP; and CP,
are completely positive maps and Tz is a transposition
operation on subspace B. This decomposition tells that
for a system of two qubits the lack of complete positivity
in a positive map is due to a partial transposition. This
partial transposition clearly leads to a positive operator if
the state is a tensor product of the parts. In fact, also the
opposite is true: a state of two qubits p4p is separable
if and only if pﬁ% > 0 that is, its partial transposition is
positive. This is very simple to test and it is known as the
Peres-Horodecki criterion (Horodecki et al., 1996; Peres,
1996). The properties of entangled states under partial
transposition lead to a measure of entanglement known as
the negativity. The negativity Nap of a bipartite state is
defined as the absolute value of the sum of the negative
eigenvalues of pg’}‘g. The logarithmic negativity is then
defined as

Eny = 1Og2 2(2NAB + 1) (18)

For bipartite states of two qubits, py% has at most one
negative eigenvalue (Sanpera et al, 1998). For gen-
eral multipartite and higher local dimension this is only
a sufficient condition for the presence of entanglement.
There exist entangled states with a positive partial trans-
pose known as bound entangled states (Acin et al., 2001;
Horodecki et al., 1998).

Entanglement witnesses will be used to discuss the
thermal entanglement in Sections VII.C and VIIL.D.

E. Multipartite entanglement measures

Both the classification of entanglement and its quan-
tification are at a preliminary stage even for distinguish-
able particles (see however Briand et al., 2003, 2004; Diir
et al., 2000; Luque and Thibon, 2005; Mandilara et al.,
2006; Miyake and Wadati, 2002; Osterloh and Siewert,
2005, 2006; Verstraete et al., 2002 and references therein).
We restrict ourselves to those approaches which have
been applied so far for the study of condensed matter
systems discussed in this review. It has already been
mentioned that several quantities applied in the previous
sections are useful as indicators for multipartite entan-
glement when the whole system is in a pure state; then

the cumbersome convex-roof construction is not needed.
For non-degenerate ground states of model Hamiltonians,
this requirement is met at zero temperature 7" = 0. The
entropy of entanglement is an example for such a quantity
and several works use multipartite measures constructed
from and related to it (see e.g. Barnum et al., 2003; Coff-
man et al., 2000; de Oliveira et al., 2006a; Love et al.,
2006; Meyer and Wallach, 2002; Scott, 2004). These
measures are of ’collective’ nature - in contrast to ’se-
lective’ measures - in the sense that they give indication
on a global correlation without discerning among the dif-
ferent entanglement classes encoded in the state of the
system. The advantage of these measures is that they
are easily computed. Their disadvantage is founded in
an ambiguity concerning their choice: as soon as at least
two different entanglement classes are measured, an in-
finite variety of inequivalent measures does exist. The
main problem would then consist in extracting the infor-
mation about different entanglement classes from a vast
collection of results, leading to entanglement functions
rather than entanglement values (Facchi et al., 2006a,b)
(see Section VIIL.B).

The geometric measure of entanglement quantifies the
entanglement of a pure state through the minimal dis-
tance of the state from the set of pure product states (Ve-
dral et al., 1997; Wei and Goldbart, 2003)

By (W) = ~ log, max | (]®) | (19)

where the maximum is on all product states ®. As dis-
cussed in detail in (Wei and Goldbart, 2003), the previous
definition is an entanglement monotone if the convex-roof
extension to mixed states is taken. It is zero for separa-
ble states and rises up to unity for e.g. the maximally
entangled n-particle GHZ states. The difficult task in its
evaluation is the maximization over all possible separable
states and of course the convex roof extension to mixed
states. Despite these complications, a clever use of the
symmetries of the problem renders this task accessible
by substantially reducing the number of parameters (see
Section VIII).

A different approach was pursued in (Giihne et al.,
2005) (see also Sharma and Sharma, 2006) where dif-
ferent bounds on the average energy of a given system
are obtained for different types of n-particle quantum
correlated states. A violation of these bounds then im-
plies the presence of multipartite entanglement in the
system. The starting point of Giihne et al. is the no-
tion of n-separability and k-producibility which admit to
discriminate particular types of n-particle correlations
present in the system. A pure state | ¥) of a quan-
tum systems of N parties is said to be n-separable if it
is possible to find a partition of the system for which
| ) = [61)]g2) -+ |6n). A pure state | 1) can be pro-
duced by k-party entanglement (i.e. it is k-producible) if
we can write | ¥) = |¢1)|¢2) - - |pm) where the |¢;) are
states of maximally k parties; by definition m > N/k.
It implies that it is sufficient to generate specific k-party
entanglement to construct the desired state. Both these



indicators for multipartite entanglement are collective,
since they are based on the factorizability of a given
many particle state into smaller parts. k-separability and
-producibility both do not distinguish between different
k-particle entanglement classes (as e.g. the k-particle W-
states and different k-particle graph states (Hein et al.,
2004), like the GHZ state).

Another example for the collective measures of mul-
tipartite entanglement as mentioned in the beginning of
this section are the measures introduced by Meyer and
Wallach (Meyer and Wallach, 2002) and by Barnum et
al (Barnum et al., 2004, 2003). In the case of qubit sys-
tem the @-measure of Meyer and Wallach is the average
purity (which is the average one-tangle in (Coffman et al.,
2000)) of the state (Barnum et al., 2004; Brennen, 2003;
Meyer and Wallach, 2002)

N
2
By =2-+ > Tt (20)
j=1

The notion of generalized entanglement introduced
in (Barnum et al., 2004, 2003) relaxes the typically cho-
sen partition into local subsystems in real space. The
generalized entanglement measure used by Barnum et al.
is the purity relative to a distinguished Lie algebra A of
observables. For the state |¢) it is defined as

Pa =T {[Pal) (wI)*} (21)

where P4 is the projection map p — Pa(p). If
the set of observables is defined by the operator basis
{Al, AQ, ceey AL} then

Pa=Y (4 (22)

from which the reduction to Eq.(20) in the case of all local
observables is evident. This conceptually corresponds to
a redefinition of locality as induced by the distinguished
observable set. It defines an observer dependent concept
of entanglement adapted to e.g. experimentally accessi-
ble or physically relevant observables. This generalized
locality concept can deviate from the archetype of parti-
tion in real space, which corresponds to the Cartan alge-
bra consisting of the number operators of this partition.
In this case, the generalized entanglement coincides with
the global entanglement of Meyer and Wallach.

Another approach pursued is the generalization of the
concurrence. For the quantification of pairwise entan-
glement in higher dimensional local Hilbert spaces, the
concept of concurrence vectors has been formulated (Au-
denaert et al., 2001; Badziag et al., 2002) besides the
I-concurrence (Rungta et al., 2001) . Also for multi-
partite systems of qubits the concurrence vector concept

11 The length of the concurrence vector has proved equivalent to
the I-concurrence (Wootters, 2001).

has been proposed (Akhtarshenas, 2005). It consists in
applying the pure state concurrence formula to a mixed
two-site reduced density matrix. It will coincide with the
true concurrence if and only if the eigenbasis of the den-
sity matrices accidentally are optimal decompositions.
Therefore, the concurrence vector in this case is not a
vector whose entries are the concurrences.

The n-tangle is a straightforward extension of the con-
currence to multipartite states as the overlap of the state
with its time-reversed (Wong and Christensen, 2001). Tt
vanishes identically for an odd number of qubits, but
an entanglement monotone is obtained for an even num-
ber of qubits. It detects products of even-site entangled
states in addition to certain genuine multipartite entan-
gled states: it detects the multipartite GHZ or cat state,
but not for example the four qubit cluster state.

Three states inequivalent under SLOCC (Stochastic
Local Operation and Classical Communication) exist for
four qubits (Osterloh and Siewert, 2005, 2006). These
include the GHZ state, the celebrated cluster state and
a third state, which is also measured by the 4-qubit Hy-
perdeterminant. The measures are constructed from two
basic elements, namely the operator o, employed for the
concurrence, and the operator o, 00" := 101-0"®0" —
0% ® 0% where the e is a tensor product indicating that
the two operators are acting on different copies of the
same qubit. Both are invariant under sl(2, C) operations
on the qubit. The 3-tangle is then expressed as

T[] = (x| e (Yx |0, @0, @ oy @0 @ 0" @ ) 8| )

(23)

The multilinearity, however, makes it problematic to em-

ploy the procedure of convex roof construction presented

in (Uhlmann, 2000; Wootters, 1998) for general mixtures.

The analysis of multipartite entanglement in many-
body systems will be the subject of Section VIII.

F. Indistinguishable particles

Several works analyzed which definition of entangle-
ment for indistinguishable particles will be the most
useful from a physical point of view. The problem is
that for indistinguishable particles the wave function is
(anti-) symmetrized and therefore the definition of en-
tangled states as given in the previous Section does not
apply. In particular, it does not make sense to con-
sider each individual particle as parts of the partition
of the system. Having agreed upon a definition of en-
tanglement, the before introduced concepts as entangle-
ment cost or distillation remain perfectly valid. Follow-
ing (Ghirardi and Marinatto, 2003; Ghirardi et al., 2002)
one can address the problem of defining entanglement
in an ensemble of indistinguishable particles by seeing
if one can attribute to each of the subsystems a com-
plete set of measurable properties, e.g. momenta for free
pointless particles. Quantum states satisfying the above
requirement are precisely the (anti-) symmetrization of



a product state of (fermions) bosons, and represent the
separable states for indistinguishable particles.

There is another crucial difference between the entan-
glement of (indistinguishable) spin-1/2 particles and that
of qubits. Let us therefore consider two fermions on
two sites. Whereas the Hilbert space Hs of a two-site
spin lattice has dimension dim Hy = 4, the Hilbert space
H¢ for two fermions on the same lattice has dimension
dimHy = 6. This is due to the possibility that both
fermions, with opposite spins, can be located at the same
lattice site. When choosing the following numbering of
the states

1) = f11|0> =:c1m|o>
12) = f3]0) ::CL,l|O>
13) = £110) = cly,|0) 29
14) =t f1]0) =:ch |0)

and the definition |4, j) = fjf} | 0), there are Bell states
analogous to those occurring for distinguishable parti-
cles (]1,3) £2,4))/v2 and (| 1,4) +2,3))/v/2. There
are however new entangled states, as (| 1,2) +|3,4))/v2,
where both fermions take the same position. The local
Hilbert space is made of four states labelled by the oc-
cupation number and the spin, if singly occupied. The
site-entanglement of indistinguishable particles is then
defined as the entanglement of the corresponding Fock
states. It can be measured e.g. by the local von Neumann
entropy. This quantity is the analogue to the one-tangle
for qubits, but the local Hilbert space dimension is 4 due
to the possibility of having empty and doubly occupied
sites. Also the quantum mutual information (Groisman
et al., 2005), see Eq.(16), can be defined in this way,
quantifying the total amount (classical and quantum) of
correlations stored in a given state of a second quantized
system.

For spinless fermions a one-to-one mapping to spin-
1/2 chains exists in one spatial dimension - the Jordan-
Wigner transformation. Due to the non-locality of the
Jordan Wigner transformation, quantitative deviations
between the entanglement of spinless fermions and the
Jordan-Wigner relative may occur for distant sites; as
far as nearest-neighbor entanglement is considered, both
concepts completely coincide.

Although from a mathematical point of view the en-
tanglement of indistinguishable particles can be quanti-
fied, the major part of the literature on second quantized
systems that we discuss in this review considers the site-
entanglement described above or the entanglement of de-
grees of freedom, singled out from a suitable set of local
quantum numbers (e.g. the spin of the particle at site
7). In both cases, entanglement measures for distinguish-
able particles (see Sections IV.C.1 and V.F) can be used.
With this respect, this Section has a different pretension
than the others on the quantification of entanglement;
although most of the discussion which follows will not be
used later on, we believe that it will be of interest for
further studies of entanglement in itinerant many-body

systems.

1. Two Fermion entanglement

In this paragraph we summarize the distinct fea-
tures appearing in the quantification and classification
of Fermion entanglement. Due to the antisymmetry un-
der particle exchange, there is no Schmidt decomposition
for Fermions. Nevertheless, a Fermionic analogue to the
Schmidt rank, which classifies entanglement in bipartite
systems of distinguishable particles does exist: the so
called Slater rank. A generic state of two-electrons on
two lattice sites can be written as

4
W) i= Y wiyld,g) (25)
i,j=1

where w is a 4 X 4 matrix which can be assumed an-
tisymmetric and normalized as tr wiw = % (or equiva-
lently tr w*w = —%) Since here the local entities whose
entanglement shall be studied, are the particles, unitary
transformations act on the 4-dimensional single particle
Hilbert space. Due to the indistinguishability of the par-
ticles, the transformation must be the same for each of
the particles. Given a unitary transformation U € SU(4)
such that fj, := Uji f,, the transformed state is given by
|w") where o' := UwUT. The above unitary transforma-
tion preserves the antisymmetry of w and can transform
every pure state of two spin-1/2 particles on two sites
into a state corresponding to the normal form of w

0 2 0 0
2 0 0 0

Ws 0 0 0 z (26)
0 0 —2 0

In fact, every two-particle state within a D-dimensional
single particle Hilbert space can be transformed into the
normal form

Wy diag{Z1,...,Z, Zo} (27)

z-(°7%) @)
(Z())ij =0 ; i,jE{l,...,D—QT‘} (29)

where 7 is then called the Slater rank of the pure Fermion
state (Eckert et al., 2002; Schliemann et al., 2001a,b).
Following the definition in the introduction to this Sec-
tion, a pure Fermion state is entangled if and only if its
Slater rank is larger than 1.

It is important to notice that the above concept of en-
tanglement only depends on the dimension of the Hilbert
space accessible to each of the particles (this includes in-
distinguishable particles on a single D-level system).

For electrons on an L-site lattice the “local” Hilbert
space dimension is 2L, and the question, whether a pure
state living in a 2L-dimensional single particle Hilbert



space has full Slater rank, can be answered by considering
the Pfaffian of w (Caianello and Fubini, 1952; Muir, 1960)

L
Z sign(m) H Wr(2j—1),m(25) (30)

7r€32<L Jj=1

which is non-zero only if w has full Slater rank L. In
the above definition S5} denotes those elements 7 of the
symmetric group Say, with ordered pairs, i.e. 7(2m—1) <
w(2m) for all m < L and 7(2k — 1) < w(2m — 1) for
k < m. Notice that relaxing the restriction to Sy just
leads to a combinatorial factor of 2XL! by virtue of the
antisymmetry of w and hence can we write

2L

pflw] = 2L1L! >

Ji,--J20=1

J1see0d2L, . . ) )
e whyjz"'wszijzL

(31)
where e71-72L is the fully antisymmetric tensor with
gh2-2L = 1. There is a simple relation between the
Pfaffian and the determinant of an antisymmetric even-
dimensional matrix: pflw]? = det[w].

For the simplest case of two spin-1/2 Fermions on
two lattice sites the Pfaffian reads pflw] = w1 w34 —
w1,3wW2,4 + w1 4we 3. Normalized in order to range in the
interval [0,1] this has been called the Fermionic con-
currence C[|w)] (Eckert et al., 2002; Schliemann et al.,
2001a,b)

Cllw)l = (@ ]w)| = 8[ptlw]] (32)
where
@ = %a’?ﬂ%;,l (33)

has been termed the dual to w. Then, |©) =: D|w)
is the analog to the conjugated state in (Hill and Woot-
ters, 1997; Uhlmann, 2000; Wootters, 1998) leading to the
concurrence for qubits. It is important to notice that the
Pfaffian in Eq.(30) is invariant under the complexification
of su(2L), since it is the expectation value of an antilin-
ear operator, namely the conjugation D for the state |w).
Since this invariant is a bilinear expression in the state
coefficients, its convex roof is readily obtained (Uhlmann,
2000) by means of the positive eigenvalues A? of the 6 x 6
matrix

R =/pDpD\/p . (34)

The conjugation D, expressed in the Dbasis
takes the form

[l e lienlien i an i el
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where C is the complex conjugation. Notice that the
center part of this matrix (in bold face) is precisely
oy ® oy and indeed corresponds to the Hilbert space of
two qubits. The remaining part of the Hilbert space gives
rise to an entanglement of different values for the occu-
pation number. This type of entanglement was consid-
ered practically useless and has been referred to as the
fluffy bunny (Verstraete and Cirac, 2003; Wiseman et al.,
2003) in the literature. The consideration of this type of
entanglement as useless in the experiment is based on
a simple fact that can be illustrated as follows: in the
present case, the fluffy bunny is a coherent superposition
of both electrons being either on the left or on the right
hand side. After the detection on one side, the detector
on the right hand side can not be used for checking the
correlation of both particles, since no particle is present
there. In particular can this state not be used for e.g.
the teleportation of an unknown quantum state from left
to right.

For a single particle Hilbert space with dimension
larger than 4 one encounters similar complications as for
two distinguishable particles on a bipartite lattice and
local Hilbert space dimension larger than 2, i.e. for two
qudits. This is because different classes of entanglement
occur, which are characterized by different Slater rank as
opposed to their classification by different Schmidt rank
for distinguishable particles. The Slater rank can be ob-
tained by looking at Pfaffian minors (Muir, 1960): if the
Slater rank is 7, all Pfaffian minors of dimension larger
than 2r are identically zero.

2. Multipartite Entanglement for Fermions

For indistinguishable particles the only classification
available up to now is to check whether or not a pure
state has Slater rank one. Eckert et al. formulated two
recursive lemmata (Eckert et al., 2002) that can be sum-
marized as follows: let an N-electron state be contracted
with V' — 2 arbitrary single electron states encoded in
the vectors al as al f{[0) (j = 1,...,N — 2 and sum
convention) to a two-electron state. Then the Pfaffian of
the two-electron state is zero if and only if the original
state (and hence all intermediate states in a successive
contraction) has Slater rank one. This means that all
4-dimensional Pfaffian minors of w are zero.

Instead of the Pfaffian of w, also the single-particle
reduced density matrix can be considered, and its von
Neumann entropy as a measure for the quantum entan-
glement has been analyzed in (Li et al., 2001; Paskauskas
and You, 2001). It is important to remind that for distin-
guishable particles the local reduced density matrix has
rank one if and only if the original state were a product.
This is no longer true for indistinguishable particles. For
an N-particle pure state with Slater rank one the rank of
the single-particle reduced density matrix coincides with
the number of particles, N. A subtlety is that a mea-
sure of entanglement is obtained after subtraction of the



constant value of the von Neumann entropy of a disen-
tangled state. This must be taken into account also for
the extension of the measure to mixed states.

3. “Entanglement of particles”

Entanglement in the presence of superselection rules
(SSR) induced by particle conservation has been dis-
cussed in Refs. (Bartlett and Wiseman, 2003; Schuch
et al., 2003, 2004; Wiseman and Vaccaro, 2003). The
main difference in the concept of entanglement of parti-
cles (Wiseman and Vaccaro, 2003) from the entanglement
of indistinguishable particles as described in the preced-
ing section (but also to that obtained from the reduced
density matrix of e.g. spin degrees of freedom of indis-
tinguishable particles) consists in the projection of the
Hilbert space onto a subspace of fixed particle numbers
for either part of a bipartition of the system. The bipar-
tition is typically chosen to be space-like, as motivated
from experimentalists or detectors sitting at distinct po-
sitions. E.g. two experimentalists, in order to detect
the entanglement between two indistinguishable parti-
cles, must have one particle each in their laboratory.

This difference induced by particle number superselec-
tion is very subtle and shows up if multiple occupan-
cies occur at single sites for Fermions with some inner
degrees of freedom, as the spin. Their contribution is
finite for finite discrete lattices and will generally scale
to zero in the thermodynamic limit with vanishing lat-
tice spacing. Therefore both concepts of spin entan-
glement of two distant particles coincide in this limit.
Significant differences are to be expected only for finite
non-dilute systems. It must be noted that the same re-
strictions imposed by SSR which change considerably the
concept of entanglement quantitatively and qualitatively,
on the other hand enable otherwise impossible protocols
of quantum information processing (Schuch et al., 2003,
2004) which are based on variances about the observable
fixed by superselection.

Wiseman and Vaccaro project an N-particle state
| ¥n) onto all possible subspaces, where the two parties
have a well defined number (na,ng = N — ny) of par-
ticles in their laboratory (Wiseman and Vaccaro, 2003).
Let | ¢[n4]) be the respective projection, and let p,, be
the weight (¥[na]|¥[na])/{¥n|¥n) of this projection.
Then the entanglement of particles E, is defined as

Bplln)] = > pnEa[to[nall (36)

where Fj; is some measure of entanglement for distin-
guishable particles. Although this certainly represents
a definition of entanglement appealing for experimen-
tal issues, it is sensitive only to situations, where e.g.
the two initially indistinguishable particles eventually are
separated and can be examined one-by-one by Alice and
Bob. Consequently, “local operations” have been defined
in (Wiseman and Vaccaro, 2003) as those performed by

Alice and Bob in their laboratory after having measured
the number of particles'2.

Verstraete and Cirac pointed out that the presence of
SSR gives rise to a new resource which has to be quan-
tified. They have proposed to replace the quantity £,
with the SSR-entanglement of formation. This is defined
as

E](CSSR)H on)] = p{?iﬁl anEM [¥n]

where the minimization is performed over all those de-
composition of the density matrix where the [¢), are
eigenstates of the total number of particles (Schuch et al.,
2003, 2004).

4. Entanglement for Bosons

The quantification and classification of boson entan-
glement is very close in spirit to that of Fermions as de-
scribed in Section II.LF.1. We therefore will only empha-
size the marking differences for bosonic entanglement.

In the bosonic case the matrix w in Eq.(25) is sym-
metric under permutations of the particle numbers. Con-
sequently, for any two-particle state of indistinguishable
bosons, w can be diagonalized by means of unitary trans-
formations of the single particle basis. This leads to the
Schmidt decomposition for bosons (Eckert et al., 2002).
An curious feature distinguishing this case from the en-
tanglement measures of distinguishable particles is that
the Schmidt decomposition is not unique. In fact, any
two equal Schmidt coefficients admit for a unitary trans-
formation of the two corresponding basis states, such
that the superposition of the two doubly occupied states
can be written as a symmetrized state of two orthogonal
states (Ghirardi and Marinatto, 2005; Li et al., 2001).
This is the reason why it is not directly the Schmidt rank,
but rather the reduced Schmidt rank - obtained after
having removed all double degeneracies of the Schmidt

12 As a potential difference between the entanglement of photons as
opposed to that of massive bosonic particles, it has been claimed
that certain superselection rules may hold for massive particles
only. One such claim is that we would in practice not be able
to build coherent superpositions of states containing a different
number of massive particles (for a recent discussion see Bartlett
et al., 2007). This superselection rule would, for instance, pro-
hibit creating a superposition of a Hydrogen atom and a Hydro-
gen molecule. However, the origin and validity of any superselec-
tion rule remains a very much debated subject. The arguments
pro superselection rules usually involve some symmetry consid-
erations, or some decoherence mechanism. On the other hand,
it turns out that if we allow most general operations in quantum
mechanics, we no longer encounter any superselection restric-
tions. As a support of the latter point of view, recent work Dowl-
ing et al., 2006a; Terra Cunha et al., 2006 shows that it should
be possible to coherently superpose massive particles and to ob-
serve a violation of certain Bell inequalities Terra Cunha et al.,
2006 also for this case.



decomposition - that determines whether or not a state
is entangled. This non-uniqueness of the Schmidt rank is
also responsible for the ambiguity of the von Neumann
entropy or other purity measures of the single particle
reduced density matrix as an entanglement measure for
Bosons (Ghirardi and Marinatto, 2005).

With z; being the Schmidt coeflicients with degeneracy
gi, the reduced Schmidt rank is at most 442 {9—21 }, where
{} denotes the non-integer part. As a consequence, a
Schmidt rank larger than two implies the presence of en-
tanglement. Schmidt rank 2 with degenerate Schmidt
coefficients can be written as a symmetrized product of
orthogonal states and consequently is disentangled (Ghi-
rardi and Marinatto, 2005). This features is also present
in the N-boson case, where in presence of up to N-fold
degenerate Schmidt coefficients the corresponding state
can be rewritten as a symmetrization of a product.

For bipartite systems w has full Schmidt rank if det w #
0. A Schmidt rank 1 can be verified by the same con-
traction technique described for the Fermion case in the
previous section, where the Pfaffian must be replaced by
the determinant. This applies to both the bipartite and
the multipartite case (Eckert et al., 2002).

G. Entanglement in harmonic systems

In this section we concentrate on the entanglement be-
tween distinct modes of harmonic oscillators, whose lo-
cal Hilbert space dimension is infinite. We will focus
here on a particular aspect in this area only and refer to
recent reviews for a more detailed description of the sub-
ject (Adesso and Illuminati, 2007; Braunstein and van
Loock, 2005). The entanglement in this case is termed
continuous variable entanglement in the literature (to be
distinguished from the entanglement of indistinguishable
bosonic particles; see Section ILF).

Dealing with higher dimensional space of the local de-
grees of freedom generally involves complications which
are not tamable within the current knowledge about en-
tanglement. The Peres-Horodecki criterion, just to men-
tion an important example, is not sufficient already for
two three-level systems, 3 x 3. The situation simplifies
if only so called Gaussian states of the harmonic oscil-
lator modes are considered. This restriction makes the
infinite dimensional case even conceptually simpler than
the finite dimensional counterparts. In order to explain
what Gaussian states are, we introduce the Wigner dis-
tribution function W(p,q) (Wigner, 1932). For a single
degree of freedom it is defined from the density operator
p as

1 ° i
W(rp) = — / @ (e |plr =o'y P (37)

where r and p are conjugate position and momentum
variables of the degree of freedom. The connection be-
tween bosonic operators @, a' and phase space operators
F,pis a = (7 +ip)/V2, at = (a)f = (# —ip)/V/2. More

degrees of freedom are taken into account in a straight
forward manner. A (mixed) state p is then called Gaus-
sian when its Wigner distribution function is Gaussian.
Examples for such states are coherent pure states |a),
a|a) = ala) with a € C, and arbitrary mixtures of co-
herent states p = [ d%a P(«a)| ) (a|, determined by the
so called P-distribution P(z). Such states are termed
classical if the Wigner function and the P-distribution
are non-negative (Simon, 2000).

The key quality of Gaussian states is that they are
completely classified by second moments, which are en-
coded in the symmetric so called (co-)variance matriz
with the uncertainties of the phase space coordinates as
entries. For two bosonic modes the phase space is four-
dimensional and the covariance matrix V' is defined as

Vo = ({8 da}) = [ d'€ AabEW({S,)) s (39)

where the curly brackets on the left hand side indicate the
anti-commutator. The components of éa, a=1,...,4
are (71, p1, 72, p2) and Aéa = éa — <fa); the averages (.)
is taken with respect to the given two-mode density ma-
trix p, or equivalently, using the Wigner distribution of
p. Then, the canonical commutation relations assume the
compact form [€,,Eg] = ihQ 5 with Q =i, ® 1. When
expressed in terms of V, the Heisenberg uncertainty re-
lation can be invoked in invariant form with respect to
canonical transformations as det V' > %2 (see e.g. Simon
et al., 1994). The set of the real linear canonical trans-
formation generates the symplectic group Sp(2n,R) that
plays an important role in the theory. Being a symplec-
tic matrix, V' can be brought in its diagonal form V,, by
means of symplectic transformations. The elements on
the diagonal are then called the symplectic eigenvalues of
V. An analysis of V,,Q2 has unveiled an even more power-
ful invariant form of the Heisenberg uncertainty principle

V+ %Q >0 (39)
where the positive semi-definiteness means that all sym-
plectic eigenvalues are non-negative. The uncertainty re-
lation can hence be cast directly in terms of the symplec-
tic eigenvalues of the covariance matrix V', which are the
absolute values of the eigenvalues of —iQ2V. With this
in mind, multiplying Eq.(39) with —i§2 leads to the re-
quirement that all symplectic eigenvalues of V' be larger
than £/2. It is worth adding here that for classical states
already V — %]1 is positive semi-definite.

Some of the aspects of the harmonic systems can be
disclosed by recognizing that the Gaussian structure of
the bosonic states can be thought as a certain limit of
the algebraic structure of the qubits in the sense that
Sp(2,R) ~ SL(2,C). The latter is the invariance group
relevant for qubit entanglement classification and quan-
tification (Diir et al., 2000; Osterloh and Siewert, 2005;
Verstraete et al., 2003).

We now introduce the notion of entanglement for a
state of many harmonic oscillators and we will start



with the definition of bipartite entanglement for Gaussian
states. Such states have a well-behaved P-distribution.
In complete analogy to the finite-dimensional case, a
(mixed) state is termed separable if it is a mixture of
product states. In particular, all classical states, i.e.

= / 21 d%2 Pz, 20) | 21) (21| @ | 22) (22| (40)

with positive P(z1, 22) are separable.

It was Simon (Simon, 2000) that first proved the Peres-
Horodecki PPT criterion being necessary and sufficient
for entanglement of two harmonic oscillator modes, again
in complete analogy to a system of two qubits. The ef-
fect of the transposition of the density matrix is a sign
change in the momentum variables of the Wigner func-
tion (37). Consequently, a partial transposition induces a
sign change of those momenta in the phase space vector,
where the transposition should act on. For an entangled
state, the partial transposition V' of its covariance matrix
V might then have symplectic eigenvalues smaller than
h/2. This can be detected by the logarithmic negativ-
ity as defined from the symplectic (doubly degenerate)
eigenvalues {¢;; i = 1...n} of V/h (Vidal and Werner,
2002)

En(V)=— ZlogQ(%» : (41)

These important results paved the way towards a sys-
tematic analysis of multipartite systems of distinguish-
able bosonic modes. The model systems under consid-
eration are presented in Section III.D; An analysis of
bipartite entanglement - measured by the negativity - in
the ground state of such models will be reported on in
Section V.B, whereas the dynamics of bipartite entangle-
ment will be discussed in Section IX.D.

I1l. MODEL SYSTEMS

This section is devoted to the basic properties of
the model systems that will be analyzed in the rest
of the review. In most of the cases we will consider
one-dimensional systems. The reason for this choice
is twofold. In the first place, most of the literature
on entanglement in many-body systems has been de-
voted so far to the study of one-dimensional systems.
This, in turn, has been mainly motivated by the fact
that quantum fluctuations are particularly pronounced
in low dimensions. In addition, several non-trivial one-
dimensional systems are amenable to an exact solution,
allowing to discuss their physical properties on a firm
ground.

A. Spin models

Interacting spin models (Auerbach, 1998; Schollwock
et al., 2004) provide a paradigm to describe a wide range

Model| ~| A
XX ol O
XY [#0] O
XXX| 0] 1
XXZ| 0/#0
XYZ|#0|#0
Ising 11 0

TABLE I Nomenclature of the various models deriving from
Eq.(42)

of many-body systems. They account for the effective
interactions in a variety of very different physical con-
texts ranging from high energy to nuclear physics (Belit-
sky et al., 2004; Polyakov, 1977). In condensed matter
beside describing the properties of magnetic compounds
(see Matsumoto et al., 2004 for a recent survey), they
capture several aspects of high-temperature supercon-
ductors, quantum Hall systems, heavy fermions, just to
mention few important examples. Hamiltonians for inter-
acting spins can be realized artificially in Josephson junc-
tions arrays (Fazio and van der Zant, 2001) or with neu-
tral atoms loaded in optical lattices (Duan et al., 2003;
Jané et al., 2003; Porras and Cirac, 2004). Of course,
interacting spins are paradigm systems for quantum in-
formation processing (Nielsen and Chuang, 2000).

1. Spin-1/2 models with short range interactions

A model Hamiltonian for a set of localized spins in-
teracting with nearest neighbor exchange coupling on a
d-dimensional lattice is

Hv, A0 /D)= 4 Y [(1+79)S7S7 + (1 —7)S¥SY]
(i.d)
+ T A SIS -nt) SE (42)

(i,) @

In the previous expression 7, j are lattice points, (-) con-
straints the sum over nearest neighbors and S& (o =
x,y, z) are spin-1/2 operators. A reminder of the nomen-
clature of the various models deriving from Eq.(42) is
shown in table I. A positive (negative) exchange cou-
pling J favors antiferromagnetic (ferromagnetic) order-
ing in the xy—plane. The parameters v and A account
for the anisotropy in the exchange coupling in z direc-
tion, and h* is the transverse magnetic field. There are
only very few exact results concerning H(y, A, h*/J) in
dimension d > 1.

The ground state of Eq.(42) is in general entangled. It
exists however, for any value of the coupling constants
and A, J > 0 a point in d = 1,2 (for bipartite lattices)
where the ground state is factorized (Kurmann et al.,
1982; Roscilde et al., 2005b). It occurs at the so called



factorizing field h¢ given by

he = 5TV A = (772

where z is the coordination number. Note that the above
result is rigorous (despite the XY Z chain in a field is not
solved exactly).

In d = 1 the model is exactly solvable in several im-
portant cases. In the next two paragraphs we discuss the
exactly solvable cases corresponding to the anisotropic
quantum XY model ( A =0 and 0 < v < 1) and the
X XZ model (y =0). Also the XY Z-model in zero field,
v # 0,A # 0 can be solved exactly but it will not be
discussed here (see for example Takahashi, 1999 for a re-
view).

a. A = 0: Quantum XY-model The quantum Ising
model corresponds to v = 1 while the (isotropic) X X-
model is obtained for v = 0. In the isotropic case
the model possesses an additional symmetry resulting
in the conservation of the magnetization along the z-
axis. For any value of the anisotropy the model can be
solved exactly (Barouch and McCoy, 1971; Lieb et al.,
1961; Pfeuty, 1970). By first applying the Jordan-Wigner
transformation

cp =€ Yiiofey oL (43)
(with oF = (1/2)(0® +£icY)) the XY model can be trans-
formed onto a free fermion Hamiltonian

1 1
H= Z [Cin,jCj + E(CjBi,jCj- + h.c.)] +3 E Ai
irj -

(44)
In the previous equations ci,cj are the annihilation
and creation operators for the spinless Jordan-Wigner
fermions. The two matrices A, B are defined as

Aj = —J(Okj1 + 6jk11) — B85k
Bk = —vJ (Okj+1 — 6jkt1) (45)

A is an Hermitean matrix and B is antisymmetric. For
the case of periodic boundary conditions on the spins, an
extra boundary term appears in the fermionic Hamilto-
nian which depends on the total number of fermions Ng.
Notice that although Np does not commute with the
Hamiltonian the parity of Ng is conserved. A generic
quadratic form, like Eq. (44), can be diagonalized in
terms of the normal-mode spinless Fermi operators by
first going to the Fourier space and then performing a
Bogoliubov transformation.

The properties of the Hamiltonian are governed by the
dimensionless coupling constant A = J/2h. In the in-
terval 0 < v < 1 the system undergoes a second order
quantum phase transition at the critical value A\, = 1.
The order parameter is the magnetization in x-direction,
(S®), which is different from zero for A > 1. In the phase

with broken symmetry the ground state has a two-fold
degereracy reflecting a global phase flip symmetry of the
system. The magnetization along the z-direction, (S%),
is different from zero for any value of A, but presents a
singular behavior of its first derivative at the transition.
This is reflected also in the singularity present in the sec-
ond derivative of the ground state energy with respect to
A. In the whole interval 0 < v < 1 the transition belongs
to the Ising universality class. For v = 0 the quantum
phase transition is of the Berezinskii-Kosterlitz-Thouless
type.

As it was discussed in Section II (see II.A and IL.B in
particular) one- and two site- entanglement measures are
obtained from the (one- and two-body) reduced density
matrix whose entries can be related to various equal-time
spin correlation functions '3

ME(t) = (W[SP (1)) (46)
arlt) = (WIS (1)SL(t)|w) . (47)

The correlators defined in Eq.(47) have been calculated
for this class of models in the case of thermal equi-
librium (Barouch and McCoy, 1971; Lieb et al., 1961;
Pfeuty, 1970). These can be recast in the form of Pfaf-
fians that for stationary states reduce to Toeplitz deter-
minants (i.e. determinants, whose entries depend only
on the difference of their row and column number). In
the case in which the averages must be evaluated for
non-stationary states the Pfaffians cannot be reduced to
Toeplitz determinants (this case is of relevance in the
study of entanglement propagation, see section IX). In
this case it can be demonstrated that the equal time cor-
relation functions can be expressed as a sum of Pfaffi-
ans (Amico and Osterloh, 2004).

b. v = 0: XXZ model The two isotropic points A = 1
and A = —1 describe the antiferromagnetic and fer-
romagnetic chains respectively. In one dimension the
X XZ Heisenberg model can be solved exactly by the
Bethe Ansatz technique (Bethe, 1931) (see e.g. Taka-
hashi, 1999) and the correlation functions can be ex-
pressed in terms of certain determinants (see Bogoliubov
et al., 1993 for a review). Correlation functions, espe-
cially for intermediate distances, are in general difficult
to evaluate, although important steps in this direction
have been made (Gohmann and Korepin, 2000; Kitanine
et al., 1999).

The zero temperature phase diagram of the XXZ model
in zero magnetic field shows a gapless phase in the inter-
val —1 < A < 1. Outside this interval the excitations are
gapped. The two phases are separated by a Berezinskii-
Kosterlitz-Thouless phase transition at A = 1 while at

13 Tn some important cases also the block entropy can be reduced
to the evaluation of two-point correlators.



A = —1 the transition is of the first order. In the pres-
ence of the external magnetic field a finite energy gap
appears in the spectrum. The universality class of the
transition is not affected, as a result of the conservation
of the total spin-z component (Takahashi, 1999).

When one moves away from one dimension, exact re-
sults are rare. Nevertheless is it now established that the
ground state of a two-dimensional antiferromagnet pos-
sesses Néel long range order (Dagotto, 1994; Manousakis,
1991).

2. Spin-1/2 models with infinite range interaction

Assume that each spin interacts with all the other spins
in the system with the same coupling strength

He DS (5757 st - Yome s ()

ij

For site-independent magnetic field h$ = h*Vi, this
model was originally proposed by Lipkin, Meshkov and
Glick (LMG) (Lipkin et al., 1965; Meshkov et al.,
1965a,b) to describe a collective motion in nuclei. In
this case the dynamics of the system can be described in
terms of a collective spin S, = >, 7. The Hamiltonian
of Eq.(48) reduces to

M= (S +2(S77) ~h-S . (49)

Since the Hamiltonian commutes with the Casimir oper-
ator S? the eigenstates can be labeled by the represen-
tation S of the collective spin algebra, at most linear in
the number N of spins; this reduces (from 2V to N/2)
the complexity of the problem. A further simplification
is achieved at the supersymmetric point corresponding
to J?y = 4h* where the Hamiltonian can be factor-
ized in two terms linear in the collective spin (Unanyan
and Fleischhauer, 2003); then the ground state can be
obtained explicitly. The phase diagram of the model
(48) depends on the parameter A = J/2h* (see also Sec-
tion III.A.1). For a ferromagnetic coupling (J > 0) and
h* = hY = 0 the system undergoes a second order quan-
tum phase transition at A. = 1, characterized by mean
field critical indices (Bottet et al., 1982). The average
magnetization (for any ) m, = (S.)/N saturates for
A < A. while it is suppressed for A > A.. For hY = 0,
h* < 1 and v = 0 the model exhibits a first order tran-
sition at h* = 0 (Vidal et al., 2006) while for an anti-
ferromagnetic coupling and hY = 0 a first order phase
transition at h* = 0 occurs, where the magnetization
saturates abruptly at the same value m* = 1/2 for any
~’s.

The model Hamiltonian of Eq.(48) embraces an im-
portant class of interacting fermion systems as well. By
interpreting the non homogeneous magnetic field as a set
of energy levels h} = —¢;, for h* = hY = 0 and v = 1,
the Hamiltonian in Eq.(48) expresses the BCS model.

This can be realized by noticing that the operators
S; = ¢j164, S;r = (S;)T sz = (C}TCjT—f—C;lel —1)/2
span the su(2) algebra in the representation 1/2. In the

fermion language the Hamiltonian reads

N
E: €jCisCjo

Jo={1,1}

Both the LMG and the BCS type models can be solved
exactly by Bethe Ansatz (Richardson, 1963; Richardson
and Sherman, 1964) (see also Dukelsky et al., 2004 for
a review) as they are quasi classical descendants of the

six vertex model (Amico et al., 2001; Di Lorenzo et al.,
2002; Ortiz et al., 2005).

J
Hpes = 6 ZC}TC}lCilCiT . (50)
ij

3. Frustrated spin-1/2 models

Frustration arises in systems where certain local con-
straints prevent the system from reaching a local energy
minimum. The constraints can be of geometric nature
(for example the topology of the underlying lattice) or of
dynamical nature (two terms in the Hamiltonian tending
to favor incompatible configurations). A classical exam-
ple of the first type is that of an antiferromagnet in a
triangular lattice with Ising interaction. As can be easily
seen, there is no way for the triangular classical antifer-
romagnet to minimize the energy of all the bonds (if on
two bonds of the elementary plaquette the spin order is
antiparallel, then the third bond is ferromagnetic). At a
quantum mechanical level this phenomenon can result in
the appearance of ground state degeneracies. The equi-
librium and dynamical properties of frustrated systems
have been extensively studied in the literature (Diep,
2005) both in classical and quantum systems. Of interest
here are quantum systems where the complexity of the
wave function has interesting signatures in its entangle-
ment.

A prototype of frustrated models in one dimension is
the antiferromagnetic Heisenberg model with nearest and
next-nearest neighbor interactions, where it is the com-
petition between different couplings that leads to frus-
tration. This class of models were discussed originally
to study the spin-Peierls transition (Schollwock et al.,
2004). The Hamiltonian reads

N
H, = JZ(Si “Sit1+aS; - Sit2) (51)

i=1

Analytical calculations (Haldane, 1982), corroborated by
numerical result (Okamoto and Nomura, 1992) indicate
that at a &~ 1/4 there is a quantum phase transition to a
dimerized 2-fold degenerate ground state, where singlets
are arranged on doubled lattice constant distances. Such
a phase is characterized by a finite gap in the low lying
excitation spectrum.

The Majumdar-Ghosh model (Majumdar, 1970; Ma-
jumdar and Ghosh, 1969a,b) is obtained from Eq.(51)



for @« = 1/2. The exact ground state can be solved by
means of matrix product states (see next Section) and it
is shown to be disordered. It is a doubly degenerate va-
lence bond state made of nearest neighbor spin singlets.
Although all two-point correlation function vanish, a fi-
nite four-spin correlation function does reflect an ordered
dimerization.

4. Spin-1 models

Spin-1 systems where originally considered to study
the quantum dynamics of magnetic solitons in antiferro-
magnets with single ion anisotropy (Mikeska, 1995). In
one dimension, half-integer and integer spin chains have
very different properties (Haldane, 1983a,b). Long range
order which is established in the ground state of systems
with half-integer spin (Lieb et al., 1961), may be washed
out for integer spins. In this latter case, the system has
a gap in the excitation spectrum. A paradigm model of
interacting spin-1 systems is

N
H= Z S; - Sit1+B(Si - Sit1)? (52)

=0

The resulting gapped phase arises because of the presence
of zero as an eigenvalue of S7; the corresponding eigen-
states represent a spin excitation that can move freely
in the chain, ultimately disordering the ground state of
the system (Gomez-Santos, 1991; Mikeska, 1995). The
so called string order parameter was proposed to capture
the resulting ’floating’ Néel order, made of alternating
spins | 1), | |) with strings of |0)’s in between (den Nijs
and Rommelse, 1989)

i+R—1
Sring = Jm (SF( [ €™)S2p5) - (53)
k=i+1

The ground state of physical systems described by Hamil-
tonians of the form of Eq.(52) has been studied in great
details (Schollwock et al., 2004). Various phase transi-
tions have been found between antiferromagnetic phases,
Haldane phases, and a phase characterized by a large
density of vanishing weights (S7 = 0) along the chain.

a. The AKLT Model. Some features of the phenomenol-
ogy leading to the destruction of the antiferromagnetic
order can be put on a firm ground for = 1/3 (AKLT
model), where the ground state of the Hamiltonian in
Eq.(52) is known exactly (Affleck et al., 1988). In this
case it was proved that the ground state is constituted by
a sea of resonating valence bond states, separated from
the first excitation by a finite gap with exponentially de-
caying correlation functions. Such a state is sketched in
Fig.1. In fact it is a matrix product state, i.e. it belongs
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FIG. 1 A cartoon of the resonating valence bond state, ex-
act ground state of the spin-1 model in Eq.(52) for 8 = 1/3
(AKLT-model). The ground state is constructed regarding
every S =1 in the lattice sites as made of a pair of S =1/2,
and projecting out the singlet state. The singlets are then
formed taking pairs of S = 1/2 in nearest neighbor sites.

to the class of states which can be expressed in the form

D
| Ymps) = Z TrA® .. AN | sq,...

S81,--3SN

sn) (54)

where the matrices A parametrize the state; |s; > de-
notes a local basis and D is the dimension of the lo-
cal Hilbert space. The dimensions of A depends on the
particular state considered, if the state is only slightly
entangled then the dimension of A is bounded by some
Dy ps. Matrix product states, first discussed in (Fannes
et al., 1992), appear naturally in the DMRG (Ostlund
and Rommer, 1995). In one-dimensional non-critical sys-
tems they describe faithfully the ground state. Infact, as
shown by Vidal, matrix product states constitute an ef-
ficient representation of slightly entangle states (Vidal,
2003).

B. Strongly correlated fermionic models

The prototype model of interacting fermions on a lat-
tice is the Hubbard model (Essler et al., 2004)

H=—t z:[cincj,[7 + h.c]+ UZ n;ni — uN - (55)
(i5) i

1o are fermionic operators: {ciﬁg,c;r.’g,} =
0i,j0s67. The coupling constant U describes the on-site
repulsion, ¢ is the hopping amplitude.

The Hubbard model possess an wu(1l) @ su(2) sym-
metry expressing the charge conservation: wu(l) =
span{N = > . njo} and the invariance under spin
su(2) = span{S® = Y .(n;; —n; ), ST =
> c})TcN,S’ = (S*)'}. Such a symmetry allows to
use the total charge and magnetization as good quan-
tum numbers. At half filling n = N/L =1 (up = U/2)
the symmetry is enlarged to so(4) = su(2) ® su(2) by the
generator n = (=) cjqc), together with its hermitean
conjugate (Yang and Zhang, 1990). It was demonstrated
that |U) = (n)V|gs) are eigenstates of the Hubbard
model (in any dimension), characterized by off-diagonal-
long-range-order via the mechanism of the so called 7-
pairing (Yang, 1989).

In one dimension the Hubbard model undergoes a Mott
transition at U = 0 of the Berezinskii-Kosterlitz-Thouless
type. By means of the Bethe Ansatz solution (Lieb and
Wu, 1968) it can be demonstrated how the bare electrons

where ¢; ¢, cl

rotation:



decay in charge and spin excitations. The phenomenon of
spin-charge separation occurs at low energies away from
half filling. For repulsive interaction the half-filled band
is gapped in the charge sector; while the spin excitations
remain gapless. The mirror-inverted situation occurs for
attractive interaction where the gap is in the spin excita-
tions instead (see Essler et al., 2004 for a recent review).

The Hubbard model in a magnetic field was proved to
exhibit two quantum critical points at h* = 4(|U| 4 1)
and half filling for U < 0, while there is one at h] =
4(vVt2 4+ U? - U) for U > 0 (Yang et al., 2000).

If a mnearest neighbor Coulomb repulsion
Vv EU’U,J NjeMjt+10 1S taken into account in Eq.(55),
a spin density wave and a charge density wave phase
appear. A transition to a phase separation of high
density and low density regions (see e.g. Ref. Clay et al.,
1999) is also present.

The bond charge extended Hubbard model, origi-
nally proposed in the context of high T, superconduc-
tivity (Hirsch, 1989), include further correlations in the
hopping process already involved in (55). The Hamilto-
nian reads

L

H=U>_ i, —t1=2(ni —o+nis1 —o)lel o Cit1,0+h.c.

3

(56)
(for = 0 the Eq.(56) coincides with the Hubbard model
(55)). For x # 0 the hopping amplitudes are modulated
by the occupancy of the sites involved in the processes
of tunneling. Because of the particle-hole symmetry, =
can be restricted in [0, 1] without loss of generality. For
x = 1 an important simplification occurs since the cor-
related hopping term commutes with the interaction. In
this case the exact ground state was shown to exhibit a
variety of quantum phase transitions between insulators
and superconducting regimes, controlled by the Coulomb
repulsion parameter U. For z = 1 the phase diagram is
shown in Section IV, Fig.16. At U/t =4 and n =1, a
superconductor-insulator quantum phase transition oc-
curs; for —4 < U/t < 4 the ground state is characterized
by off-diagonal long-range order; the low lying excitations
are gapless. For U/t = —4 a further quantum critical
point projects the ground state into the Hilbert subspace
spanned by singly and doubly occupied states (Arrachea
and Aligia, 1994; Schadschneider, 1995). For intermedi-
ate x the model has not be solved exactly. Numerical
calculations indicate a superconducting-insulator transi-
tion controlled by U and parametrized by z. Specifically,
for 0 < z < 1/2 the phase is gapped at any non vanishing
U; for 1/2 < = < 1 the onset to a superconducting phase
was evidenced at some finite U (Anfossi et al., 2005a).

C. Spin-boson models
A prototype model in this class is that of a quantum

system coupled to a bath of harmonic oscillators (see
Weiss, 1999 for a review of open quantum mechanical

systems) known also as the Caldeira-Leggett model. The
spin-boson model can be considered as a variant of the
Caldeira-Leggett model where the quantum system is a
two level system (it can be demonstrated to be equivalent
via bosonization to the anisotropic Kondo model (Ander-
son et al., 1970; Guinea, 1985)). This class of models was
intensely investigated to study the quantum-to-classical
transition and the corresponding loss of quantum coher-
ence (Zurek, 2003).
The spin-boson Hamiltonian has the form

1

HS:(5
2

p=—55"+ zﬂ:wn(alan +

1
- 8% T
)+ 55 Xn: An(ah + an)
(57)
The coupling constants {\,} fix the spectral density of

the bath: J(w) = (7/2) Z M 5(w — wn)/wn. At low en-

n

ergy the spectral function can be represented as a power-
law: J(w) oc 20w*AS™% where a is the parameter con-
trolling the spin-bosons interaction and Ay is a ultra-
violet cutoff frequency. The power s characterizes the
bath. For s = 1 the bath is called Ohmic, in this case
the model has a second order quantum phase transition
at @ = 1 from under-damped to over-damped oscilla-
tions (where the value of the spin is frozen). The value
a = 1/2 identifies a cross over regime where the two-
level system is driven from coherent to incoherent oscil-
lations. If the bath is super-Ohmic (s > 1), the quantum
critical point is washed out, while a cross over occurs
at o ~ log(Ag/d). For sub-Ohmic baths (s < 1), sev-
eral studies indicate the existence of a quantum critical
point (Spohn and Diimcke, 1985). The question however
is not completely settled (Bulla et al., 2003; Kehrein and
Mielke, 1996; Stauber and Mielke, 2002).

An interesting case is also that of a spin interacting
with a single bosonic mode, A, = \d,, 0.

H= —gSI—Fwo(aan—i— %)-F%Sz(ag—kao) (58)
Such model describes for example an atom interact-
ing with a monochromatic electromagnetic field (Cohen-
Tannoudji et al, 1992) via a dipole force (Jaynes
and Cummings, 1963). Recently, the dynamics corre-
sponding to (58) was intensely studied in relation to
ion traps (Cirac et al., 1992) and quantum computa-
tion (Hughes et al., 1998). The model defined in Eq.(58)
with § = 1/2 (Jaynes-Cummings model) was generalized
and solved exactly to consider generic spin (Tavis and
Cummings, 1969) in order to discuss the super-radiance
phenomenon in cavity-QED.

D. Harmonic lattices

The Hamiltonian for a lattice of coupled har-
monic oscillators (short: harmonic lattice) can be ex-
pressed in terms of the phase space vector (T =



(qlv" -5 4qn; P15 - - 7pn) as

2,20 0
H:£T< 2 )5 (59)
0 =1,

where U is the n x n interaction matrix for the coor-
dinates. If the system is translational invariant the ma-
trix U is a Toeplitz matrix with periodic boundaries, also
called circulant matriz (Horn and Johnson, 1994). In the
case of finite range interaction of the form

DD Kelgrr —ar)’ (60)
r k=1

and assuming periodic boundary conditions its entries
are

Ujj=142) a (61)
Uj,jJrr = —Qy . (62)

where o, = 2K,/mw?. Since the Hamiltonian (59) is
quadratic in the canonical variables its dynamical algebra

v ( (mwvU)~1[1,, J;

The range of the position or momentum correlation
functions is related to the low lying spectrum of the
Hamiltonian. For a gapped systems the correlations de-
cay exponentially. The absence of a gap (some eigen-
values of U tend to zero for an infinite system) leads to
critical behavior of the system and characteristic long
ranged correlations. This reflects in symplectic eigenval-
ues of the covariance matrix V', as can bee seen in (64). A
rigorous and detailed discussion of the relations between
the gap in the energy spectrum and the properties of the
correlations can be found in (Cramer and Eisert, 2006).

IV. PAIRWISE ENTANGLEMENT

At T = 0 many-body systems are most often described
by complex ground state wave functions which contain
all the correlations that give rise to the various phases
of matter (superconductivity, ferromagnetism, quantum
hall systems, . ..). Traditionally many-body systems have
been studied by looking for example at their response
to external perturbations, various order parameters and
excitation spectrum. The study of the ground state of
many-body systems with methods developed in quantum
information may unveil new properties. In this Section
we classify the properties of the ground state of a many-

#]
exp (BmwvVU)—1,

is sp(2n,R). Then the diagonalization can be achieved
by RHR™! where R = ®"_, exp (i0,Go) where G, is
the generic Hermitean element of sp(2,R).

As we discussed in Section II.G the key quantity
that characterizes the properties of harmonic sys-
tems is the covariance matrix defined in Eq.(38).
For the resulting decoupled harmonic oscillators it is
diag{(my/mw)~t, ..., (my/mw) s my/Mw, . .., my/lpw),
where 7); are the eigenvalues of U (note that the momen-
tum part of the Hamiltonian is a multiple of the identity
matrix and hence remains diagonal). Consequently, the
original covariance matrix is given as

_ [ (movO)™t 0
V= < 0 mw\/[[_J> ' (63)

Employing the virial theorem for harmonic oscillators,
the covariance matrix for a thermal state with inverse
temperature 0 := k]_:%T can be calculated as well

0
; . (64)
(mwVU)In + gt )

body system according to its entanglement. We concen-
trate on spin systems. Spin variables constitute a good
example of distinguishable objects, for which the prob-
lem of entanglement quantification is most developed.
We will discuss various aspects starting from the pair-
wise entanglement, we then proceed with the properties
of block entropy and localizable entanglement. Most of
the calculations are for one-dimensional systems where
exact results are available. Section IV.B will overview
the status in the d-dimensional case. Multipartite en-
tanglement in the ground state will be discussed later in
Section VIII.

A. Pairwise entanglement in spin chains
1. Concurrence and magnetic order

The study of entanglement in interacting spin sys-
tems was initiated with the works on isotropic Heisen-
berg rings (Arnesen et al., 2001; Gunlycke et al., 2001;
O’Connors and Wootters, 2001). O’Connors and Woot-
ters aimed at finding the maximum pairwise entangle-
ment that can be realized in a chain of NV qubits with peri-
odic boundary conditions. Starting from the assumption
that the state maximizing the nearest neighbor concur-



rence C(1) were an eigenstate of the z component of the
total spin (Ishizaka and Hiroshima, 2000; Munro et al.,
2001; Verstraete et al., 2001) the problem was recast to
an optimization procedure similar in spirit to the coordi-
nate Bethe ansatz (Bethe, 1931)'4: the search for the op-
timal state was restricted to those cases which excluded
the possibility to find two nearest neighbor up spins. For
fixed number of spins IV and p spins up, the state can be

written as
= >

1<y <--<ip<N

biy iy i1 - ip)

(b are the coefficients and i; are the positions of the up-
spins) therefore mapping the spin state onto a perticle
state such that the positions of the p particles correspond
to those of the up spins. The maximum concurrence
within this class of states could be related to the ground
state of this gas of free spinless particles with the result

1 2 sin 2
=2 (65)
sin 57—

Eq.(65) gives a lower bound for the maximal attain-
able concurrence. The isotropic antiferromagnetic chain
was considered as the physical system closest to a per-
fectly dimerized system (classically, with alternating up
and down spins). It was noticed however that the con-
currence of the ground state of the antiferromagnetic
chain is actually smaller than the value of the ferromag-
netic chain, indicating that the situation is more com-
plicated (O’Connors and Wootters, 2001). In order to
clarify this point, a couple of simple examples are useful.
For a system of N = 2 spins the ground state is a singlet.
However for general N (we assume an even number of
sites) the ground state is not made of nearest-neighbor
singlets (Resonant Valence Bond (RVB) state). For ex-
ample the N = 4 the ground state is

1
|g8>:%[ 2 |0100) + 2/1000) — |1001)
— 0110) — [0011) — [1100)] ,  (66)

different from the product of two singlets. It can be seen
that the effect of the last two components in Eq.(66) is
to reduce the concurrence with respect to its maximum
attainable value. Given the simple relation Eq.(65) be-
tween the nearest neighbor concurrence and the ground
state energy, the deviation from the RVB state can be
quantified by looking at the difference from the exact
ground state energy corresponding to the maximum con-
currence. This maximum value is reached within the set

14 We remind that such a method relies in the existence of a 'non
interacting picture’ where the wave function of the system can be
written as a finite sum of plane waves; the ansatz is successful for
a very special form of the scattering among such non interacting
pictures.

of eigenstates with zero total magnetization (the ’bal-
anced’ states in O’Connors and Wootters, 2001), indi-
cating that the concurrence is maximized only on the
restricted Hilbert space of z-rotationally invariant states.
Indications on how to optimize the concurrence were dis-
cussed in (Hiesmayr et al., 2006; Meyer et al., 2004).
The solution to the problem for N — oo was recently
given in (Poulsen et al., 2006). It turns out that the
states with nearest-neighbors aligned spins (not included
in O’Connors and Wootters, 2001), correspond to a
"density-density’ interaction in the gas of the spinless par-
ticles considered above, hence they are important for the
analysis (in the analogy of the coordinate Bethe ansatz
method, this provides the ’interacting picture’). Follow-
ing the ideas of (Wolf et al., 2003), the problem to find
the optimum concurrence was shown to be equivalent to
that of finding the ground state energy of an effective
spin Hamiltonian, namely the X XZ model in an exter-
nal magnetic field. The optimal concurrence is found in
the gapless regime of the spin model with a magnetiza-
tion M, =1 —2p/N. It was further demonstrated that
states considered in (O’Connors and Wootters, 2001)
actually maximize the concurrence for M, > 1/3 (for
0 < M, < 1/3 the states contain nearest neighbor up-
spins).

The concurrence, beyond nearest-neighbors, in
isotropic Heisenberg antiferromagnets in an external
magnetic field was discussed in (Arnesen et al., 2001; Fu-
bini et al., 2006; Wang, 2002a). The combined effect
of the magnetic field and the anisotropy in Heisenberg
magnets was studied in (Jin and Korepin, 2004b) making
use of the exact results existing for the one-dimensional
X X7 model. It turns out that the concurrence increases
with the anisotropy parameter A (Kartsev and Karsh-
nukov, 2004). For strong magnetic fields the entangle-
ment vanishes (the order is ferromagnetic); for large val-
ues of the anisotropy A the state is a classical Neel state
with Ising order. Except for these cases, quantum fluc-
tuations in the ground state lead to entangled ground
states.

As we discussed in Sec. III, in low dimensional spin sys-
tem there exists a particular choice of the coupling con-
stants for which the ground state is factorized (Kurmann
et al., 1982). This is a special point also from the per-
spective of investigating the entanglement in the ground
state!®. Several works were devoted to the characteriza-
tion of the entanglement close to the factorizing point.
The point at which the state of the system becomes sep-
arable marks an exchange of parallel and anti-parallel
sector in the ground state concurrence (see Eqs.(13) and
(14)). As this phenomenon involves a global (long-range)
reorganization of the state of the system, the range of the
concurrence diverges. We will see several definitions of

15 All entanglement measures of the fully factorized ground state
are zero.



characteristic lengths associated to entanglement decay.
The concurrence is often observed to vanish when the
two sites are farther than R sites apart: the distance R
is then taken as the range of the concurrence. For the
XY model it was found that this range is

11—\ B
R x (1n1+’y) In|A AplT (67)
The divergence of R suggests, as a consequence of the
monogamy of the entanglement (Coffman et al., 2000;
Osborne and Verstraete, 2006), that the role of pairwise
entanglement is enhanced while approaching the separa-
ble point (Roscilde et al., 2004, 2005a,b). In fact, for
the Ising model (i.e. v = 1), one finds that the ratio
T9/T1 — 1 when the magnetic field approaches the fac-
torizing field h¢ (Amico et al., 2006). For v # 1 and
hs < h* < h. it was found that 72/7; monotonically
increases for h* — h{ and that the value (72/71)] pt In-

creases with v — 1. The existence of the factorizing has
been also pointed out in other one dimensional systems
both for short (Amico et al., 2006; Roscilde et al., 2004,
2005a) and long range interactions (Dusuel and Vidal,
2005). In all these cases the range of the two-site entan-
glement diverges. The range of the concurrence was also
studied for the X X Z (Jin and Korepin, 2004b) where it
was shown to vary as

2A(R7)

k=] 1 —4M2 |

(68)
The exponent § = 2 for finite fields, while it is § = 1
for h = 0; the coefficient A(h) is known exactly in the
paramagnetic phase (Lukyanov, 1999; Lukyanov and Ter-
ras, 2003; Lukyanov and Zamolodchikov, 1997) (vanish-
ing magnetization) and in the saturation limit (Vaidya
and Tracy, 1979a,b) For generic h it was calculated nu-
merically in (Hikihara and Furusaki, 2004). For the
isotropic Heisenberg antiferromagnet, R = 1 (Gu et al.,
2003).

In all the previous cases the increasing in the range
of the pairwise entanglement means that all the pairs at
distance smaller than R share a finite amount of entan-
glement (as quantified by the concurrence). There are
one-dimensional spin systems where the pairwise entan-
glement has qualitative different features as a function of
the distance between the sites. An example is the long-
distance entanglement observed in (Campos Venuti et al.,
2006b). Given a measure of entanglement E(p;;), Cam-
pos Venuti et al showed that it is possible that E(p;;) # 0
when |i — j| — oo in the ground state. Long-distance
entanglement can be realized in various one-dimensional
models as in the dimerized frustrated Heisenberg mod-
els or in the AKLT model. For these two models the
entanglement is highly non uniform and it is mainly con-
centrated in the end-to-end pair of the chain.

Spontaneous symmetry breaking can influence the en-
tanglement in the ground state. To see this, it is conve-
nient to introduce the thermal ground state in the limit

T—0

(lgs°)(gs°] + 1g5°)(gs°|)

(lgs™)(gs™ [+ lgsT)(gsT]) . (69)

po =

N = N =

The symmetry broken states gs™ and gs—, which give the
correct order parameter of the model, are superpositions
of the degenerate parity eigenstates gs® and gs®. This is
the essence of the symmetry breaking in the transverse
XY models. Being convex, the concurrence in gs* will
be larger than in gs®/¢ (Osterloh et al., 2006). The op-
posite is true for the concave entropy of entanglement
(see Ref. (Osborne and Nielsen, 2002) for the single spin
von Neumann entropy). It was shown, however, that the
effect of the spontaneous parity symmetry breaking does
not affect the concurrence in the ground state as long as
it coincides with C!, Eq.(13): that is, if the spins are en-
tangled in an antiferromagnetic way (Syljuasen, 2003b).
For the quantum Ising model, the concurrence coincides
with CT for all values of the magnetic field, and therefore,
the concurrence is unaffected by the symmetry breaking,
the hallmark of the present QPT. For generic anisotropies
~ instead, also the parallel entanglement C'!! is observed
precisely for magnetic fields smaller than the factorizing
field (Osterloh et al., 2004); this interval excludes the crit-
ical point. An possible interpretation is that for the Ising
universality class, the concurrence is insensitive to the
symmetry breaking close to the critical point, and hence
won’t play a relevant role in driving this transition. This
changes at v = 0, where the concurrence indeed shows an
infinite range. Below the critical field, the concurrence
is enhanced by the parity symmetry breaking (Osterloh
et al., 2006)

Pairwise entanglement is affected by the boundary
conditions (so far assumed to be periodic) and by the
range of the spin-spin interaction. Oscillations in the two
site entanglement occur in the X X X model with open
boundaries. The effect results from the interplay of the
boundary condition and the monogamy of the entangle-
ment (Wang, 2004).

2. Pairwise entanglement and quantum phase transitions

A great number of papers have been devoted to the
study entanglement close to quantum phase transition
(QPTs). QPT occur at zero temperature. They are in-
duced by the change of an external parameter or cou-
pling constant (Sachdev, 1999). Examples are transitions
occurring in quantum Hall systems, localization, the
superconductor-insulator transition in two-dimensional
systems. Close to the quantum critical point the sys-
tem is characterized by a diverging correlation lenght
& which is responsible for the singular behavior of dif-
ferent physical observables. The behavior of correlation
functions however is not necessarily related to the behav-
ior of quantum correlations present in the system. This



question seem particularly interesting as quantum phase
transitions are associated with drastic modifications of
the ground state.

The critical properties in the entanglement we are go-
ing to summarize below allow for a screening of the qual-
itative change of the state of the system experiencing
a quantum phase transition. In order to avoid possible
confusion, it is worth to stress that the study of entan-
glement close to quantum critical points does not pro-
vide new understanding to the scaling theory of quantum
phase transitions. Rather it may be useful in a deeper
characterization of the ground state wave function of the
many-body system undergoing a phase transition. In this
respect it is important to understand, for instance, how
the entanglement depends on the order of the transition,
or what is the role of the range of the interaction to es-
tablish the entanglement in the ground state.

In this section we discuss exclusively the pairwise en-
tanglement while in the next section we approach the
same problem by looking at the block entropy 6.

Pairwise entanglement close to quantum phase tran-
sitions was originally analyzed in (Osborne and Nielsen,
2002; Osterloh et al., 2002) for the Ising model in one
dimension. Below we summarize their results in this spe-
cific case. The concurrence tends to zero for A > 1 and
A <« 1, the ground state of the system is fully polar-
ized along the z-axes (z-axes). Moreover the concur-
rence is zero unless the two sites are at most next-nearest
neighbors, we therefore discuss only the nearest neigh-
bor concurrence C(1) (see however Section IV.A.1 for
cases where there is a longer-range pairwise entangle-
ment). The concurrence itself is a smooth function of
the coupling with a maximum close to the critical point
(see the right inset of Fig.2). The critical properties of
the ground state are captured by the derivatives of the
concurrence as a function of A. The results for systems
of different size (including the thermodynamic limit) are
shown in Fig.2. For the infinite chain 9yC(1) diverges on
approaching the critical value as

8
AC(L) ~ s A=A . (70)

For finite system the precursors of the critical behavior
can be analyzed by means of finite size scaling. In the
critical region the concurrence depends only on the com-
bination N'/¥(\ — \,,) where v is the critical exponent
governing the divergence of the correlation lenght and
Am is the position of the minimum (see the left inset of
Fig.2). In the case of log divergence the scaling ansatz
has to be adapted and takes the form

ONC(1)(N,A) — WC(1)(N, o)
~ QINYV§, N — Q[NY"6,, 0] (71)

16 QPTs were also studied by looking at quantum fidelity (Cozzini
et al., 2006; Zanardi et al., 2006) or the effect of single bit oper-
ations (Giampaolo et al., 2006a,b)
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FIG. 2 The change in the ground state wave-function in the
critical region is analyzed considering the derivative of the
nearest neighbor concurrence as a function of the reduced
coupling strength. The curves correspond to different lat-
tice sizes. On increasing the system size, the minimum gets
more pronounced. Also the position of the minimum changes
and tends as (see the left side inset) towards the critical
point where for an infinite system a logarithmic divergence
is present. The right hand side inset shows the behavior of
the concurrence itself for an infinite system. The maximum is
not related to the critical properties of the Ising model. [From
(Osterloh et al., 2002)]

where g is some non critical value, 0,,(A) = A — A,
and Q(z) ~ Q(oo) Inx (for large x). Similar results have
been obtained for the XY universality class (Osterloh
et al., 2002). Although the concurrence describes short-
range properties, nevertheless scaling behavior typical of
continuous phase transition emerges.

For this class of models the concurrence coincides with
C! in Eq.(13) indicating that the spins can only be en-
tangled in a antiparallel way (this is a peculiar case of
~ = 1; for generic anisotropies also the parallel entangle-
ment is observed). The analysis of the finite size scaling
in the, so called, period-2 and period-3 chains where the
exchange coupling varies every second and third lattice
sites respectively, leads to the same scaling laws in the
concurrence (Zhang and Tong, 2005).

The concurrence was found to be discontinuous at the
first order ferromagnetic transition A = —1 in the X X Z
chain (Gu et al., 2003)(see Glaser et al., 2003 for ex-
plicit formulas relating the concurrence and correlators
for the XXZ model in various regimes). This result can
be understood in terms of the sudden change of the wave
function occurring because of the level crossing character-
izing these type of quantum critical points. The behavior
of the two-site entanglement at the continuous quantum
critical point of the Kosterlitz-Thouless type A = 1 sepa-
rating the XY and the antiferromagnetic phases is more
complex. In this case the nearest neighbor concurrence
(that is the only non vanishing one) reaches a maximum
as shown in Fig.3. Further understanding on such behav-
ior can be achieved by analyzing the symmetries of the
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FIG. 3 Nearest neighbor concurrence of the XXZ model.
[From (Gu et al., 2003)]

model. At the antiferromagnetic point the ground state
is an su(2) singlet where nearest neighbor spins tend to
form singlets (with the caveat discussed in Eq.(66)); away
from A = 1, this behavior is ’deformed’ and the system
has the tendency to to reach a state of the type ®|¢g)
made of '¢g-deformed singlets’ corresponding to the quan-
tum algebra su,(2) with 2A = ¢ + ¢~! (Pasquier and
Saleur, 1990). This allows to rephrase the existence of
the maximum in the concurrence as the loss of entan-
glement associated to the g-deformed symmetry of the
system away from A = 1 (note that ¢-singlets are less
entangled than the undeformed ones). This behavior can
be traced back to the properties of the finite size spec-
trum (Gu et al., 2006). In fact, at A = 1 the concur-
rence can be related to the eigenenergies. The maximum
arises since both the transverse and longitudinal orders
are power law decaying at this critical point, and there-
fore the excited states contribute to C'(1) maximally.

Studies of finite size energy spectrum of other models
like the dimerized Heisenberg chain (Sun et al., 2005)
and Majumdar-Ghosh model (Eq.(51) with o = 1/2)
confirm that level crossings in the energy spectrum af-
fect the behavior of the bipartite entanglement occurring
at the quantum phase transition (Gu et al., 2003).

a. LMG model Because of the symmetry of the LMG
models (see Eq.48) any two spins are entangled in the
same way. The concurrence C' is independent on the two
site indices, it can be obtained exploiting the explicit ex-
pression of the eigenstates. Due to the monogamy of
entanglement the result must be rescaled by the coordi-
nation number, Cr = (N — 1)C, to have a finite value in
the thermodynamic. For the ferromagnetic model (Vidal
et al., 2004a), it was proved that close to the continu-
ous QPT, A = 1 characterizing the ferromagnetic LMG
model, the derivative of the concurrence diverges, but,
differently from Ising case, with a power law. It is in-
teresting that Cr can be related to, the so called, spin

squeezing parameter ¥ = 2,/AS,, (Wang and Sanders,
2003), measuring the spin fluctuations in a quantum cor-
related state (he subscript n, indicates a perpendicu-
lar axes to (S)). The relation reads ¥ = /1 —-Cg
According to (Lewenstein and Sanpera, 1998) the two-

01 _1\\

FIG. 4 The rescaled concurrence of the antiferromagnetic
LMG model. The first order transition occurs at h = 0. [From
(Vidal et al., 2004a)]

spins reduced density operator can be decomposed in a
separable part and a pure entangled state p, with a cer-
tain weight A. Such a decomposition leads to the relation
C(p) = (1 = A)C(pe). Critical spin fluctuations are re-
lated to the concurrence of the pure state C'(p.) while
the diverging correlation lenght is related to the weight
A (Shimizu and Kawaguchi, 2006). The analysis of criti-
cal entanglement at the first order quantum critical point
of the antiferromagnetic LMG model shows that (Vidal
et al., 2004a) the discontinuity is observed directly in the
concurrence also for spin interacting with a long-range,
see Fig.4.

b. Pairwise entanglement in spin-boson models We first
discuss the Tavis-Cummings model defined in Eq.(58).
In this model the spin S is proportional to the number
of atoms, all interacting with a single mode radiation
field. The pairwise entanglement between two different
atoms undergoing the super-radiant quantum phase tran-
sition (Lambert et al., 2004, 2005; Reslen et al., 2005)
can be investigated through the rescaled concurrence
Cny = NC, see Fig.5, similarly to what has been dis-
cussed above for the LMG models. In the thermody-
namic limit the spin-boson model can be mapped onto a
quadratic bosonic system trough an Holstein-Primakoff
transformation (Emary and Brandes, 2003). Many of
the properties of the Tavis-Cummings model bear simi-
larities with the ferromagnetic LMG model. In the ther-
modynamic limit the concurrence reaches a maximum
value 1 —+/2 /2 at the super radiant quantum phase tran-
sition with a square root singularity (see also Schnei-
der and Milburn, 2002). The relationship between the
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FIG. 5 The rescaled concurrence between two atoms in the
Dicke mode. The concurrence is rescaled in both for finite N
and in the thermodynamic limit. The inset shows the finite
size scaling. [From (Lambert et al., 2004)]

squeezing of the state and entanglement was highlighted
in (Sgrensen and Mglmer, 2001) and analyzed in more
details in (Stockton et al., 2003) where it was also sug-
gested how to deal with entanglement between arbitrary
splits of symmetric Hilbert spaces (like the Dicke states
span).

Entanglement between the qubit and a single mode
and between two spins with an Heisenberg interaction of
the X X Z type, additionally coupled to a single bosonic
field was considered in (Liberti et al., 2006) and in (He
et al., 2006) respectively.

3. Entanglement versus correlations in spin systems.

From all the results summarized above it is clear that
the anomalies characterizing the quantum critical points
are reflected in the two-site entanglement. At a quali-
tative level this arises because of the formal relation be-
tween the correlation functions and the entanglement. A
way to put this observation on a quantitative ground is
provided by a generalized Hohenberg-Kohn theorem (Wu
et al., 2006). Accordingly, the ground state energy can
be considered as a unique function of the expectation
values of certain observables. These, in turn, can be re-
lated to (the various derivatives of) a given entanglement
measure (Campos Venuti et al., 2006a; Wu et al., 2004).

Specifically, for an Hamiltonian of the form

H=Hy+» MA (72)
l

with control parameters \; associated with operators A,
it can be shown that the ground state reduced operators
of the system are well behaved functions of (4;). Then,
any entanglement measure related to reduced density op-
erators, M = M(p) is a function of (A;) (in absense of

ground state degeneracy) by the Hellmann-Feynman the-
orem: OE/ON = (0E/ON)) = (A;). Therefore it can be
proved that

oE

M((Ar)) = M(a—)\l)

(73)

where E is the ground state energy. From this relation
it emerges how the critical behavior of the system is re-
flected in the anomalies of the entanglement. In partic-
ular, first order phase transition are associated to the
anomalies of M while second order phase transitions cor-
respond to a singular behavior of the derivatives of M.
Other singularities like those noticed in the concurrence
for models with three-spin interactions (Yang, 2005), are
due to the non-analyticity intrinsic in the definition of
the concurrence as a minimum of two analytic functions
and the constant zero.

The relation given in Eq.(73) was constructed explic-
itly for the quantum Ising, X X 7, and LMG models (Wu
et al., 2006). For the Ising model: Y, AA; = h)_, SF;
the divergence of the first derivative of the concur-
rence is then determined by the non analytical behav-
ior of (S*S*)(Wu et al., 2004). For the XXZ model:
dauNAr =AY SPSP . At the transition point A = 1
both the purity and the concurrence display a maximum.
It was proved that such a maximum is reflected also
in a stationary point of the ground state energy as a
function of (S7S7, |); the concurrence is continuous since
the Berezinskii-Kosterlitz-Thouless transition is of infi-
nite order. A relevant caveat to Eq. (73) is constituted
by the uniaxial-LMG model in a transverse field (with
h¥ = 0 and v = 0) that displays a first order QPT for
h* = 0. The concurrence is continuous at the transition
since it does not depend on the discontinuous elements
of the reduced density matrix (Vidal et al., 2004c).

The relation between entanglement and -criticality
was also studied in the spin-1 XXZ with single ion
anisotropy. It was established that the critical anomalies
in the entropy experienced at the Haldane-large- D (if an
axial anisotropy D >_,(S57)? is added to the Hamiltonian
in Eq.(52)) transition fans out from the singularity of
the local order parameter ((S?)?) (Campos Venuti et al.,
2006a).

A way to study the general relation between entangle-
ment and critical phenomena was also pursued in (Hasel-
grove et al., 2004). Tt was argued how for systems with fi-
nite range interaction a vanishing energy gap in the ther-
modynamic limit is an essential condition for the ground
state to have non-local quantum correlations between dis-
tant subsystems.

4. Spin models with defects

The problem to characterize entanglement in chains
with defects was addressed first for the quantum XY
models with a single defect in the exchange interaction
term of the Hamiltonian (Osenda et al., 2003). It was



found that the effect of the impurity is to pin the entan-
glement. Moreover the defect can induce a pairwise en-
tanglement on the homogeneous part of the system that
were disentangled in the pure system. Even at the quan-
tum critical point the finite size scaling of the critical
anomaly of the concurrence is affected by the distance
from the impurity. This basic phenomenology was ob-
served in a variety of different situation that we review
below.

The presence of two defects has been analyzed in the
XXZ chain. It turns out (Santos, 2003) that various
type of entangled states can be created in the chain by
spin flip excitations located at the defects positions. The
entanglement oscillates between the defects with a pe-
riod that depend on their distance. Also the anisotropy
A of the chain is a relevant parameter controlling the en-
tanglement between the defects. Small anisotropies can
suppress the entanglement (Santos and Rigolin, 2005). 17

The entanglement was also studied in systems with de-
fects in the presence of an external magnetic field (Apol-
laro and Plastina, 2006). It was demonstrated that such
defect can lead to a entanglement localization within
a typical lenght which coincides with the localization
lenght.

A possible way to mimick a defect is to change the
boundary conditions. The concurrence was studied for
the ferromagnetic spin 1/2 X X Z chain with antiparallel
boundary magnetic field which give rise to a term in the
Hamiltonian of the form Hyoundary = h(S1 — Sn) (Al
caraz et al., 2004). The boundary field triggers the pres-
ence a domain walls in the system that induces a first
order phase transition between ferromagnetic and kink-
type phases at h, = VA2 —1. In the ferromagnetic
phase the pairwise entanglement vanishes. In the kink-
type phase the concurrence acquires a finite value (for
h = 0 the ground state is factorized). For a finite chain of
lenght L a pairwise entanglement is generically triggered
from the external magnetic field; it results enhanced at
the center of the chain. In the gapless and in the anti-
ferromagnetic regimes oscillation in nearest neighbor en-
tanglement are established in the system resulting from
the tendency to reach the antiferromagnetic order. The
oscillations are more pronounced in the gapped phase.
Finally a critical inflection point was noticed in the mea-
sure of Meyer and Wallach (Meyer and Wallach, 2002) for
the global entanglement at the transition point. The spin
1/2 X X X antiferromagnetic chain with open boundary
conditions with single defect was also studied in (Wang,
2004). It was proved that it exists a threshold value of the
coupling between the impurity and the rest of the system
at which the concurrence between them is switched on;
for smaller values the entanglement is dimerized in such
a way that the monogamy property prevent the impurity

17 The way in which this kind of localization can be exploited for
quantum algorithms was studied in (Santos et al., 2005)

to be entangled with the rest of the chain.

The case of many defects was also studied. For the
quantum Ising model it was found (Huang et al., 2004)
that the disorder can shift the point at which the con-
currence is maximum, eventually washing out the critical
behavior (strong disorder). The concurrence tends to be
suppressed at the lattice site corresponding to the cen-
ter of the gaussian; such effect is more robust for near
critical chains. Quantum XY and XX Z chains with a
gaussian disorder in the exchange interaction, have been
also studied to investigate how the quantum criticality
of the concurrence is robust by the insertion of the in-
homogeneities in the chain (Cai et al., 2006; Hoyos and
Rigolin, 2006).

B. Two and three dimensional systems

In higher dimensions nearly all the results were ob-
tained by means of numerical simulations. The quantum
XY model was analyzed by looking at the concurrence
and localizable entanglement in two dimensional quan-
tum XY and XX Z models (Syljuasen, 2003a). The cal-
culations are based on QMC simulations and the use of
stochastic series expansion for spin systems (Sandvik and
Kurkij, 1991; Syljuasen and Sandvik, 2002). Although
the concurrence for the 2d models results to be qualita-
tively very similar to the one-dimensional case, it is much
smaller in magnitude. It is the monogamy that limits
the entanglement shared among the number of neighbor
sites (which is larger in two dimensions as compared with
chains).

By studying appropriate bounds (concurrence of as-
sistance and the largest singular value of the connected
correlation functions), it was proved for the X X Z model
that the localizable entanglement is long ranged in the
XY region up to the isotropic antiferromagnetic point.
Similarly to the case of the quantum XY chain, the
bounds for the localizable entanglement are very tight
in this case.

The pairwise entanglement in the d-dimensional XXZ
model was studied in (Gu et al., 2005). The concur-
rence reaches its highest value at the antiferromagnetic
QPC A = —1. A spin-wave analysis, corroborated by nu-
merical exact diagonalization indicates that the concur-
rence develops a cusp in the thermodynamic limit, only
for d > 2. Such behavior can be explained by noting
that the level crossing between the ground and the first
excited states occurring at the antiferromagnetic point,
causes a non-analyticity in the ground state energy. The
enhanced pairwise entanglement at the antiferromagnetic
point together with its non analyticity support the con-
jectured existence of long-range order for two dimensional
antiferromagnets. Further support to this conjecture is
the strong size dependence of the Von Neumann entropy
that becomes singular in thermodynamic limit (Gu et al.,
2006).

The ground state entanglement in two dimensional



XYZ model were analyzed in (Roscilde et al., 2005b) by
means of quantum Monte Carlo simulations. The diver-
gence of the derivative of the concurrence at the contin-
uous phase transition, observed in d = 1, was confirmed;
also in this case the range of the pairwise entanglement
extends only to few lattice sites. By studying the one-
and the two tangle of the system, it was proved that
the QPT is characterized by a cusp-minimum in the en-
tanglement ratio 71 /7. The cusp is ultimately due to
the discontinuity of the derivative of 71. The minimum
in the ratio 71 /72 signals that the enhanced role of the
multipartite entanglement in the mechanism driving the
phase transition. Moreover by looking at the entangle-
ment it was found that the ground state can be factor-
ized at certain value of the magnetic field. The existence
of the factorizing field in d = 2 was proved rigorously
for any 2d — XY Z model in a bipartite lattice. Unex-
pectedly enough the relation implying the factorization
is very similar to that one found in d = 1.

Multiple spin exchange is believed to play an impor-
tant role in the physics of several bidimensional mag-
nets (Schollwock et al., 2004). Entanglement in the
ground state of a two leg ladder with four spin ring ex-
change was evaluated by means of the concurrence (Song
et al., 2006).

C. Pairwise entanglement in fermionic models
1. Non interacting Fermions

The site-based entanglement of spin degrees of freedom
through the Jordan-Wigner transformation has been ex-
ploited for calculating the concurrence of nearest neigh-
bor sites and the single site von Neumann entropy (see
Section ILF) for the one-dimensional tight-binding model
in presence of a chemical potential for spinless fermions
in (Zanardi, 2002). This model is related to the isotropic
X X model in a transverse magnetic field. In this specific
case, no double occupancy can occur and the concept
of entanglement coincides with that for spins 1/2. It
was found that the nearest neighbor concurrence of the
ground state at T = 0 assumes its maximum at half filled
chain. Due to particle-hole symmetry, the concurrence
results symmetric respect to half-filling. At finite tem-
peratures it was found that the threshold temperature
for vanishing concurrence is independent of the chemical
potential. Raising the chemical potential leads from a
monotonically decreasing concurrence with raising tem-
perature at low filling fraction to the formation of a max-
imum at a certain temperature for high filling fractions.

The continuous limit of the tight-binding fermion
model is the ideal Fermi gas. In this system, the spin en-
tanglement between two distant particles has been stud-
ied in (Vedral, 2003). There, depending on the dimen-
sionality, the pairwise spin-entanglement of two fermions
has been found to decrease with their distance with a fi-
nite range R of the concurrence. The two spin reduced

density matrix is

1-f2 0 0 0

1 0 1 —f2 0

4 —2f2 0 —f2 1 0
0 0 0 1-f2

1o (74)

where f(z) = d# with d € {2,3} being the space
dimension and J; the (spherical for d=3) Bessel func-
tion of the first kind (Oh and Kim, 2004; Vedral, 2003).
This density matrix is entangled unless f2 > 1/2. As a
consequence, there is spin entanglement for two fermions

closer than dy ~ 0.65% for d = 3 and dy = 0.55% for

d = 2 (ks is the Fermi momentum). A finite tempera-
ture tends to diminish slightly the range of pairwise spin
entanglement (Oh and Kim, 2004).

It should not be surprising that non-interacting parti-
cles are spin-entangled up to some finite distance. It is
true that the ground state and even an arbitrary ther-
mal state of non-interacting fermions has vanishing en-
tanglement among the particles'®, since the correspond-
ing states are (convex combinations of) antisymmetrized
product states. However, disentanglement in momentum
space typically leads to entanglement in coordinate space.
A monochromatic plane wave of a single particle for ex-
ample corresponds to a W state, which contains exclu-
sively pairwise entanglement in coordinate space for an
arbitrary distance of the sites. Furthermore does a mo-
mentum cut-off at k; correspond to a length scale of the
order k7.

It is interesting that a fuzzy detection of the particles
in coordinate space increases the entanglement detected
by the measurement apparatus. To this end (Cavalcanti
et al., 2005) calculated the two-position reduced density
matrix defined by

P2 o = (W () ()T ()W (r))  (75)

with blurred field operators

() = / ar' dpy, (p)D(r — ')e?  (76)

where D(r —r') = ;m exp — |T2;2’| is a Gaussian distri-
bution describing the inaccuracy of the position measure-
ment. This could be understood from the blurred field
operators being coherent sums of local field operators; the
entanglement measured by the apparatus as described
above then is the bipartite entanglement between the two
regions of width o around r and r’. This entanglement is
larger than the average of all pairwise contributions out of
it due to the super-additivity of the entropy/negativity.

18 This statement should not be confused with the non-vanishing
entanglement of particles (Wiseman and Vaccaro, 2003) as ob-
served in (Dowling et al., 2006b).



An analysis in (Vedral, 2004b) for the three fermion spin
density matrix revealed that the state carries entangle-
ment within the W-class (Diir et al., 2000), provided the
three particles are in a region with radius of the order
of the inverse Fermi momentum; a similar reasoning ap-
plies to n fermions in such a region (Lunkes et al., 2005;
Vedral, 2004b).

2. Pairing models

Itinerant systems, where the focus of interest is the
entanglement of degrees of freedom forming a represen-
tation of su(2) in terms of the fermionic operators have
been also subject of intense investigation. This line
has been followed in (Shi, 2004; Zanardi, 2002) for an-
alyzing a connection to BCS superconductivity and also
to the phenomenon of n-pairing, a possible scenario for
high T, superconductivity (see also Fan et al., 2004; Ve-
dral, 2004a,b). Such states appear as eigenstates of the
Hubbard model with off diagonal long range order (see
III.B). A simplified model of BCS-like pairing for spin-
less fermions has been studied in (Zanardi, 2002). The
concurrence of the two qubits represented by the modes k
and —k has been found to be a monotonically increasing
function of the order parameter; it drops to zero signifi-
cantly before the critical temperature is reached, though.
For electrons with spin, a connection between the BCS
order parameter and the local von Neumann entropy in
the particle number projected BCS ground state has been
proposed by Shi, 2004 (see also (Gedik, 2002)).

States with off diagonal long range order by virtue of
7-pairing are defined in SectionlII.B. These are symmet-
ric states and consequently, their concurrence vanishes in
the thermodynamic limit due to the sharing property of
pairwise entanglement of su(2) degrees of freedom. Con-
sequently, a connection to the order parameter of off di-
agonal long range order

Oy = (¥|nln,|¥) (77)
_ N(L-N)

(with N, L — oo and fixed filling fraction n) can not be
established, not even for the rescaled concurrence, since

B (N-1)(L-N-1)
C—QO(I—\/ NL=N) >—>l/L

(see also the analysis for the LMG model in Sec-
tion IV.A.2). Nevertheless, the state is entangled, as
can be seen from the entropy of entanglement and the
geometric measure of entanglement (Wei and Goldbart,
2003). The latter is tightly connected to the relative en-
tropy (Wei et al., 2004). Both have been calculated in
Ref. (Vedral, 2004a) and clearly indicate the presence of
multipartite entanglement.

3. Kondo models

The Kondo models are paradigms to explore the quan-
tum impurity problems. They identify a special class
of physical systems whose macroscopic properties are
dramatically influenced by the presence of few impuri-
ties with quantum internal degrees of freedom (Hewson,
1997). In its simplest formulation, the effective Hamil-
tonian describes a single impurity spin interacting with
a band of free electrons. The many-body screening of
the impurity spin provided by the electrons as a collec-
tive effect, leads the system from weak coupling to strong
coupling regimes (Andrei, 1995); the lenght scale of the
screening cloud is (g = v/Tk, where v is the speed of the
low lying excitations and Tk is the Kondo temperature.

In the first studies of the entanglement the charge de-
grees of freedom of the electrons were considered frozen.
The pairwise entanglement of spin degrees of freedom in
the isotropic Kondo model was analyzed (Oh and Kim,
2006) within the variational formalism of Yosida where
the Kondo singlet is described as

Ws) = % (e Ixr) = lonlxi)) - (78)

In the previous equation |x,) denote the impurity spin
states; |¢,) represent the electronic states with an un-
balanced spin o (Hewson, 1997). In agreement with the
common wisdom, the reduced density operator of the im-
purity is found to be maximally mixed, meaning that the
Fermi sea and the impurity spin are in a maximally en-
tangled state (the Kondo singlet). The impurity spin
and a single electron are in a Werner state made of a su-
perposition of the back ground and the Kondo singlets.
Due to the entanglement monogamy (the electrons co-
operatively form a singlet with the spin) two electrons
cannot be entangled with each other within the Kondo
cloud and the single-electron spin entanglement vanishes
in the thermodynamical limit. Pairs of electronic spin
can be nevertheless entangled in a finite system through
the scattering with the spin impurity; this effect might
be used to manipulate the electron-electron entangle-
ment by performing a projective measure on the impu-
rity spin (Yang et al., 2005). This suggests that some
amount of electron-electron entanglement might be ex-
tracted even in the thermodynamical limit where it was
demonstrated that the Kondo resonance is washed out
by the measurement (Katsnelson et al., 2003)—effectively
removing the constraint of the entanglement sharing.
The two impurity Kondo model was studied as well.
The new feature here is the Ruderman-Kittel-Kasuya-
Yosida (RKKY) effective interaction between the impu-
rity spins S; and S, that competes with the Kondo
mechanism (favouring non magnetic states); it is fer-
romagnetic or antiferromagnetic depending on the dis-
tance between the impurities. Because of such interplay a
quantum critical point emerges in the phase diagram sep-
arating the spin-spin interaction regime from the phase
where the two spin are completely screened (Affleck and



Ludwig, 1992; Jones et al., 1988).

As for the single impurity, the two impurity spins are
in a Werner state, for which the concurrence is character-
ized by a single parameter pg, exhibiting a singlet type
of entanglement between the two spin impurities. The
concurrence is found to vanish at the critical point.

For ferromagnetic RKKY interaction the concurrence
between the impurity spin vanishes identically as the re-
sult of a § = 1 Kondo screening. It turns out that (Cho
and McKenzie, 2006) the impurity spins can be entangled
(with a finite concurrence) by the RKKY interaction only
when certain amount of antiferromagnetic correlations
fs = (S1S2) is established in the system; such value of
the correlation function is that one reached at the quan-
tum critical point. The entanglement between the con-
duction electrons and the Kondo impurities is quantified
by a combined analysis of the Von Neumann entropies of
the two impurities and of the single impurity (tracing out
both the electronic spins and the remaining impurity).
The latter quantity is maximized independently on fs,
meaning that the impurity spin is completely screened
either by the Kondo cloud or by the other impurity spin.
In the regime where the Kondo mechanism dominates,
the concurrence cannot be finite because of the entangle-
ment sharing.

Entanglement in the Kondo physics of double quantum
dots in an external magnetic field was studied in (Ram-
sak et al., 2006). The calculations were done numerically,
both at zero and at finite temperature. The main phe-
nomenology results to be consistent with the scenario de-
picted in (Cho and McKenzie, 2006) especially if the dots
are arranged in series (each dot is coupled to the leads ex-
clusively, resembling the configuration of the Kondo spins
embedded in the electrons). The concurrence switches
to finite values for a certain threshold of the inter-dot
coupling (for which the assumptions of negligible charge
fluctuations results still valid). The temperature weakens
the entanglement between the qubits also at T' > T'k. For
the side- and parallel-coupled dots a more intense cou-
pling amoung the qubits is required to entangle them.
For the side-coupled dots this results because one has to
win on the enhanced Kondo effect on the dot coupled to
the leads (’two stage Kondo’ effect); therefore the criti-
cal inter-dots coupling is ~ Tk . For the parallel-coupled
arrangement the concurrence is zero because the effec-
tive RKKY interaction turns out to be ferromagnetic up
to a certain value that is the threshold to entangle the
electrons.

The RKKY interaction controls in an effective way
the entanglement amoung the qubits also in the case of
many impurity spins arranged as in the Kondo necklace
model (Saguia and Sarandy, 2003). The Hamiltonian
describes a Kondo lattice where the localized impurity
spins, displaced in every lattice site, interact with the
(pseudo) spins of the electrons(see Tsunetsugu et al.,
1997 for a review on Kondo lattice models). It results
that the additional on-site spin-spin interaction impose
a ’selective’ monogamy of the entanglement, depending

on whether the Heisenberg interactions is ferromagnetic
or antiferromagnetic. The effects of finite temperature
and magnetic field were considered also in anisotropic
models. It emerges that a critical field exists separating
different patterns in the thermal entanglement between
the eigenstates of the model.

The effect of the fluctuations of the charge degrees of
freedom of the electrons (frozen in the references cited
above) in the RKKY mechanism was discussed quanti-
fying the entanglement of particles (see Section IL.F.3)
in a small cluster described by the periodic Anderson
model (Samuelsson and Verdozzi, 2006). It was evi-
denced that the ground state of the system is charac-
terized by a double occupancy of the electronic levels,
whose entanlement can be only partially captured by as-
suming them as simple qubits. The spin’s and charge’s
interplay was taken into account by considering the pair-
wise entanglement of particles (see Section IL.F.3). It is
demonstrated that the phase diagram of the system can
be reproduced from the analysis of the impurity-impurity
and electron-impurity entanglement.

D. Entanglement in itinerant bosonic systems

In contrast to the free Fermi gas, in bosonic systems
the phenomenon of Bose-Einstein condensation (BEC)
takes place at sufficiently low temperatures. Then, a
macroscopic portion of the bosons is found in the single
particle ground state of the system. This state clearly
is a symmetrization of a product state in momentum
space, and in fact all eigenstates of the ideal Bose gas
are of that structure. Nevertheless, in principle entan-
glement could be present when going in the coordinate
basis. It results, however, this not the case. Neither
do two distant bosons carry spin entanglement (Vedral,
2003) nor are two distant groups of n and m particles en-
tangled (Dowling et al., 2006b) when superselection rules
for the particle number is applied in both regions (Wise-
man and Vaccaro, 2003). In Ref. (Simon, 2002) a very
different notion of entanglement has been employed: the
state of either part of a certain bipartition of the BEC
has been viewed at as a qudit, or more precisely, a N-level
system. N is the number of bosons in the condensate
and the different states in both regions are labelled by
its occupation number. The entropy of entanglement for
a spatial bipartition of the BEC is then non-zero. A pro-
posal for entangling internal atomic degrees of freedom
in a weakly interacting BEC has been put forward in
Ref. (Helmerson and L.You, 2001; Sgrensen et al., 2001).

The disentangled modes in a BEC naturally become
entangled by means of interactions/scattering between
these modes. This has been exemplified in (Vedral, 2003)
(see also Shi, 2004) for the case where the scattering
strength is independent of the momentum transfer p

H= Z E(p)ai,ap +V Z a;r,+qa;,7qap,ap (79)
P
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The Hamiltonian can be diagonalized with for ¢ = 0
and p’ = —p by means of a Bogoliubov transformation
a, =: upbp—kvpbip. We observe that such transformation
entangle the two modes £p. The corresponding entropy

of entanglement is (Vedral, 2003)

Sprp = —(22)2In(2)2 (1= (2)*) In(1—(=2)?) (80)

Up Up Up Up

If up, = vp, the reduced state for mode p is maximally
mixed, and hence the modes p and —p are maximally en-
tangled. The entanglement entropy for a bipartition in
positive and negative modes is then given by >, Sp,—p.
This constitutes a simple example on how mode mix-
ing generates entanglement. Such a scenario is rather
generic; a curious example being the entanglement of
the accelerated vacuum and from the viewpoint of rela-
tively accelerated observers due to the Unruh effect (see
e.g. Alsing and Milburn, 2003; Benatti and Floreanini,
2004; Fuentes-Schuller and Mann, 2005; Vedral, 2003).
Further studies of entanglement in bosonic system in-
clude the analysis in two-coupled (Hines et al., 2002),
in dipolar optical lattices (Ng and Burnett, 2006) and in
two-species spinor Bose condensates (Shi and Niu, 2006).

E. Entanglement of particles

Studies which use measures for indistinguishable parti-
cle entanglement (see Section IL.F) in the area of many-
body systems are is still only few, particularly regard-
ing the use of the fermionic concurrence, giving account
for the possibility of double occupancy (with spin de-
gree of freedom). The entanglement of particles (see Sec-
tion I1.F.3 and its difference with the usual spin entangle-
ment, is worked out in (Dowling et al., 2006b), starting
with very small systems as two spinless fermions on four
lattice sites and the Hubbard dimer, and then for the
tight binding model in one spatial dimension, in order to
compare with existing results for the spin entanglement
elaborated in (Vedral, 2003).

For the Hubbard dimer (a two-site Hubbard model),
the authors compare with the results for the entan-
glement measured by the local von Neumann entropy
without superselection rule for the local particle num-
bers (Zanardi, 2002). Whereas the latter signals decreas-
ing entanglement in the ground state with increasing U/,
the entanglement of particles increases (Dowling et al.,
2006b). This demonstrates that imposing superselection
rules may lead to qualitatively different behaviour of the
entanglement. Interestingly, an increase with U/t is ob-
served also for the entanglement of modes (without im-
posing superselection rules). ¥

19 For the extended Hubbard dimer, which consequently is the
two site extended Hubbard model, as discussed in section V.F,
see (Deng et al., 2005)
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FIG. 6 The block entropy is evaluated after partitioning the
system in regions A and B. It is intuitive to see that if
one would remove, consider for simplicity short range interac-
tions, the region at the boundary (yellow) the reduced entropy
would vanish

We would like to finish this section with the notice
of a recent proposal of an experiment in order to decide
whether even entanglement merely due to the statistics of
the indistinguishable particles can be useful for quantum
information processing (Cavalcanti et al., 2006).

V. ENTANGLEMENT ENTROPY

An important class of works analyzing the entangle-
ment in many body system considered a bipartition of
the system dividing it in two distinct regions A and B
as shown in Fig.6. If the total system is in a pure state
than a measure of the entanglement between A and B is
given by the von Neumann entropy Sy associated to the
reduced density matrix of one of the two blocks (pa or
PB)

Motivated by the pioneering work of Fiola et al. (Fiola
et al., 1994) and Holzhey, Larsen and Wilczek (Holzhey
et al., 1994) born in the context of black hole physics, the
problem was first reanalyzed in the framework of quan-
tum information by Vidal and coworkers for quantum
spin chains (Vidal et al., 2003) and by Audenaart and
coworkers for harmonic lattices (Audenaart et al., 2002).

In studying the properties of block entropy it is im-
portant to understand its dependence on the properties
(topology, dimensions, - --) of the two regions A and B.
A key property which is intensively explored to under-
stand its range of validity is what is known as the area
law (Srednicki, 1993). When it holds the reduced en-
tropy S would depend only on the surface of separation
between the two regions A and B. In d-dimensional sys-
tem this means that S ~ ¢~ where ¢ is of the order
of the size of one of the block (see Riera and Latorre,
2006 for a recent discussion of various aspects of the area
law). In the rest of the Section we discuss several dif-
ferent physical systems in one- and higher dimensional
lattices and see when the area law hold. Here we con-
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FIG. 7 In the case of one dimension the block entropy is
obtained by first tracing out all the spins except those inside
the red box

sider only many-body systems in their ground state, the
dynamical properties of the entropy or thermal effects
will be discussed in Sections IX and VII respectively.

The entanglement entropy is not a mere theoretical
concept but it might be measured. Following the proce-
dure proposed in (Klich et al., 2006) the measure of S
can be related to the measurement of the distribution of
suitably chosen observables.

A. One-dimensional spin systems

We start our review on the properties of the block
entropy by analyzing the case of one-dimensional spin
systems to which a large body of work has been de-
voted. By means of the Jordan-Wigner transformation
(see Eq.(43)) it is possible to map the models onto a
lattice fermions, hence the results discussed here are ap-
plicable to fermionic models (after the appropriate map-
ping) as well. It is however important to stress that this
equivalence holds only in one spatial dimension, in two
and more dimensions spin and fermionic models have to
discuss separately.

A particular important case which is amenable of an
exact solution is the XY model (see Section III.A.1)
which can be mapped onto a free fermion model. For
this case we discuss in more details the method to calcu-
late the block entropy. In this section we consider only
chains with short-range interaction.

1. Spin chains

In one dimension the surface separating the two re-
gions is constituted by two points (see Fig.7), therefore
the area’s law would imply that the reduced entropy is in-
dependent on the block size. This is indeed the case when
the system is gapped and hence the correlation lenght &
is finite (see Hastings, 2004 for a rigorous proof). In the
gapless case, £ = 0o, logarithmic corrections appear and
the prefactor of the block entropy is universal, related
to the central charge of the underlying conformal field
theory.

The original work of Holzey et al. (Holzhey et al.,
1994), benefiting from an earlier work of Cardy and
Peschel (Cardy and Peschel, 1988), analyzed the block
entropy of a 1 4+ 1 dimensional massless bosonic field.
Vidal et al. studied numerically one-dimensional Ising
and Heisenberg chains (Latorre et al., 2004; Vidal et al.,
2003) and conjectured that the block entropy would sat-
urate for non critical chain while would diverge logaryth-
mically with a prefactor related to the central charge of
the underlying conformal theory (Holzhey et al., 1994).
Such violation of the area law in critical systems reflects
how the mixedness of the state increases by the partial
tracing operation, regardless of the spatial extension of
the spin block.

A calculation of the block entropy by means of con-
formal field theory, generalizing in several respect the
the results of Holzey et al. by including the case of free
and periodic boundary conditions, different partitions,
non critical systems and finite temperature has been per-
formed by Calabrese and Cardy (Calabrese and Cardy,
2004). Starting from the work on the X X model of Jin
and Korepin (Jin and Korepin, 2004a), important explicit
analytic calculations for a number of one-dimensional
XY spin (free fermion) models have been carried out
in (Eisler and Zimbords, 2005; Franchini et al., 2006a,b;
Its et al., 2005, 2006; Jin and Korepin, 2004a; Keat-
ing and Mezzadri, 2005; Korepin, 2004; Peschel, 2004,
2005; Popkov and Salerno, 2005; Weston, 2006). Nu-
merical calculations on the XX and X X Z models were
also performed in (De Chiara et al., 2005; Laflorencie,
2005). The study of entanglement entropy is of great in-
terest in a more general context (see Casini et al., 2005;
Casini and Huerta, 2005a; Fiola et al., 1994; Holzhey
et al., 1994; Ryu and Takayanagi, 2006a,b and refer-
ences therein, Casini and coworkers, for example, evalu-
ated the entanglement entropy both in the massive scalar
field theory (Casini and Huerta, 2005a) and for Dirac
fields (Casini et al., 2005)).

The main features of the reduced entropy in one-
dimensional spin/fermi systems can be summarized as
follows (for clarity we discuss only the long distance be-
haviour as dictated by the underlying conformal field the-

ory):

e At criticality a one dimensional system has a block
entropy which diverges logarithmically with the
block size. If the block is of lenght ¢ and the system
is L long with periodic boundary condition then S,
is given by

c L T
Se = 3 log, [% sin (Zf)] +A (81)
where c is the central charge of the underlying con-
formal field theory and a is an ultraviolet regular-
ization cut-off ( for example the lattice spacing in
spin systems). A is a non-universal constant. For
the Ising model ¢ = 1/2 while for the Heisenberg
model ¢ = 1.
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FIG. 8 The Block entropy S, for L = 200 in the case of an
X X Z Heisenberg chain for a critical value A = 0.0 (circles)
and non-critical value A = 1.8 (squares). The critical data
compared with the conformal field theory prediction (dashed
line). Lower inset: central charge extrapolated by fitting the
numerical data Sy with Eq.(81) (with a factor 1/2 as in the
numerical calculation the block is taken at the boundary) for
different values of A. The data are for L = 1000. Upper
inset: scaling of ¢ extrapolated as a function of 1/L for the
worst case A = 0.5 and compared to a quadratic fit (dashed
line).[From (De Chiara et al., 2005)]

e In the case in which the system has a finite correla-
tion lenght £ and the Hamiltonian is short-ranged,
the block entropy saturates to a finite value 2°

c
S¢ ~ 3 log, g for £¢— o0 (82)

e An extension to finite temperature in the critical
case has been obtained by means of conformal field
theory (Calabrese and Cardy, 2004) and by con-
formal mapping together with the second law of
thermodynamics (Korepin, 2004) with the result

c T
Se = 3 log, {% sinh (B€>] +A. (83)
where A is a constant and § the inverse tempera-
ture. In the finite temperature case however, the
block entropy is not a measure of the entanglement
between the two partitions as the state of the total
system is mixed to start with.

Although a systematic theory is still missing, it is clear
that the various measures of entanglement that are sen-
sitive to the presence of quantum phase transitions. The
scaling of the entropy with the block size gives excel-
lent signatures as well. Recent works tried to construct
efficient ways to detect quantum phase transition by an-
alyzing the reduced entropy for small clusters. One-site
entropy has been considered in (Chen et al., 2006; Gu

20 See however (Hastings, 2007)
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FIG. 9 The idea of the comb-partition suggested by Keating
Mezzadri and Novaes is illustrated for three different values
of the spacing p. In all the case the subsystem A, denoted
by black circles) contains L spins while the other (denoted by
empty circles) contains the rest of the chain. The case, p = 1,
corresponds to the well known ‘block’ division.[From (Keating
et al., 2006)]

et al., 2004). Chen et al analysed the entanglement of
the ground states in X X Z and dimerized Heisenberg spin
chains as well as in a two-leg spin ladder suggesting that
the phase boundaries might be identified based on the
analysis on the local extreme of the entanglement en-
tropy (Chen et al., 2006). Legeza and coworkers (Legeza
and Sélyom, 2006; Legeza et al., 2006) pointed out that
in the biquadratic spin-1 Heisenberg chain, see Eq.(52),
the two-site entropy is ideal to highlight the presence of
a dimerized phase. They also considered the two-site en-
tropy also for the ionic Hubbard model (Hubbard and
Torrance, 1981).

The idea of partitioning the system in a more elab-
orated way in order to analyze additional properties of
entanglement lead to the introduction of the concept of
comb entanglement (Keating et al., 2006). This is illus-
trated in Fig.9. The two blocks A and B are not cho-
sen contiguous as in Fig.7 but A consists of ¢ equally
spaced spins, such that the spacing between the spins in
this subsystem is p sites on the chain while B contains
the remaining spins. For this choice of the partition,
the ”surface” separating the two blocks grows with the
system size (differently from the case p = 1 where it
is composed by two links). As a consequence non-local
properties of entanglement between the two blocks can
be investigated. For p > 1 the leading contribution to
the entropy scales linearly with the block size

Se(p) = E1(p)l + E2(p) Inl

In the limit p — oo the coefficient &;(p) is, to leading or-
der, sum from single spin contributions. The unexpected
result is that the corrections vanish slowly, as 1/p, differ-
ently from other measures like concurrence where these
long-range corrections are not present.



We conclude this section by briefly discussing the
single copy entanglement FEj introduced by Eisert and
Cramer (Eisert and Cramer, 2005) and studied in details
for one-dimensional spin systems (Eisert and Cramer,
2005; Orus et al., 2006; Peschel and Zhao, 2005). Single
copy entanglement Sgc ¢ quantify the amount of entan-
glement that can be distilled from a single specimen of a
quantum systems. For spin chains it can be shown (Eisert
and Cramer, 2005) that single copy entanglement asymp-
totically is half of the entanglement entropy

. Ssc,e

1

This result was later generalized to conformally invariant
models (Orus et al., 2006; Peschel and Zhao, 2005).

2. XY chains and free fermion models

As we saw in Section ITI.A.1.a the XY chain (A =01in
Eq.(42)) can be mapped onto a model of free fermions.
As a result an analytical (albeit non-trivial) approach is
possible for the calculation of the block entropy. An an-
alytic proof of the logarithmic dependence of the block
entropy in the isotropic XY model was obtained in (Fran-
chini et al., 2006a,b; Its et al., 2005; Jin and Korepin,
2004a). The relation between the entanglement entropy
of this model and the corner transfer matrices of the tri-
angular Ising lattice has been derived in (Peschel, 2004).
Keating and Mezzadri considered a more general free
fermion Hamiltonian in which the matrices A and B do
not have the tridiagonal structure which appear in the
case of the XY model (Keating and Mezzadri, 2005).
They showed that under certain conditions the entropy
can be expressed in terms of averages over ensembles of
random matrices. In this section we recall the main steps
of the derivation leading to the evaluation of the entan-
glement entropy , more details can be found in the review
of Latorre, Rico and Vidal (Latorre et al., 2004) and in
the above mentioned papers (Franchini et al., 2006a,b;
Its et al., 2005; Jin and Korepin, 2004a; Keating and
Mezzadri, 2005).

The reduced density matrix of a block of £ spins can
be expressed in terms of averages of strings of ¢ spin
operators with weights given by the averages of these
strings on the ground states. By means of a mapping of
the spin operators in terms of the Majorana fermions,

ag_1 = (H afn> of  ag = (H afn> o}
m<l m<l

and given the fact that the resulting fermionic Hamilto-
nian is quadratic (Wick theorems holds), it is possible to
express the block entropy in terms of the elements of the

correlation matrix By

Iy I -+ Il
B=| T 1o e (85)
Ty e e T

where

II; =

0 a
o 0 ] (86)

with real coefficients g; given as, for L — oo, by

_ L/Qﬂ' dqbe*iw cosqb—)\—i.’}/Si.n(ﬁ .
27 J, [cosp — A — iy sin ¢

gi (87)
It is crucial to notice that the matrix By are block Toeplitz
matrices, that can be thought as usual Toeplitz matrices
but with non commuting entries. After the transforma-
tion of B, into a canonical form ®%L_, = v,io,, the

system is described by a set of L independent two-level
systems. Therefore the entanglement entropy is given by

! 1+v, 1+v, 1-—v, 1—v,
Sg—mz_:l[2log2 +—5 " log —

(88)
Numerical and analytical analysis of the previous equa-
tion has been performed leading to the behaviour de-
scribed in the preceding subsection. In order to obtain
the analytical formula for the asymptotics of the entropy
(88), the first step is to recast it, by the Cauchy formula,
into a contour integral (Its et al., 2005; Jin and Korepin,
2004a)

. . 1 dln D4 ()
S=1 1 — 1 A)————=d\, (89
ei»r(r)l‘*' §i>r(r)1+ 271'2 \%6(6,5) e( + & ) d}\ ’ ( )
where
e(x )——x+y10 Tty _ I, "

The contour of integration c(e,d) approaches the in-
terval [—1,1] as € and ¢ tend to zero without enclos-
ing the branch points of e(1 + ¢,A). The matrix in
Da(A) = det(M — By) is again of the block Toeplitz
type. The asymptotics of the entropy can then be ob-
tained from the asymptotics of D4 (). This, in turn can
be done resorting to the Riemann-Hilbert approach to the
theory of Fredholm integral equations (Bogoliubov et al.,
1993). This allows to generalize the standard Szegd the-
orem for scalar Toeplitz matrices to obtain the leading
formula for the determinant of the block Toeplitz matrix
D4 (). This leads to the asymptotics, £ — oo, for the
entropy

1 °°n 03(6(x) + G 103[6(x) — %
= /1 1( :

]> dr (o)



where 03(s,7) is one of the Jacoby elliptic function,
B(x) = (1/27i)In(z + 1) — In(x — 1), ¢ = 1,0 for
h* <,> h. and 7 ~ [log(|l — A71|)]. The critical be-
haviour of Eq.(91) can be obtained by the asymptotic
properties of 03(s, 7) for small 7, and the leading term of
the critical entropy results

_ 1 [1-A7Y —1 —1
S = —élog <W)+O (11— A" (log |1 —A71)?] .
(92)

The expression given in Eq.(92) can be obtained in a
more direct way resorting a duality relation connecting
the quantum Ising chain with the Ising model on a square
or triangular lattice (Calabrese and Cardy, 2004; Peschel,
2004; Peschel et al., 1999). In particular the reduced
density matrix can be written as the trace of the corre-
sponding (corner) transfer matrix. In this way, however,
Eq.(92) can be obtained only for 42 + h% > 1.

In the isotropic case 7 = 0, ¢ = 1 and then the prefac-
tor of the log divergence is 1/3. In this case Eq.(92) can
be obtained as an average, by realizing that the block
Toeplitz matrices (for v+ = 0) are unitary. Then the
contour integral can be recast into an integral in the
ensemble of unitary matrices. This remarkable obser-
vation (Keating and Mezzadri, 2005) allows to relate the
spectral statistics of the model with the entanglement en-
coded in the ground state, following a reasoning that has
many analogies in spirit with random matrix theory. The
entanglement entropy was obtained explicitly for matri-
ces B, in Eq.(44), being elements of classical groups. It is
interestingly that only B affects the the prefactor of the
logarithm in Eq.(92). It is proportional to 2¥¢ where
we is a universal quantity related solely to the classical
group establishing the symmetries, the constant of pro-
portionality is Hamiltonian dependent.

3. Disordered chains

Conformal invariance implies universal properties for
the entanglement entropy. What happens when con-
formal invariance is lost as in the case of certain
one-dimensional disordered spin systems? Refael and
Moore (Refael and Moore, 2004) were the first to look
at this question by computing the block entropy for the
Heisenberg, XX, and quantum Ising chains with random
nearest-neighbor coupling. Their approach was based
on a real space renormalization group developed ear-
lier (Fisher, 1994; Ma et al., 1979) for random spin chains
where disorder is relevant and drives the system at low
energies in the so-called random singlet phase which can
be thought as a collection of singlet bonds of arbitrary
length. Consequently the entropy of a given segment of
the chain is just In2 times the number of singlets cross-
ing the boundary between the two regions in which the
systems is partitioned. Refael and Moore showed that
the entropy, as in the case of clean critical chain, grows

as the logarithm of the block size
Se ~ ¢ logt (93)

with a “renormalized central charge” ¢ = c¢ln2.

A numerical test of this prediction was performed both
for the XX (Laflorencie, 2005) and for the Heisenberg
models (De Chiara et al., 2005). In Fig.10 we report
the data of Laflorencie, the two curves represent the re-
sults for the clean and disordered case and fully confirm
the prediction of Refael and Moore. The result that the
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FIG. 10 (color online) Entanglement entropy of a subsystem
of size ¢ embedded in a closed ring of size L, shown vs £ in
a log-linear plot. Numerical results obtained by exact diag-
onalization performed at the XX point. For clean non ran-
dom systems with L = 500 and L = 2000 (open circles),
S(z) is in agreement with Eq. (81 (red and blue curves).
A = 08595 + 22In¢, YV = 0.72602 + % In(222 sin 5755,

™ 2000

Z =0.72567 + 5 In(32 sin Z5), [from (Laflorencie, 2005)]

K3 500

ratio between the random and pure values of the prefac-
tor of the block entropy is the same for all the different
chains studied in (Refael and Moore, 2004) might suggest
that this value might be determined by the flow from the
pure to the random fixed point. This conjecture was re-
cently questioned by analyzing the entanglement entropy
for a family of models which includes the N-states ran-
dom Potts chain and the Zy clock model. In this case it
was shown that the ratio between the entanglement en-
tropy in the pure and in the disordered system is model
dependent (Santachiara, 2006).

4. Boundary effects

Boundaries or impurities may alter in a significant way
the the entanglement entropy.

The result given in Eq.(81) was obtained for periodic
boundary conditions. If the block is at the boundary of
the chain then the prefactor is modified and the block
entropy is one half of the one given in Eq.(81) (Calabrese
and Cardy, 2004).

c 2L . /m A
S¢ = 6 log, [E sin (fﬁ)] +g9+ Bl (94)



where A is the non-universal constant given in Eq.(81)
and ¢ is the boundary entropy (Affleck and Ludwig,
1991). The case of open boundary conditions in critical
X X Z chains was also recently reconsidered in (Lafloren-
cie et al., 2006). In addition to the log divergence there
is a parity effect depending on the number of spins of
the block being even or odd. The amplitude of the re-
sulting oscillating term decays as a power law with the
distance from the boundary. The origin of this oscillating
term is easy to understand qualitatively as an alternation
of strong and weak bonds along the chain. The bound-
ary spin has a strong tendency to form a singlet pair
with its nearest neighbour on the right-hand side; due to
the monogamy of the entanglement this last spin will be
consequently less entangled with its partner on the third
site of the chain. Furthermore it was also shown that the
alternating contribution to the entanglement entropy is
proportional to a similar term in the energy density (the
constant of proportionality being related to the lattice
constant and to the velocity of the excitations). The ef-
fect of open boundary conditions on the entanglement
entropy of a resonant valence bond solid was studied as
well (Fan et al., 2006). In this case however the correc-
tions due to the open ends decay exponentially.

Different type of boundaries can appear in the AKLT
quantum spin chain, with bulk spin-1 and two spin-1,/2
at the ends. The entanglement entropy has been studied
in (Fan et al., 2004). They showed that the block entropy
approaches to a constant value exponentially fast with ¢

The entanglement entropy of one-dimensional sys-
tems is affected by the presence of impurities in the
bulk (Levine, 2004; Peschel, 2005; Zhao et al., 2006) or
aperiodic couplings (Igloi et al., 2007). In these cases the
entanglement entropy has the same form as in Eq.(81)
but with an effective value which depends on the strength
of the defect. The entanglement properties of anisotropic
open spin one-half Heisenberg chains with a modified cen-
tral bond were considered in (Zhao et al., 2006) where
the entanglement entropy between the two half-chains
was calculated using the density matrix renormalization
group approach. They find a logarithmic behavior with
an effective central charge varying with the length of the
system. The numerical simulations of (Zhao et al., 2006)
show that by going from the antiferromagnetic to the fer-
romagnetic case the effective central charge grows from
zero to one in agreement with (Levine, 2004). The com-
bined presence of interaction between the excitation and
a local impurity modifies in an important way the prop-
erties of a one-dimensional system. Starting from the
work of Kane and Fisher (Kane and Fisher, 1992) is
by now understood that at low energies the scattering
with the impurity is enhanced or suppressed depending
on the interaction being repulsive or attractive. In the
case of repulsive interaction at long distances (low en-
ergies) the impurity effectively cuts the system in two
halves. It is therefore expected that the entanglement
entropy is affected as well. Levine, by means of bosoniza-
tion, studied the entanglement entropy in a Luttinger

liquid interrupted by an impurity and found that there
is a correction to S, due to the impurity which scales
as 0Simp ~ —Vplog(L/a) where Vg is the renormalized
backscattering constant (Levine, 2004). In the repulsive
case the backscattering flows to large values suggesting
that the total entropy would vanish (the correction is neg-
ative). In the opposite case of attractive interactions, the
impurity potential is shielded at large distances and the
entropy would approach the value of the homogeneous
liquid.

The single copy entanglement in the presence of bound-
aries has been considered as well (Zhou et al., 2006). Dif-
ferently from the bulk contribution here the boundary
contribution to the von Neumann entropy equals that of
the single copy entanglement.

Some of these results provided the fertile ground to
study the entanglement encoded in the Kondo cloud (see
also the previous Section on the pairwise entanglement,
Sec. IV.C.3). Specifically, the block entropy Sim,, of a
spin cloud of radius r around the impurity with the rest of
the system is analyzed (S¢rensen et al., 2006). By using
a combination of Bethe ansatz results, conformal field
theory and DMRG methods, the authors demonstrated
that Simp is a universal scaling function of r/¢k.

B. Harmonic chains

Static systems of harmonic chains have been first ana-
lyzed in (Audenaart et al., 2002), where periodic arrange-
ments of harmonic oscillator modes have been considered.
The oscillators have been coupled in the standard way via
their coordinate variables and the Hamiltonian has been
chosen to be translational invariant. The entanglement
in these systems has been analyzed for both the ground
state and of thermal states; both belong to the class of
Gaussian states. Here we review the results obtained
in Audenaart et al., 2002. For work on higher dimen-
sional lattices and emphasize on the entropy area law we
refer to Section V.C.2.

Using the covariance matrix defined in Eq.(64), the
logarithmic negativity can be expressed directly in terms
of the interaction matrix U (Audenaart et al., 2002)

Ey = tr log, U"Y/2pPUY2P (95)

where P is a diagonal matrix, with non-zero entries
Pj; = —1 where the partial transposition is performed
and Pj; = 1 elsewhere.

This entanglement monotone has been analyzed for bi-
partitions of a ring containing an even number of oscilla-
tors. It is convenient to define

U/ U/I
U = ( U// U/ ) (96)
For the symmetric bisection into equally large connected
parts, a lower bound for the logarithmic negativity has



been obtained as

1 1
Ex > 5t Fylogy U] = Slogy(14+4 ) azmia) - (97)

m=0

where the coefficients o, have been defined in Sec-
tions III.LD, F, is the n x n flip matrix with “1” in
the cross-diagonal and “0” elsewhere. Equality holds
if FuU" is semi-definite, which is the case for nearest
neighbor interaction. For this case one obtains

1
B}y = 3 logy(1+dan) (98)

Remarkably, this result is independent of the size of the
ring. This also tells us that the negativity of the sym-
metric bisection for a model including couplings «g of
arbitrary range is higher than that of the corresponding
chain with only nearest neighbor coupling and coupling
strength >, oq. It is interesting to anticipate here that
for critical systems, the lowest eigenvalue of U tends to
zero with growing system size. This leads to a symplectic
eigenvalue of V' that diverges with the system size. The
consequent, divergence of the negativity points towards
phenomena like the entropy area law as discussed below.

The analysis for general bisections revealed that for
nearest neighbor couplings the negativity of a single os-
cillator with the rest of the chain monotonically decreases
with the size of the chain. This single-oscillator negativ-
ity turned out to establish also a lower bound for the
negativity of any connected set of two or more oscilla-
tors with the rest of the same chain (see top panel of
Fig. 11). In all cases the maximum negativity has been
observed for the symmetric bisection. Both features are
expected to be generic to coupled ensembles of harmonic
oscillators (Audenaart et al., 2002). In particular should
the infinite size limit of the symmetric bipartition nega-
tivity establish an upper bound: lim,,_,., En(m,m) >
En(n1,n2). This upper bound appears as a plateau in
the top panel of Fig. 11, which as a function of n; and
ny is reached already for not too small n; and ny. The
plateau value is essentially proportional to the average
energy per oscillator. With increasing nearest neighbor
coupling strength, a more shallow approaching of the
plateau value is observed (see bottom panel of Fig. 11).

The situation changes when the negativity of two dis-
connected parts of the chain is considered. The particu-
lar limiting case of an alternating bipartition?! has been
analyzed in the presence of nearest neighbor couplings
only (Audenaart et al., 2002). In this setting the loga-
rithmic negativity is no longer limited by the average en-
ergy per oscillator but instead it grows linearly with the

21 Tn an alternating partition, one partition is consisted of all oscil-
lators located at an odd site number of the chain of length 2n.
The complement is then consisted of all oscillators with an even
site number.

== 5
SN SNY

-+ SS O
28 I," I “\\““‘:‘s&“

am i i ; i i i i j i

FIG. 11 Top panel: Logarithmic negativity for coupling
strength @ = 20 and a bipartition in n; and no oscillators
(total number of oscillators N = n1 + ng). For sufficiently
large parts, a plateau is reached. For one part consisted of
only few oscillators, the negativity decreases as a function of
the system size. Bottom panel: The logarithmic negativity
relative to its plateau value En (o0) for na = 20 as a function
of n1 and varying coupling strength . For small coupling
the plateau limit is reached faster; since the plateau limit is
connected to a local quantity (the average energy per oscilla-
tor), this can be understood in terms of a longer correlation
length. [From (Audenaart et al., 2002)]

system size n. The conclusion is that one part of the neg-
ativity can be related to the energy; the second part can
be seen as a surface term, proportional to the area of the
boundary forming the contact between both bipartitions.
In one spatial dimension this “area” is the number of con-
tacts between both parts, which in the periodic setting
described above equals n. This interpretation finds fur-
ther support in the result for the logarithmic negativity
of a symmetric bisection in an open chain of oscillators,
which is then roughly half the logarithmic negativity of
the corresponding chain with periodic closure (see dis-
cussion in Audenaart et al., 2002).

An interesting puzzle is given by the analysis of the
negativity of two connected parts of the chain that are
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FIG. 12 Top panel: The logarithmic negativity of two con-
nected groups of s oscillators as a function of the distance be-
tween both groups. It is seen that the range of the negativity
is finite but grows with the group size s. For s = 1, its range
is zero, meaning that no two single oscillators share pairwise
entanglement unless they are neighbors. Bottom panel: Loga-
rithmic negativity as in the top panel of fig. 11 but for an open
chain. The value of the negativity is roughly half as large as
for the periodic chain since the number of connection points
of the parts is halved. In contrast to the periodic chain, the
negativity of one small part with the rest of the open chain
grows with system size [From (Audenaart et al., 2002)]

separated from each other by a finite number of sites. Be-
sides an expected all-over exponential decay of the log-
arithmic negativity with the distance between the two
equally large groups, the negativity is also of limited
range (see top panel of Fig. 12). This range increases
with the size of the two parts. In particular is there no
pairwise negativity between two single oscillators unless
they are neighbors. This implies that the entanglement
of distant groups of oscillators cannot be due to “free”
pairwise entanglement of single oscillators (as opposed
to “bound” entanglement not detected by the negativ-
ity). So either “bound” pairwise entanglement is respon-

sible for the entanglement present in distant groups or
multipartite entanglement might play an important part.
Since the negativity is a necessary and sufficient crite-
rion for pairwise entanglement in the case of Gaussian
states (Simon, 2000) the only alternative source is mul-
tipartite entanglement.

It is instructive to mention that pairwise correlations
between single oscillators do exist notwithstanding a van-
ishing pairwise negativity (Audenaart et al., 2002). In
any case the presence of correlations is necessary for
quantum entanglement of the parts. It is worth notic-
ing that both the plateau exhibited by the negativity for
not too small size of the parts, and the decrease of the
single oscillators’ negativity with the system size find a
plausible explanation merely in terms of the correlation
length. The same plausibility arguments predict the sin-
gle oscillators’ negativity to increase with growing system
size when open chains are considered; in fact this is what
the authors observed (see the discussion in Audenaart
et al., 2002). The observed short range of the negativity
in particular for small connected sets of oscillators over-
stretches this simple reasoning and demonstrates that the
connection between entanglement and correlations is in-
deed more subtle.

C. Systems in d > 1 and the validity of the area law

The scaling of the entanglement entropy in systems
of higher dimensions has been subject of intense inves-
tigation in various fields of research. In the context of
quantum information the understanding of the scaling
of the entropy as a function of the block size has im-
portant consequences on the simulability of a quantum
system by a classical algorithm and therefore is attract-
ing a lot of interest. The picture that emerged from
the analysis of the one-dimensional case, i.e. the vio-
lation of the area law when the system is critical, does
not seem to hold in higher dimensions. The situations
appears more complex. The higher dimensional general-
ization of matrix product states, the projected entangled
pair states, satisfy the area law (Verstaete and Cirac,
2004; Verstaete et al., 2006) despite a divergent corre-
lation length. Another example is ground-state of an-
tiferromagnetic Ising-spin networks embedded on planar
cubic lattices (Wellard and Orus, 2004) where the area
law is fullfilled also at the critical point.

In the following of this section we concentrate on the
ground state of some many-body Hamiltonian for which
the block entropy has been recently computed. We
first consider the case of hopping Hamiltonian of (free)
fermions and bosons and then we discuss the case of har-
monic lattices.



1. Fermi systems

In one dimension, by virtue of the Jordan-Wigner
transformation, the block entropy of a system of inter-
acting spins is tightly connected to that of a (free) Fermi
gas. It is of great interest to understand what are the
properties of the block entropy for free fermions in d di-
mensions. This question has been studied in (Gioev and
Klich, 2006; Wolf, 2006) where it was shown that loga-

rithmic corrections persist also in higher dimensions
Sy~ 0 og, 0 . (99)

The corrections to the area law are a Fermi surface effect.
It was argued indeed (Gioev and Klich, 2006; Wolf, 2006)
that in the case of fractal dimension of either the Fermi
or the block surface, the scaling is modified into

ST~ 1P log, ¢ (100)
where 1 — (3 is the maximum fractal enhancement of di-
mension of either the Fermi or the block boundary. An
interesting case where the system undergoes a Lifhitz
phase transition has been considered in Cramer et al.,
2007. Indeed as it was pointed out by Cramer et al these
transitions related to a change in the Fermi surface man-
ifest in a non-analytic behaviour of the prefactor of the
leading order term entanglement entropy.

For regular block and Fermi surface, numerical analy-
sis has confirmed the modified area-law for critical two-
dimensional (Barthel et al., 2006a; Li et al., 2006) and
three-dimensional (Li et al., 2006) models. Barthel et al.,
2006a study the tight binding model as an example for
a two-dimensional model with a connected Fermi surface
as well as the model

H=- Z[(l + (_1)y)civ,ycm,y+1 + Cl,ycm-l—l,y-l—l

+ Cl,ycm—l,y—i-l] (101)

with a disconnected Fermi surface and finally

H=- Z [h’c;r:,ycmrl,y + (1 + (_1)m+y)c;r:,yca:,y+1}
(102)
with a zero dimensional Fermi surface, as for the one-
dimensional case. Whereas in the first two cases, the
entropy is found to obey the modified area law, this is
no longer true for the third model, eq.(102), with zero-
dimensional Fermi surface. There, the corrections to the
standard area law S ~ ¢4~1 are sub-logarithmic.

The same feature has been observed by (Li et al., 2006)
studying the spin-less fermionic in two and three spatial
dimensions. The authors conjecture an interesting con-
nection between the modified area law to be observed and
the density of states at the Fermi energy. They formulate
this in terms of the co-dimension at the Fermi energy:
i.e. the dimension of momentum space minus the dimen-
sion of the degeneracy at the Fermi energy in momen-
tum space, providing a measure of the relative portion

of the gapped excitations in the low lying spectrum of
the model. In agreement with the findings for the model
Eq.(102), the authors observe only sub-logarithmic cor-
rections to the area law if the co-dimension at the Fermi
energy is 2. The authors conjectured from this that in
two spatial dimensions a co-dimension less or equal to
1 is necessary for the modified area law S ~ flog, ¢ to
apply. They do not mention implications of fractal co-
dimension due to a fractal Fermi or block surface. This
finding would be worth further investigation in direction
to higher dimensions in order to fix the connection be-
tween area law and co-dimension at the degeneracy point.

We finally mention the interesting connection between
the block entropy and the Berry phase in lattice models of
fermions recently discussed in (Ryu and Hatsugai, 2006).

2. Harmonic systems

Harmonic systems have been also investigated to un-
derstand the validity of the area law. They provide one
of the few physical systems for which exact analytical
treatements are avaliable (see Cramer et al., 2006 and
references therein).

We first consider a system of non-critical harmonic os-
cillators with nearest neighbor interaction and periodic
boundary conditions. Non-criticality implies that the
lowest eigenvalue of the interaction matrix U, Ay, (U),
is well separated from zero. Further peculiar characteris-
tics of the covariance matrix, in particular its symmetric
and circulant form, allowed to give estimates for upper
and lower bounds of the block entropy of some compact
d-dimensional hyper-cubic region with edge length ¢ and
surface proportional to £4=1 (Plenio et al., 2005).

The upper bound has been established directly from
the logarithmic negativity (see Audenaart et al., 2002),
whereas for the lower bound several estimates for the
dominant eigenvalue of the reduced density matrix have
been employed.

Key ingredients to the problem are the largest eigen-
value of the covariance matrix and the uncertainty re-
lation which constrains all eigenvalues of the covariance
matrix to lie above 7i/2. The result is that both bounds
go proportional to =1, hence the entanglement entropy
is indeed proportional to the surface of the block. An
extension to general block shapes has been formulated
as well for Gaussian states (Cramer et al., 2006). For
pure states, lower and upper bounds are given as be-
fore, which both scale linearly with the surface area of
the block. For a given finite range of interaction beyond
nearest neighbors, the area law could be stated only in
terms of an upper bound??. Therefore Cramer et al., 2006
cannot exclude the block entropy to scale with lower di-

22 As in (Plenio et al., 2005), this upper bound has been obtained
from the logarithmic negativity.



mensionality than the block-area?3. The area-law can

even be present in disordered systems; the crucial re-
quirement for the area law to hold in this case is that
K= % is bounded for all admissible disorder real-
izations. The presence of a finite temperature T enters
only in the proportionality factor, when thermal equilib-
rium states (which are still Gaussian) are considered.

It is interesting to notice that an algebraically diverg-
ing correlation length does not automatically imply a vi-
olation of the area law 2%. Cramer et al., 2006 find that
for non-critical systems of harmonic oscillators and alge-
braic decay r~% of the correlations with the distance r
still leads to the area-law as long as a > 2d. Essential
for this conclusion is that s is bounded. The authors
conjectured d as a tighter bound at least for hyper-cubic
blocks. 2

For critical systems the situation is different: criti-
cality leads to eigenvalues of U arbitrarily close to zero
and hence unbound x. In (Unanyan and Fleischhauer,
2005), a one-to-one connection between criticality and
logarithmic corrections to the area law has been reported
for one-dimensional systems with finite range interac-
tion. The authors also report on evidence for this con-
nection to hold also in higher dimensional setups; how-
ever, the absence of logarithmic corrections for critical
two-dimensional arrays of harmonic oscillators and near-
est neighbor interaction has been evidenced numerically
in (Barthel et al., 2006a), and the analytical calculations
of (Cramer et al., 2007) conclude the area law to apply for
arbitrary number of dimensions, opposed to the antithe-
sis pronounced in (Unanyan and Fleischhauer, 2005). As
support for their claim, Unanyan and Fleischhauer, 2005
quote a factoring interaction matrix, which however cor-
responds to a noninteracting array of one-dimensional
harmonic chains; this can be seen as the limiting case of
an anisotropic interaction with finite range and does not
give support to the original claim. It is indeed fundamen-
tally different from harmonic d-dimensional lattices with
isotropic finite range interaction, as discussed in (Barthel
et al., 2006a; Cramer et al., 2007). Nevertheless it raises
the question for a critical anisotropy for the coupling of
the harmonic oscillators, which on the background of the
findings in (Barthel et al., 2006a; Cramer et al., 2007)
could be phrased as: “Does a finite critical anisotropy
exist beyond which the harmonic lattice is quasi one-
dimensional?”

Logarithmic corrections are also being observed, when

23 Tt is worth to remind at this point that for Gaussian states of
bosonic modes, no bound entangled states exist, i.e.: the nega-
tivity is a necessary and sufficient condition for entanglement (Si-
mon, 2000).

24 This is what mostly has been observed for fermionic systems.
Note however, that also fermionic systems do exist, where this
exception applies (see section V.C).

25 When compared to the one-dimensional Ising model, already at
a = d = 1 logarithmic corrections appear.
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FIG. 13 Entanglement entropy for N = 500 and ¢ = 125 as
a function of the parameters h. and ~ of the ferromagnetic
Lipkin-Meshkov-Glick model. For « # 1, there is an anomaly
at the critical point h, = 1, whereas the entropy goes to
zero at large h* since the ground state is a fully polarized
state in the field direction. In the zero field limit, the entropy
saturates when the size of the system increases. For v = 1,
the entropy increases with the size of the system in the region
0 < h. < 1 and jumps to zero at h, = 1. [From (Latorre
et al., 2005Db)]

infinite range interactions are considered, which drive the
system towards criticality (Unanyan et al., 2007). To
this end, the authors consider a two-dimensional array of
harmonic oscillators, with an interaction of finite range
in z-direction and an infinite range in the y-direction.
This is a very instructive example in that it leads to the
logarithmic correction ~ I;Inl,. In particular does the
logarithm contain the length I, of the block, where the
interaction has infinite range. The prefactor of the loga-
rithm is half the length of the block in x direction (with
finite range interaction).

D. LMG Model

The logarithmic divergence with the block size of the
entanglement entropy is not exclusive of one-dimensional
systems. The block entropy of the LMG model was stud-
ied both in the ferromagnetic (Barthel et al., 2006b; La-
torre et al., 2005b; Stockton et al., 2003; Vidal et al.,
2007) and antiferromagnetic (Unanyan et al., 2005) case.
In the LMG model each spin is interacting with all the
other spin in the network therefore the idea of a block
as depicted in Fig.6 does not fit very well. Nevertheless
it is perfectly legitimate to define the reduced entropy
of ¢ spins once the other N — ¢ (N is the total number
of spins) have been traced out. Evidently the entropy
is independent on which spins have been selected to be
part of the block. In Fig.13 the representative behaviour
of the entanglement entropy as a function of the various
regions of the phase diagram is shown for a fixed value



of the block and system sizes. Below we summarize the
main findings related to the LMG model. In the ferro-
magnetic case and in the case of v = 1 (isotopic mode),
the entropy diverges logarithmically with the block size
S(1/2) ~ log ¢ while at fixed L and N diverges when the
external magnetic field approaches 1 from below. Also in
the antiferromagnetic case (Unanyan et al., 2005), when
no transition as a function of the field is present, the en-
tropy grows logarithmically with the size of the block in
the isotropic limit.

Differently from the one-dimensional case where the
prefactor is universal and related to the central charge,
here the origin of the prefactor of the logarithmic diver-
gence is related to the presence of the Golstone modes
and to the number of vanishing gaps. The recent work
of Vidal et al clarifies this issue by studying a number
of collective spin model by means of 1/N-expansion and
scaling analysis (Vidal et al., 2007).

E. Spin-boson systems

The entropy in models of spins interacting with har-
monic oscillators have been analyzed as well. Here the
separation between spin and bosonic degrees of freedom
is natural and the partition leads to study the reduced en-
tropy of one subsystem (say the spin). The entanglement
entropy was studied for the Jaynes-Cummings (Bose
et al., 2001), Tavis-Cummings model (Lambert et al.,
2004, 2005) and for the spin-boson model (Costi and
McKenzie, 2003; Jordan and Buttiker, 2004; Kopp et al.,
2006; Stauber and Guinea, 2006a). Emary and cowork-
ers analyzed how the super-radiant quantum phase tran-
sition manifests in the entanglement between the atomic
ensemble and the field mode. They compute the von
Neumann entropy numerically at finite N and analyti-
cally in the thermodynamical limit. They found that the
entropy diverges at the phase transition as

1
S~ qlog[ A=A | (103)

where A is the coupling between the spins and the bo-
son field and ). is the value at which the transition takes
place. The entropy of the spin-boson model (see Eq.(57))
was studied for the first time by numerical renormal-
ization group in (Costi and McKenzie, 2003). An ana-
lytic calculation, including other dissipative models, has
been presented in in (Stauber and Guinea, 2004) and
more recently in (Kopp et al., 2006; Stauber and Guinea,
2006a,b). In the broken-symmetry state has an effective
classical description and the corresponding von Neumann
entropy is zero. In the symmetric phase the entropy can
be easily expressed as a function of the ground state en-
ergy
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FIG. 14 Entropy S between the two-level atoms and field for
both N — oo and finite N. In the inset the scaling of the

value of the entanglement maximum as a function of log V.
[From (Lambert et al., 2004)]

where
0FEy
Sy >=2—— 105
< Sy >= 22 (105)
and A is the hopping defined in Eq.(57). The previ-

ous expression allows to study how the entropy behaves
across the transition and at the coherent-incoherent
crossover. At the transition point the entropy is dis-
continuous with a jump given by (Kopp et al., 2006)
AS=In2+ A/46.1n(5/d.) (0 is a high energy cutoff).

We finally mention the interesting connection be-
tween entanglement and energy fluctuations introduced
by (Jordan and Buttiker, 2004) and exploited in details
both for a spin and for an harmonic oscillators coupled
to a bath. This connection might be useful in the light
of possible experimental measure of entanglement (see
also Klich et al., 2006). For example, as pointed by
in (Jordan and Buttiker, 2004), in certain mesoscopic
realization of qubits as metallic rings of superconducting
nano circuits, a measurement of persistent current can
be directly related to a measurement of the entropy.

F. Local entropy in Hubbard-type models

A very important class of interacting fermion models is
that of Hubbard type models (see III.B). First studies of
entanglement in the one-dimensional case have appeared
in (Korepin, 2004) and in (Gu et al., 2004). Most of the
studies in this type os systems analyzed the properties of
the local entropy.

Gu et al analyzed the local entropy for the one-
dimensional extended Hubbard model for fermions with
spin 1/2. Due to the conservation of particle number and
z-projection of the spin, the local density matrix of the



system takes the simple form

Py = 2[00 {0+t D {T+u [ (L +wl T (TL]
(106)
independent of the site number j because of translational
symmetry. The broken translational invariance in the
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FIG. 15 Upper panel: The local entropy as a function of the
on-site coupling u and nearest neighbor coupling v. The con-
tour plot below includes the known phase diagram of the
model (full black line). Except the superconducting phase,
the phase diagram is nicely reproduced. With courtesy of (Gu
et al., 2004) Lower panel: The local entropy for the standard
Hubbard model and different on-site couplings u as a func-
tion of the filling (1 corresponds to half filling). Except for
U/t = 0, where a maximum appears, this quantity shows
a dip at half filling, i.e. at the metal-insulator transition.
[From (Gu et al., 2004)]

charge density wave phase has not been taken into ac-
count in this work. This does not affect the central re-
sult but might affect the entropy within the charge den-
sity wave phase. Except the superconducting phase, the
phase diagram at half filling (for © = 0) of this model
has been nicely reproduced by the contour plot of the
local entropy (see top panel of Fig. 15), where the phase
transition coincides with its crest. This turns out to be a
general feature of local entropies - also for spin models - as
opposed to entanglement class specific measures, as e.g.

the concurrence for pairwise entanglement whose maxima
in general appear at a certain distance to quantum crit-
ical points and hence are not associated to the quantum
phase transition. In view of the monogamy of entangle-
ment this is interpreted as evidence of dominant multi-
partite entanglement in the vicinity of quantum phase
transitions.

For the Hubbard model Eq.(55) and fixed U/t, the local
entropy as a function of n shows a dip at the critical fill-
ing fraction n. = 1, where a metal-insulator transition
occurs (for U > 0) (see bottom panel of Fig. 15). For
the two limiting cases U = 0,00 the maximum instead
is located at filling fractions, where the ground state is a
singlet of the largest symmetry group. The authors con-
jecture that this were true for general U > 0 and then
the presence of an unknown phase transition at these
maxima.

This analysis clearly points out that the local entropy
indicates different phase transitions in different ways, es-
sentially depending on whether the quantity is sensitive
to its order parameter or not. Due to the u(1) symmetry
of the model, the single site reduced density matrix is a
functional of occupation numbers only. These operators
cannot, however, describe order parameters of supercon-
ductivity or some order parameter of the metal-insulator
transition. Indeed, the superconducting phase can be
predicted if the entropy of entanglement is calculated for
a block of spins, instead of for just a single site (Deng
et al., 2006). A reduced density matrix of at least two
sites is necessary for being sensitive to superconducting
correlations (see also Ref. Legeza and Sélyom, 2006 for a
similar result obtained for the ionic Hubbard model.)

Another model studied with this respect is the so
called bond-charge extended Hubbard model (see I11.B).
In phases II and IIT there are superconducting corre-
lations which are due to 7-pairing and hence indicate
the presence of multipartite entanglement, as discussed
above (Vedral, 2004a). At the bond-charge coupling cor-
responding to x = 1, the entanglement of the model has
been analyzed in Ref. (Anfossi et al., 2005b) and for gen-
eral © and n = 1 in Ref. (Anfossi et al., 2005a, 2006).
Besides the local entropy of entanglement S;, in (Anfossi
et al., 2005b), also the negativity (Vidal and Werner,
2002) and the quantum mutual information (Groisman
et al., 2005) have been used and compared for this anal-
ysis. While S; measures all (pairwise and multipartite)
quantum correlations involving this specific site, the neg-
ativity offer a lower bound for the quantum correlation of
two specific sites, and the mutual information accounts
for pairwise quantum and classical correlations. There-
fore, this combination of correlation measures opens the
possibility to decide, what type of correlation is relevant
at a quantum phase transition. The results are shown
in Fig. 16. The different phases are shown of Fig.16:
they are discriminated by local occupation numbers as
described in the top panel; consequently, the entropy S;
bears the information on all the phase diagram except the
insulating line IV. This is seen from the plot of 9,,.5; (with
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FIG. 16 Top panel: The ground state phase diagram of the
Hirsch model at x = 1. Empty, slashed and full circles indi-
cate the presence of empty, singly and doubly occupied sites,
respectively. Bottom panel: Except the insulating line IV, the
phase diagram is nicely reproduced by 9,S;. [From (Anfossi
et al., 2005a)]

u = U/t) as a function of the on-site Coulomb coupling
u and the filling fraction n. A comparison of first deriva-
tives respect to y = n,u (depending on the phase tran-
sition) of all three correlation measures reveals common
singularities for 9,,5; and 9yZ;; only for the transitions II-
IIT and II-IV; furthermore, for both of them it was proved
that range of the concurrence R diverges(Anfossi et al.,
2006). These facts allow to characterize the transitions
II-1IT and II-IV (at n = 1 and arbitrary x) as governed
by pairwise entanglement, that is the more spread along
the chain the closer the transition is got. For the transi-
tions II-1 and II-I’ instead the multipartite entanglement
is relevant, with a finite range of the concurrence. A
similar behaviour was encountered for non-critical spin
models where the divergence of R is accompanied by the
emergence of a fully factorized ground state (see Sec. IIT
and IV.A.1). Here R diverges close to QPT; it was also
noticed by Anfossi et al. that, while the ground state in
IV is indeed factorized, the phase III is made of a su-
perposition of doubly and empty states. Observing that
the pairwise entanglement is vanishing in both the phases
IIT and IV, the authors conjectured that the divergence
of R marks an ’entanglement transition’ in solely in the
pairwise entanglement.

In order to detect the charge transition II-IV at n =
1 and any x, 0,S5; has been calculated by means of
DMRG (Anfossi et al., 2005a). Its singularities allow to
accurately determine the charge gap as a function of the
bond-charge coupling .

We now proceed with the Hubbard model in a mag-
netic field (see II1.B) Also here, the local entropy S; has
been looked at in order to analyze its entanglement. Asin
the examples before, S; indicates the second order phase
transitions in terms of divergences of its derivatives dy,.5;
and 0, 5;, respectively. Indeed, it has been demonstrated
that 0,.5; and 9,,S; can be expressed in terms of spin and
charge susceptibilities (Larsson and Johannesson, 2005),
hence bridging explicitly between the standard method in
condensed matter physics for studying phase transitions
and the approach from quantum information theory.

The local entropy for thebosonic version of the Hub-
bard model, the Bose-Hubbard model, was computed
in (Buonsante and Vezzani, 2007; Giorda and Zanardi,
2004) for different graph topologies. The attention in this
work was on the dependence of the entanglement on the
hopping amplitude. The authors showed that for certain
classes of graphs the local entropy is a non-monotonic
function of the hopping. Also for the bosonic case the
local entropy is a good indicator for the presence of a
(suplefluid-insulator in this case) quantum phase transi-
tion.

Summarizing, the body of work developed tempt us to
conclude that that local entropies can detect QPTs in
systems of itinerant fermions, particularly if the transi-
tion itself is well predicted by a mean field approach for
local observables of the model, see also (Larsson and Jo-
hannesson, 2006). Furthermore, translational invariance
is necessary for the prediction to being independent of
the site, the local entropy is calculated for. If this sym-
metry is absent, it might prove useful to average over
the sites; the resulting measure is then equivalent to the
Q-measure (Meyer and Wallach, 2002).

G. Topological entanglement entropy

We close this section by summarizing the ongoing
research activity studying the subleading corrections
to the block entropy in the two-dimensional systems.
Most of the results were demonstrated for quantum two-
dimensional lattices (though generalizations two higher
dimension is straightforward).

Fradkin and Moore considered quantum critical points
in two spatial dimensions with scale invariant ground
state wave functions, characterizing for example the scal-
ing limit of quantum eight vertex models and non abelian
gauge theories (see Ardonne et al., 2004 for a recent refer-
ence). The main result is that a universal logarithmically
divergent correction, determined by the geometry of the
partition of the system, emerges in addition to the area’s
law term in the entanglement block entropy (Fradkin and
Moore, 2006).



Such work benefit of the earlier seminal contribution
of Kitaev and Preskill, and Levin and Wen (Kitaev and
Preskill, 2006; Levin and Wen, 2006) demonstrating that
the correction to the area law is of topological origin.
Namely, if £ is the lenght of the boundary, the entangle-
ment entropy was demonstrated to scale as

S=al—~y+0(™) (107)
The coefficient « is non universal and ultraviolet diver-
gent. In contrast, the quantity v can be expressed as
log D, where D is known as the total quantum dimen-
sion, is universal, and related to the topological winding
number of the theory. The calculations were pursued
with methods of topological field theory, giving an ex-
plicit expression for ~.

We remark that the result of Kitaev and Preskill, and
Levin and Wen could provide an alternative avenue to
lattice gauge theory methods(Wen, 2004), detecting a
genuine topological order in the system (when descrip-
tions based on local order parameters fails) by direct in-
spection of the wave function.

When a topological order is present, the ground state
of the system acquaries a peculiar degeneracy when its
lattice has a non trivial genus g. Hamma et al. studied
the entropy of the Kitaev model on a two dimensional
lattice with generic genus g. The Kitaev model (Kitaev,
2003) is a two dimensional exactly solvable lattice model
with double periodic boundary conditions, whose Hamil-
tonian can be realized with a set of spins in a square
lattice with ring exchange and vertex interactions. The
ground state of the Kitaev model is characterized by
the presence of a topological order 26. For such sys-
tems Hamma et al. related the degeneracy of the ground
state (that is 49), to the block entropy (Hamma et al.,
2005a,b).

As a step toward models with more generic topological
orders, the topological entropy was studied numerically
for the quantum dimer model in a triangular lattice (Fu-
rukawa and Misguich, 2006) and for fractional quantum
Hall states with Laughlin topological order (Haque et al.,
2006).

We finally mention that the topological term in the
entanglement entropy in the context of quantum gravity
was evidenced in (Fursaev, 2006; Ryu and Takayanagi,
2006b).

H. Entanglement along renormalization group flow

One of the original motivations put forward by
Preskill to investigate entanglement in many-body sys-

26 The Kitaev model was suggested to provide a realization of the
so caaled ’toric code’, namely a topological quantum computers
made by a physical system with anionic excitations (see also
Castagnoli and Rasetti, 1993)

tems (Preskill, 2000) was the idea that quantum informa-
tion could elucidate some features of the renormalization
group which is a cornerstone method in modern physics.
It is natural to think that the procedure of tracing out
high energy modes in a renormalization group step has
some kind of irreversibility built in. Quantum informa-
tion concepts could prove to be useful in elucidating is-
sues related to this irreversibility and possible help could
come from relating the celebrated c—theorem (Zamolod-
chikov, 1986) to the loss of information.

Entanglement loss along a renormalization group tra-
jectory was studied in spin chains (Latorre et al., 2005a).
More recently a number of relations relating renormaliza-
tion group, conformal field invariance and entanglement
loss were derived in (Orus, 2005). According to (Latorre
et al., 2005a) entanglement loss it can be characterized
at three different levels

e Global entanglement loss - By using the block en-
tropy as a measure of entanglement, for which we
know the result of Eq.(81), and an inequality on the
central charges which derives from the c—theorem,
it follows

SUV > gIi (108)

The block entropy at the ultraviolet fixed point can-
not be smaller than that at the infrared fixed point.

e Monotonous entanglement loss - It is also possible
to follow the entanglement along the whole trans-
formation. Also in this case the entropy is a non-
decreasing function along the flow. As a simple
example one can consider the block entropy of and
Ising chain close to the critical point which goes as
S ~ In |\ — 1], from which monotonicity follows.

e Fine-grained entanglement loss - The monotonic-
ity of the entanglement seems to be present at a
deeper level in the structure of the density ma-
trix. It is possible to show (Latorre et al., 2005a;
Orus et al., 2006) through majorization relations
that the spectrum of the reduced density matrix
gets more ordered along the flow. By denoting
with r,, the eigenvalues of the reduced density ma-
trix p, majorization relation between the two set
of spectra (corresponding to two different parame-
ters) means that there is a set of relations for which
DicinTi 2 iz ti formn =1, d(dis the
dimension of p).

Motivated by ultraviolet divergencies of the entropy of
entanglement in quantum field theory, Casini and Huerta
introduced a quantity F'(A, B) related to the entropy
measuring the degree of entanglement between the two
regions A and B. The function F is defined as

F(A,B)=S(A)+S(B)-S(AnB)—-S(AUB)

which coincides with the mutual information Eq.(16)
in the case of non-intersecting regions. In two dimen-
sions, it is a finite positive function with the property



F(A,B) < F(A,C) for B Cc C if ANC = . Then,
for sets with a single (path-connected) component in two
dimensional conformal field theories they showed that it
allows to prove an alternative entropic version of the c-
theorem (Casini and Huerta, 2005b).

VI. LOCALIZABLE ENTANGLEMENT
A. Localizable entanglement and quantum criticality

The study of localizable entanglement (see Sec-
tion II.C) in spin chains allows to find a tighter con-
nection between the scales over which entanglement and
correlations decay (we saw in the previous sections that
the two spin entanglement, expressed by the concurrence,
does not decay on a the same range of correlations) (Popp
et al., 2005, 2006; Verstraete et al., 2004a). One expects
that the procedure of entangling distant sites by a set
of local measurements will be less effective as the dis-
tance between the two particles increases thus leading to
a definition of entanglement length {z. For a transla-
tional invariant system &g can be defined in analogy of
the standard correlation lenght

El06(|i - ]|)

i—J] (109

¢t =— lim log
li—j|—o0
By definition the entanglement length cannot be smaller
than the correlation length,

Ee > ¢

therefore at a second order phase transition the localiz-
able entanglement length diverges. In addition there may
also appear ”transition points” associated solely to a di-
vergence in £g. In order to avoid misinterpretations, it
must be stressed that the localizable “classical” two-point
correlations then diverge as well. Thus, the essence of
the phenomenon is that correlations can be localized be-
tween arbitrarily distant sites by means of suitable local
operations and classical communication despite a finite
correlation length; necessary for this is the presence of
global entanglement (Popescu and Rohrlich, 1992).

For the Ising model in a transverse field it can be shown
that (Verstraete et al., 2004Db)

g S B9 25 L )
where
= (1(8757))° — ((57) = (5))
and
QY = (SS2) — (SM)(S)

In this case, the lower bound in Eq. (110) is deter-
mined by the two-point correlation function in the x-
direction. In the disordered phase (A < 1) the ground

state possesses a small degree of entanglement and con-
sequently its entanglement length is finite. The situation
changes at the other side of the critical point. Here, al-
though the correlation length is finite, the entanglement
length is infinite as asymptotically the correlation tends
to a finite values. The divergence of (i indicates that the
ground state is a globally entangled state, supporting the
general idea that multipartite entanglement is most rel-
evant at the critical point (Osborne and Nielsen, 2002;
Roscilde et al., 2004).

The properties of localizable entanglement were fur-
ther investigated for a spin-1/2 X X Z-chain in (Jin and
Korepin, 2004b; Popp et al., 2005) as a function of the
anisotropy parameter A and of an externally applied
magnetic field A. The authors used exact results for
correlation functions relying on the integrability of the
models to find the bounds in Eq.(110). For the antifer-
romagnetic X X X-case they provided the following lower
bound

2 Inli—j|

Bl =32 RT3

The presence of the anisotropy increases the lower bound
of the localizable entanglement. At the Berezinskii-
Kosterlitz-Thouless critical point (A = 1) the lower
bound of the nearest-neighbour localizable entanglement
shows a kink (Popp et al., 2005). As pointed out by
the authors this might have implications in the gen-
eral understanding of the Berezinskii-Kosterlitz-Thouless
phase transitions where the ground state energy and its
derivatives are continuous as well as the concurrence (see
IV.A.2 and Fig.3).

The localizable entanglement in two-dimensional
X XZ model was discussed as well (Syljuasen, 2003b)
by means of quantum Monte Carlo simulations. A lower
bound has been determined by studying the maximum
correlation function which for A > —1 is @, the long-
range (power law) decay of the correlation implying a
long ranged localizable entanglement.

The definition of localizable entanglement has an inter-
esting connection with the concept of quantum repeaters
introduced in (Briegel et al., 1998). Quantum repeaters
have been designed to enhance the transmission of entan-
glement through noisy channels. The idea is to distribute
along the channels a number of intermediate sites where
a certain number of local operations are allowed in order
to maximize the entanglement between the transmitter
and a receiver. This is the very definition of localizable
entanglement.

Localizable entanglement has been defined in Sec.I.C
as an average over all possible measuring processes it is
of interest to understand also the statistical fluctuations
around this average value. To this end (Popp et al., 2005)
analyzed also the variance associated to the entanglement
fluctuations

5El20('
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In the previous equation F is a measure of pairwise entan-
glement. The fluctuations of the entanglement increase
in the vicinity of a critical point. This was checked ex-
plicitly for the one-dimensional Ising model

As detailed below, additional interesting results were
obtained for spin-1 systems where a true transition in the
entanglement (with a diverging £z but finite correlation
length) has been found.

B. Localizable entanglement in valence bond ground states

For half-integer spins, gapped non degenerate ground
states are characteristic for systems in a disordered phase
(consider paramagnets for example). A finite gap in the
excitation spectrum of the system in the thermodynamic
limit makes the correlations decay exponentially. This is
the Lieb-Schultz-Mattis theorem, establishing that, un-
der general hypothesis, the ground state of a spin sys-
tem is either unique and gapless or gapped and degener-
ate (Lieb et al., 1961). It was a surprise, when Haldane
discovered that systems of integer spins can violate this
theorem (Haldane, 1983a,b). This suggests to investigate
whether the entanglement in the ground state might play
some role in establishing the hidden order characteristic
for the Haldane phases. An aspect that might be relevant
to this aim was recently addressed by studying the local-
izable entanglement in AKLT models (Verstraete et al.,
2004a). The ground state of this class of models is of the
valence bond type as discussed in II1.A.4

lgs)axrr = (@xApg) 1Do1l Dz - D ynyr - (112)
|I) are singlets and A are 3 x 4 operators projecting the
Hilbert space of two combined spins on its symmetric
part, at the given site. This is nothing else than a matrix
product state (see Section III.A.4). For this state it was
demonstrated that a singlet state made of two spins-1/2
located at the ends of the chain can be always realized
(see Fig.1). This implies that the localizable entangle-
ment is long ranged despite the exponentially decaying
correlation (Verstraete et al., 2004a).

The localizable entanglement can be related to the
string order parameter Og,.,, defined in Eq.(53).
The key to make explicit this relation is to ob-
serve that the localizable entanglement can be cal-
culated as an expectation value (Campos Venuti and
Roncaglia, 2005) as L(|¢)) = (¢|ooGs(¥)on|yp) where
Gs = Y, |s)(s]sign((¢|c¥ @ o¥|¢))), and |s) is the opti-
mal basis which maximize the entanglement of assistance.
For the AKLT model, the expression above reads

N
L(lgs) axer) = ([[ ™) (113)
=1

In this case, both the localizable entanglement and all the
three components of the string order parameter saturate.
Perturbing the AKLT ground state, namely making the
resonating valence bonds with non-maximally entangled

states (| 10) — e™%2?[01))/v/2, the relation between the
hidden order and the localizable entanglement so strong
(as compared to the AKLT model): it can be demon-
strated that the string order parameters for a = x, z are
finite, while the localizable entanglement vanishes expo-
nentially with the deformation ¢ (Popp et al., 2005), but
a tight connection of the localizable entanglement and
OYiring 15 observed to persist also for the ¢ deformed
ground state (Campos Venuti and Roncaglia, 2005).

The valence-bond-solid phase order was further stud-
ied by looking at the hidden order in chains with more
complicated topology. The von Neumann entropy was
studied in spin-1 X X Z model with biquadratic interac-
tion and single ion anisotropy in (Gu et al., 2006; Wang
et al., 2005) and in (Campos Venuti et al., 2006a). Some
of the features of the corresponding phase diagram are
captured. The Haldane transitions exhibited in the phase
diagrams are marked by anomalies in the Von Neumann
entropy; its maximum at the isotropic point is not related
to any critical phenomenon (the system is gapped around
such a point), but it is due to the equi-probability of
the three spin-1 states occurring at that point (Campos
Venuti et al., 2006a). Since the Berezinskii-Kosterlitz-
Thouless transition separating the XY from the Hal-
dane or large-D phases connects a gapless with a gapped
regime, it was speculated that an anomaly in the en-
tanglement should highlight such transition (Gu et al.,
2006).

VIl. THERMAL ENTANGLEMENT

Though the very nature of entanglement is purely
quantum mechanical, we saw that it can persist for
macroscopic systems and will survive even in the ther-
modynamical limit. In this Section we discuss how it be-
haves at finite temperature. This temperature could be
as high as 100 Kelvin in high-temperature superconduc-
tors (Vedral, 2004a) (see also Fan and Lloyd, 2005). In
this section we review the properties of entanglement in
many-body systems at finite temperatures (see also An-
ders and Vedral, 2007). We will see that the analysis
could shed new light on the interplay between the quan-
tum nature of the system and its thermodynamics. More-
over, somewhat surprisingly, macroscopic state variables
can be used to detect entanglement. Thermodynamics
describes large scale systems with macroscopic proper-
ties, its state variables T\, N, V, p, its external fields h and
its response functions the susceptibility and heat capac-
ity, respectively x, C,.... Addressing entanglement as a
thermodynamical property raised significant amount of
interest in various communities. One wants to know,
for example, under what conditions can we detect and
extract entanglement. Can we see entanglement itself
as a state variable, just like pressure is for a collection
of atoms in a gas? What could be the corresponding
thermodynamical potential? Is entanglement extensive?
Since entanglement is closely related to entropy, we would



expect the answer to the last question to be “yes”.

The states describing a system in thermal equilibrium
states, are determined by the Hamiltonian and the in-
verse temperature § = 1/T

(114)

where Z = trle=%H] is the partition function of the sys-
tem. The thermal states expanded in the energy eigen-
basis |e;),7 = 0,1, ... are then

e—BEo e~ BEA

= —=———=|eo){eg| + =——==|e1){e1| +... (115
P Zie_gEJ 0>< 0| Zie_gEJ 1>< 1| ( )
Any separable state, or classical state, with respect to
this split into subsystems A, B, C, D, .. (for example the
sites of a spin system) can then be written as convex mix-
ture of tensor products of states of the respective subsys-

tems A, B,C, D, ... with probabilities p;

A c

p=> pmpiepleplepe.. . (116)

(2

If the state in Eq.(115) cannot be written in the form
given above then it is entangled. In this section we will
discuss the properties of this thermal entanglement.

A. Thermal pairwise entanglement

Extensive efforts have been made to understand how
to quantify thermal entanglement in many-body systems
starting from the initial papers (Arnesen et al., 2001;
Gualycke et al., 2001; Nielsen, 2001). Several models
of interacting spins in arrays were discussed. Entangle-
ment as measured by concurrence was shown to exist at
nonzero temperatures in the transverse Ising (Osborne
and Nielsen, 2002), Heisenberg (Asoudeh and Karim-
ipour, 2004; Tribedi and Bose, 2006; Wang, 2002b; Wang
and Zanardi, 2002), X X Z (Canosa and Rossignoli, 2005,
2006), XY Z models (Rigolin, 2004; Zhang and Zhu,
2006), ferrimagnetic transition (Wang and Wang, 2006)
and spin-one chains (Zhang and Li, 2005).

Sevaral non-trivial aspects of the behaviour of the pair-
wise entanglement at finite temperatures can be illus-
trated by considering the simple case of two-sites sys-
tems.

a. XXX Model We start our discussion on thermal en-
tanglement by considering the XXX antiferromagnet
(see Eq.(42)). In this case the thermal state of this sys-
tem can be written as a Boltzmann mixture of the singlet
and the triplet states:

1
pr = ST U]+ e MU 00)(00)

+ e PN (11 4+ e gt (T (117)

FIG. 17 Entanglement between two qubits interacting ac-
cording to the antiferromagnetic Heisenberg model as a func-
tion of the external field h* and temperature (multiplied by
the Boltzmann’s constant) T with coupling J = 1. The top-
most plot shows the variation of nearest-neighbor entangle-
ment with the magnetic field. The middle and the bottom-
most plot show the same for next nearest and next to next
nearest neighbors, respectively. From Arnesen et al., 2001

where Z = 387 4 ¢=B(J+2h) 4 =B(J=20) 4 ¢=BJ ig the
partition function of the system and [s*) = |01) 4 |10).
For the sake of simplicity we focus our attention only on
two regimes

The first regime is when the coupling J is large com-
pared to the external field h. The ground state is then
the singlet state, and at low temperature the system is
therefore entangled. At higher temperatures the triplet
becomes mixed into the singlet, and when (roughly)
T > J/k, the entanglement completely disappears (when
the external field is zero). Therefore, in order to have
high-temperature entanglement in dimers we need a high
value of the coupling constant J.

When J is fixed, the second regime occurs when we can
vary the value of the external field h. When h is large
(greater than 2.J), the ground state is |11) and at zero
temperature the dimers are therefore not entangled. The
point where the singlet state becomes replaced by |11) as
the ground state corresponds to the quantum phase tran-
sition (occurring in the thermodynamical limit). How-
ever, if we start to increase the temperature, the sin-
glet state—which is the first excited state under these
circumstances—starts to become populated. FEntangle-
ment can then be generated by increasing the tempera-
ture. The behaviour of entanglement as a function of the
magnetic field is shown in Fig.17.

b. Ising model Another interesting case is that of a Ising
coupling. At zero temperature only the lowest energy
level is populated. In the case N = 2 the tangle of this
pure state can easily be calculated from the density ma-



trix, for h > 0,

A 1
SR ()

From Eq.(118), it is clear that the entanglement is high-
est for nearly vanishing magnetic fields and decreases
with increasing field amplitude. (Eq.(118) is not valid for
strictly A = 0, where no entanglement is present). Let us
now turn our attention to the case of non-zero tempera-
tures. For a general pure state only one of the eigenval-
ues of the Hamiltonian weight Eq.(115) is non-zero and
therefore equal to the tangle. For low temperature and
magnetic field, i.e. h,T < J, it is a good approximation
to assume that only the two lowest energy levels are pop-
ulated. In this case, the combination of the two lowest
states also combines their concurrences in the following
way (Gunlycke et al., 2001):

T1 (118)

C = max{|woCy — w1 C4],0}, (119)

where the index 0 refers to the ground state, while 1
refers to the excited state and wg and w; are the ther-
mal weights of the ground and excited states respectively,
see Eq.(115). This phenomenon has been named as con-
currence mizing. In this case, the first excited state is
the Bell state, |[&~) = (|01) — |10))/v/2, and Eq. (119)
reduces to

J
Vo

In general, the first term in the above equation is larger
than the second, and in this case the concurrence de-
creases with temperature as wg decreases and w; in-
creases. Moreover it is also possible to see that, for a
given temperature, the entanglement can be increased
by adjusting the magnetic field and is generally largest
for some intermediate value of the magnetic field. This
effect can be understood by noting that wy increases with
increasing h as the energy separation between the levels
increase, but J/v/J? + h? decreases. As a result the com-
bined function reaches a peak as we vary h and decreases
subsequently, inducing analogous behavior for the con-
currence.

C = |wo (120)

B. Pairwise entanglement in the 7" # 0 critical region

At finite temperatures but close to a quantum criti-
cal points, quantum fluctuations are essential to describe
the properties of the systems (Chakravarty et al., 1989;
Sachdev, 1999). In order to study the interplay between
the thermal entanglement and the quantum fluctuations
caused by the critical point at T' = 0 the analysis on small
clusters is no longer sufficient. For the presentation we
consider the one-dimensional quantum XY models. Such
systems cannot exhibits any phase transitions at finite
temperature, but the very existence of the quantum crit-
ical point is reflected in the crossover behaviour at T # 0.

The renormalized—classical crosses-over the quantum dis-
ordered regimes through the so called quantum critical
region (Sachdev, 1999). In the T'— h plane a V-shaped
phase diagram emerges, characterized by the cross-over
temperature customarily defined as Tiyoss = [A71 = A1
For T' <« T,.r0ss the thermal De Broglie length is much
smaller than the average spacing of the excitations; there-
fore the correlation functions factorize in two contribu-
tions coming from quantum and thermal fluctuations sep-
arately. The quantum critical region is characterized by
T > T,.ross- Here we are in the first regime and the cor-
relation functions do not factorize. In this regime the
interplay between quantum and thermal effects is the
dominant phenomenon affecting the physical behaviour
of the system.

Thermal entanglement close to the critical point of the
quantum XY models was recently studied in (Amico and
Patané, 2007). In analogy with the zero temperature
case they demonstrated that the entanglement sensitivity
to thermal and to quantum fluctuations obeys universal
T # 0-scaling laws. The crossover to the quantum disor-
dered and renormalized classical regimes in the entangle-
ment has been analyzed through the study of derivatives
of the concurrence 9,C and OrC. The thermal entan-
glement results to be very rigid when the quantum crit-
ical regime is accessed from the renormalized classical
and quantum disordered regions of the phase diagram:;
such a ’stiffness’ is reflected in a maximum in OrC at
T ~T.ross- The maximum in the derivatives of the con-
currence seems a general feature of the entanglement in
the crossover regime. In this respect we mention that also
the concurrence between two Kondo impurity spins dis-
cussed in (Stauber and Guinea, 2004, 2006b) experiences
the largest variation again in the crossover phenomenon.

Due to the vanishing of the gap at the quantum crit-
ical point, in the region T > T,,,ss an arbitrarily small
temperature is immediately effective in the system (see
Fig. 18). From the analysis of the quantum mutual in-
formation (see Eq. 16)) it emerges that the contribution
of the classical correlations is negligible in the crossover,
thus providing the indication that such a phenomenon is
driven solely by the thermal entanglement. It is interest-
ing to study how the exsistence of the factorizing field hy
affects the thermal pairwise entanglement (vanishing at
zero temperature). It is found that the two tangle 7o still
vanishes in a region of the h — T plane, fanning out from
just hy, (white region in Fig. 19)(Amico et al., 2006). In
there entanglement if present, is shared between three or
more parties. It is further observed that, in contrast to
the analysis of the ground state, at finite temperature
we cannot characterize the two separate phases of par-
allel and antiparallel entanglement by. In fact, the two
types of entanglement (though well defined also for mixed
states) can swap by varying T and/or r. The exchange
between parallel and antiparallel entanglement occurs in
a non trivial way, that ultimately produces the reentrance
of 15 seen in Fig.19.

The common feature in all cases for which the existence
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FIG. 18 The effect of temperature on the anomalies origi-
nated from the critical divergence of the field-derivative of
C(R) can be measured by 9r[0,C(R)]. The density plot cor-
responds toy = land R=1. T =T" and T = Ty are
drawn as dashed and thick lines respectively. Maxima below
T* are found at Thr = BTeross with 8 ~ 0.290 £ 0.005 and
they are independent of v and R; the crossover behaviour
is enclosed in between the two flexes of dr[0.C(R)] at Te1
T.2; such values are fixed to: T.1 = (0.170 & 0.005)7 ¢r0ss and
Teo = (0.442 £ 0.005)Teross and found to be independent of
v and R. For T < Tep Or[0.C(R)] ~ 0. Scaling properties
are inherited in O7[0.C(R)] from 9,C(R)] [From Amico and
Patané, 2007].
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FIG. 19 Contour plot of 72 in the h—T plane, for v = 0.3 (i.e.
hy =0.9539...). The white area indicates where 72 = 0.[From
Amico et al., 2006]

of entanglement could here be proved is that both high
temperatures and high values of magnetic field move the
thermal states away from the region with non-zero entan-
glement. This is understandable because high values of
magnetic field tend to order all spins parallel to the field
which corresponds to an overall state being a product of
the individual spin states. Of course there is upper limit
of this phenomenon, since increasing the temperature has
also entanglement destructive character due to thermal
fluctuations.

C. Thermal entanglement witnesses

At first sight it may be very surprising that thermo-
dynamical variables can witness entanglement since the
only need to obtain them are the system’s eigenenergies,
and no eigenstate information is required. Since entan-
glement resides in the fact that the state is inseparable
(and is not related to the value of its energy) it would
appear that the partition function is not enough to char-
acterize entanglement. This logic, although seemingly
simple, is not entirely correct. The reason is subtle and
lies in the fact that the whole Hamiltonian is used for
constructing the partition function, so in a roundabout
way we do have the information about the states as well.
Entanglement witnesses in spin systems have been con-
sidered in (Brukner and Vedral, 2004; Hide et al., 2007;
T6th, 2005; Wu et al., 2005) (see also the next Section
on multipartite entanglement)

We will now illustrate how and why we can derive en-
tanglement witnesses for the partition function. Sup-
pose that the system is described by an antiferromagnetic
Heisenberg model. First we have the following identity
coming from the Hellman-Feynman theorem

N
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Now this means that the two point correlations func-
tion summed over all nearest neighbors can be derived
from the partition function. This is also a quantity that
can be accessed experimentally as is usually performed
very frequently in the solid state experiments. Most im-
portantly, this average has in general different values for
separable and entangled states. It can, therefore, serve
as an entanglement witness as will be seen shortly. The
important conclusion is that knowing the quantum par-
tition function does allows us to infer some properties of
the quantum state as well.

We would now like to show that there is nothing myste-
rious about entanglement witnesses and that quite ordi-
nary observables, such as the energy or magnetization of
a physical system, can serve as entanglement witnesses.
As we have seen, entanglement witnesses are operators
that “react” differently to entangled states and disentan-
gled states. Most of the discussions above can be carried
into the thermodynamical limit of infinite big systems.
The amazing fact that will emerge is that we really do
not need to have the analytically calculated form of the
eigenstates in order to tell if the resulting mixture is en-
tangled. One price to pay for this is that we will only
be able to derive a sufficient condition for entanglement
that is typical of entanglement witnesses. Namely, we
will be able to tell if for some conditions the resulting
thermal state is entangled, but we will not be able to
say with certainty that the state is not entangled if these
conditions are violated.



Using U =(H) and Mzzzyﬂ(Sj) we obtain
U + hM* Y
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The right-hand of Eq.(122) is an entanglement witness
as shown in (Téth, 2005): for any separable state, that
is, for any classical mixture of the products states: p =
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The proof is based on the fact that for any product state
P ®...® pl and for every i one has
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This is also valid for any convex sum of product states
(separable states). The upper bound was found by using
the Cauchy-Schwarz inequality and knowing that for any
state (S%)2+(S¥)24(S*)2? < 1/4. It is important to note
that the same proof can also be applied if one considers
X X model. In this case one has

—IZ (575540 +

for any separable state.

We now give our thermodynamical entanglement wit-
ness: if, in the isotropic X X X or X X Heisenberg model,
one has

+ (SYSY

nl<y ()

U+ hM* 1

N > (126)
then the solid state system is in an entangled state. The
entanglement witness is physically equivalent to the ex-
change interaction energy or, equivalently, to the differ-
ence between the total (internal) energy U and the mag-
netic energy —hM. From the tracelessness of the Pauli
operators one can easily see that limp_,., U — 0. This
means that the value of the internal energy as given by
Eq.(126) should be defined relatively to the referent value
of zero energy in the limit of high temperatures. In order
to complete the proof we need to give an explicit example
of a state that violates Egs. (123) and (125). This implies
that that Eq.(126) is indeed an entanglement witness and
not just a bound that is trivially satisfied by any quan-
tum state.

As an example of such a state we take the ground state
of the antiferromagnetic isotropic XXX Heisenberg model
with zero magnetic field. The energy of this state was
found to be (Hulthén, 1938): |Ey/JN|=0.44325>1/4.
Furthermore, due to the symmetry of the X X X Heisen-
berg Hamiltonian one has Eo/(3NJ) = (SfS¥ 1)o =
(8757 1)o= (SZSf+1>0— —1.773/12 for every 4. This im-
plies that 1/N]| ZZ L((SFSE )0+ (SYSY 1)o) = 0.295 >

+ (512

(124)

N

+(S7)20/(85)2 + (5802 + (8502 <

1/4. Therefore, Eq. (126) is an entanglement witness
for the solid state systems described by X XX or XX
Heisenberg interaction.

We will now discuss various concrete models of spin
interaction of which some are exactly solvable and for
which dependence of internal energy U and magnetiza-
tion M on temperature T' and magnetic field h are known.
This will help us to determine the parameter regions of
T and h within which one has entanglement in the solids.

We first consider X XX Heisenberg model with no
magnetic field, in this case the magnetization vanishes
and thermodynamical witness, Eq.(126) reduces to

vl
N|J| (127)
It was shown that concurrence C(1) is zero at any tem-
perature in the ferromagnetic case and that it is given by
C = 1 max [0, |U|/(NJ) — 1/4] in the antiferromagnetic
case (Wang and Zanardi, 2002). Thus C is nonzero if and
only if |[U|/(NJ) > 1/4. This shows that the thermody-
namical entanglement witness can detect entire bipartite
entanglement as measured by concurrence. Furthermore,
the fact that the value of the entanglement witness for the
ground state is well above the limit of 1/4 suggests that
entanglement could exist and be detected by the thermo-
dynamical witness at nonzero temperatures as well.

In the presence of a finite magnetic field the
low temperature partition function is given by Z =
PRI/ 4 e=PP /2N /\/273T). Using this we obtain
|U +h*M|/(NJ)=1/4 and thus no entanglement can be
detected in agreement with (Asoudeh and Karimipour,
2004; Pratt, 2004).

The XX Heisenberg model with nonzero magnetic
field is the most interesting as it is exactly solvable,
the partition function was found in (Katsura, 1962).
Let us introduce the following dimensionless quantities:
b= h*/T and K = J/T (note a difference of factor 2
in the definitions of J and K with respect to (Katsura,



1962)) and the function

F(K,b,w) = V2K2? + 2K?2 cos 2w — 4bK cosw + C?
(128)
for convenience. Then the internal energy is given

by (Katsura, 1962)

U T [T
N —E/O f(K,b,w) tanh f(K, b, w)dw, (129)

and the magnetization by (Katsura, 1962)

M 1 (T 4K?cos*w
== ———  tanh f(K,b,w)d
N~ o), FiRbe) nh b w)de

(130)
both in ferromagnetic and antiferromagnetic case.

We use Egs. (129) and (130) to determine the param-
eter regions of temperature 7' and magnetic field ~A* for
which entanglement exists in the solid state system. The
critical values of T" and h below which entanglement can
be detected is of the order of J, which can be as high as
10 Kelvin (Hammar et al., 1999).

It should be stressed that the analysis based on the
entanglement witness could be applied to any model
for which we can successfully obtain the partition func-
tion. This feature is the main advantage of using ther-
modynamic witnesses approach to detecting entangle-
ment. This method for determining entanglement in
solids within the models of Heisenberg interaction is use-
ful in the cases where other methods fail due to incom-
plete knowledge of the system. This is the case when
only the eigenvalues but not eigenstates of the Hamilto-
nian are known (which is the most usual case in solid
state physics) and thus no measure of entanglement can
be computed. Furthermore, in the cases where we lack
the complete description of the systems one can approach
the problem experimentally and determine the value of
the thermodynamical entanglement witness by perform-
ing appropriate measurements. It is important to em-
phasize that any other thermodynamical function of state
could be a suitable witness, such as the magnetic suscep-
tibility or heat capacity (Wiesniak et al., 2005) (see next
Section).

The temperature as well as other thermodynamical
state variables have been shown to behave also as entan-
glement witnesses of spatial entanglement (Anders et al.,
2006). This general feature was explicitly worked out in
the case of a non-interacting Bosonic gas. It was found
that entanglement can exist at arbitrarily high temper-
atures, provided that one can probe smaller and smaller
regions of space.

The methods outlined here are not only applicable
to the models we considered. There are several in-
teresting questions and possibilities for generalizations
such as consideration of Hamiltonians with higher spins,
two- and three-dimensional systems, non-nearest inter-
actions, anisotropies, other thermodynamical properties
(e.g. heat capacity, magnetic susceptibility) and so on.

Similar analysis can be done for continuous thermal en-
tanglement in a field. It has been shown that for non-
interacting bosons, entanglement exists when their de
Broglie thermal wavelength is smaller than their average
separation, a (Anders et al., 2006). The precise condi-
tion is kT < h?/2ma?, where m is the mass of bosonic
particles. We can now introduce the following correspon-
dence between spin coupling J and the continuous vari-
ables bosonic kinetic energy, J = h?/2ma?. This fur-
ther implies that we can think of the thermal de Broglie
wavelength for spins as A\gg = a+/J/T, where a is the
spin separation. The condition for entanglement that
the wavelength is larger than the lattice spacing a now
leads us to the condition that T' < J which is exactly the
result obtained from a more detailed analysis above.

D. Experimental results

The question of having macroscopic entanglement is
not only fascinating in its own right but it also has a fun-
damental significance as it pushes the realm of quantum
physics well into the macroscopic world, thus opening the
possibility to test quantum theory versus alternative the-
ories well beyond the scales on which theirs predictions
coincide. It also has important practical implications for
implementation of quantum information processing. If
the future quantum computer is supposed to reach the
stage of wide commercial application, it is likely that it
should share the same feature as the current (classical)
information technology and be based on solid state sys-
tems. It will thus be important to derive the critical
values of physical parameters (e.g. the high-temperature
limit) above which one cannot harness quantum entan-
glement in solids as a resource for quantum information
processing.

Recently it was demonstrated experimentally that en-
tanglement can affect macroscopic properties of solids,
albeit at very low (critical) temperature (below 1
Kelvin) (Ghosh et al., 2003). This extraordinary result
opens up an exciting possibility that purely quantum cor-
relations between microscopic constituents of the solid
may be detected by only a small number of macroscopic
thermodynamical properties.

Ghosh et al made measurement on an insulating salt,
the LiHoF4. At low temperatures the susceptibility de-
viates from a simple Curie-like law. They find that the
the temperature dependence is well fitted by a power law
x ~ T7% with « = 0.75. The key observation made
in (Ghosh et al., 2003) is that the experimental data at
low temperatures cannot be explained by simply resort-
ing to a classical approximation. By itself this might not
be enough. It is remarkable however that the authors are
able to put in close connection the power law divergence
of the susceptibility with the entanglement present in the
low-lying excited states.

Vértesi and Bene studied the magnetic susceptibility of
NaV307 and used macroscopic entanglement witnesses
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FIG. 20 Magnetic susceptibility vs. temperature 7' from
simulations of the diluted, dipolar-coupled Ising mag-
net,compared to experimental data (red triangles). The black
circles use quantum decimation as well as the correct quan-
tum mechanical form of susceptibility, utilizing the entangle-
ment of the low-lying energy doublet with the excited states.
From Ghosh et al., 2003

as discussed in the previous Section to estimate the crit-
ical temperature below which thermal entanglement is
present. The experimental value of this temperature is
365K approximately three times higher than the critical
temperature corresponding to the vanishing of bipartite
entanglement (Vertési and Bene, 2006).

We also mention the very recent experiment report-
ing on macroscopic magnetic measurements of the py-
roborate MgMnB, 205 and warwickite MgTiOBO5 (Rap-
poport et al., 2007) (see also Continentino, 2006)

Earlier experimental data witnessing entanglement
in bulk properties of solids have been reanalyzed
in (Brukner et al., 2006). They discusses the experi-
mental results of neutron scattering measurement of CN
obtained in 2000 (Xu et al., 2000) and show that they
provided a direct experimental demonstration of macro-
scopic entanglement in solids. The experimental charac-
terization of the dynamic spin correlations for next neigh-
boring sites enabled them to determine the concurrence
and show the existence of entanglement at moderately
high temperatures (as high as 5 Kelvin). In the same
work they also showed that magnetic susceptibility at
zero magnetic field is a macroscopic thermodynamical
entanglement witness for the class of solid states systems
that can be modeled by strongly alternating spin-1/2 an-
tiferromagnet chain (Brukner et al., 2006).The measured
values for magnetic susceptibility of CN in 1963 (Berger
et al., 1963) imply presence of entanglement in the same
temperature range (below 5 Kelvin).

An analysis experimental results of a magnetic suscep-
tibility measurement of CN (Berger et al., 1963) to show
that the values measured at low temperatures cannot be
explained without entanglement being present in the sys-
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FIG. 21 The temperature dependence of magnetic suscepti-
bility of powder CN (triangles) and a single-crystal CN, mea-
sured at low field parallel (open squares) and perpendicular
(open circles, crosses, filled circles) to the monoclinic b axis.
The data and the figure are from (Berger et al., 1963). The
intersection point of this curve and the experimental one de-
fines the temperature range (left from the intersection point)
with entanglement in CN around =~ 5K. [From Brukner et al.,
2006]

tem was performed in (Brukner et al., 2006). This was
based on the general proof that magnetic susceptibility of
any strongly alternating antiferromagnetic spin-1/2 chain
is a macroscopic thermodynamical entanglement witness.
As discussed in (Brukner et al., 2006) the magnetic sus-
ceptibility for separable states is bounded by the value
9*uEN 1
Xsep = T 6

(131)

Thus, a violation of this inequality necessarily detects
entanglement in the system. The results of their analysis
are reported in Fig.21

VIIl. MULTIPARTITE ENTANGLEMENT

Most of the results reviewed in the previous section
are for pairwise and bipartite entanglement. Although
much has been learned from the study of those quanti-
ties, the structure of entanglement in many-body systems
is much richer and it is natural to expect that multipar-
tite entanglement is present both in the ground state and
at finite temperatures. Although multipartite entangle-
ment in many-body systems is much less studied, some
important results have been already obtained.

A number of groups showed that in certain limits the
state of a spin chain can resemble that of known multipar-
tite states. Wang first analyzed the properties of small
chains and noted that the ground state tends to have mul-
tipartite entanglement (Wang, 2002a). This analysis was
further pursued in Ising and Heisenberg rings where the
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FIG. 22 One-tangle 71 and the sum of squared concurrences
T2 as a function of the applied magnetic field in z-direction for
the XY Z model with exchange along y: Jy, = 0.25 (in unit
of exhange along z). Inset: contributions to the concurrence
between j-th neighbors; full symbols stand for C'(5), open
symbols for C'*(j). The dashed line marks the critical field
he. [From Roscilde et al., 2004]

ground state has GHZ- (Stelmachovi¢ and Buzek, 2004)
and W-like (Brufiet al., 2005) correlations, respectively.
Multipartite mixed states can be also realized in the case
of ferromagnetic rings where the ground state is fully
polarized along the direction of the field and the first ex-
cited state is a W-state. At finite but low temperatures
the density matrix is approximately

p=p[0--0)(0--0 [ +(1—p) [ W)W |  (132)

where p is the Boltzman factor and | 0---0) is the fer-
romagnetic ground state. The previous state for three
qubits has been shown to contain tripartite entanglement
in (Brufl and Macchiavello, 2003).

These examples show that several models naturally
have multipartite entangled ground states. At the same
time it also shows that it is important to quantify mul-
tipartite entanglement in many-body systems. Analysis
in this direction is reviewed below.

A. Multipartite entanglement in spin systems

A first way to estimate multipartite entanglement in
spin system is provided by the entanglement ratio 7o /7
as the amount of two spin relative to global entanglement.
For 1d — XY Z models it was shown that a small value
of such a ratio is generic in these systems with a cusp
minimum at the quantum critical point (Roscilde et al.,
2004). This is was shown numerically for the XYZ chain
in a field (Fig.22).

In order to quantify multipartite entanglement in spin
systems, Wei et al. calculated the geometric measure
of entanglement (Wei and Goldbart, 2003), see IL.E, for
the transverse XY chain (Wei et al., 2005). The calcu-

FIG. 23 The geometric entanglement measure Eq.(19) per
site is plotted versus the anisotropy and the applied magnetic
field for the XY model. There are three different phases: the
ordered oscillatory phase for 4% + h? < 1 and v # 0; the
ordered ferromagnetic phase between 42 + h? > 1 and h < 1;
and the paramagnetic phase for h > 1. There is a sharp rise
in the entanglement across the quantum phase transition line
A =h=1. At v = 0 lies the XX model, which belongs to
a different universality class than the anisotropic XY model.
[From Wei et al., 2005]

lation can be done by a clever use of symmetries: trans-
lational invariance and periodic boundary conditions. In
this case, the set of all possible separable states can be
described by a global rotation around the y-axis of the
fully polarized state. The maximization is thus reduced
to only one variable.

As well as in the case of bipartite entanglement, also
the multipartite measure of Wei et al. is very sensitive to
the existence of QPTs. As a paradigmatic example the
authors analyzed the phase diagram in the anisotropy-
magnetic field plane. Their results are shown in Fig.23.
As expected there is no divergence in the measure itself
but in its derivative. The new aspect here is that dif-
ferently from the concurrence the multipartite entangle-
ment measure in Eq.(19) can be expanded as a function
of n-point correlators.

The geometric entanglement cannot discriminate be-
tween different n-particle entanglement classes. A com-
prehensive classification in spin systems has been re-
cently given by (Giihne et al., 2005) via the concept of
k-producibility (see IL.E). The systems analyzed in detail
are the one-dimensional XY and Heisenberg models. Dif-
ferent types of n-particle quantum correlated states lead
to distinct bounds for the internal energy (or the ground
state energy at T'=0). A violation of these bounds then
implies the presence of certain k-party producable entan-
glement in the system. As pointed out in (Giihne et al.,
2005), aiming at the thermodynamic limit of an infinite
number of spins, the notion of k-producibility is easier to
handle than the n-separability (see IL.E) as its definition
is independent of the number of sites in the system.
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FIG. 24 Entanglement in thermal states of the X X-model in
a transverse magnetic field. The different regions correspond
to different types of multipartite entanglement contained in
the equilibrium thermal state. [From Giihne and Toth, 2006]

A systematic approach for deriving energy bounds for
states without certain forms of multipartite entanglement
has been developed in (Giithne and Toth, 2006). The
method allowed to investigate also higher dimensional
and frustrated systems. As an example we report on the
results for the Heisenberg model. In one dimension, the
energy bounds per bond for one-, two-, three-, and four-
producible states are given by

(H)i, =—(J/4) (H)y, =75 (J/4)

<H>i§ =—1.505 (J/4) (H)jP = —1.616 (J/4)
(133)

For the two-dimensional square lattice, the corresponding
bounds are

(H)1) = —(J/4)
(H)2P = —1.108(.J/4);

3p

(H)3) = —15(J/4);
<H>?15 = —1.168(J/4) .

(134)
Finally for the three-dimensional lattice the same thresh-
olds read

(H)iy = —(J/4)

(H)3D = —1.044(J/4)

(H)3) = —55(J/4);
<H>i£ = —1.067(J/4).
(135)
It is striking how relatively close the 2- and 3-producible
bounds are in all cases. All the bounds given above are
found to be violated in the ground state. In the previous
expression the superscripts refer to the dimensionality of
the model and the subscripts to the k-party entanglement
for which the bound is obtained. There is a factor 1/4 of
difference with respect to the original paper because of
the different notation used in this review.
Corresponding to the energy scales fixed by the bounds
there are different temperature scales at which the vari-
ous n-party entanglement types disappear. As one would
expect, these crossover temperatures are monotonic in k;

ie. Ty > Ti+1. The example given in Fig.24 clearly
shows how higher order multipartite entanglement pro-
gressively disappears as the temperature increases.

B. Global entanglement

Multipartite entanglement close to quantum phase
transitions was quantified by the global-entanglement E;
measure of Meyer and Wallach (see ILE) in (de Oliveira
et al., 2006a,b; Somma et al., 2004). Together with the
Meyer-Wallach measure, de Oliveira et al also introduced
slight extension of it as

-4 1 S o1 3 Trp? 136
gl _§N_1Z _N_lz tpjger | (136)
=1 j=1

where p; ;41 is the reduced density matrix associated to
the sites j and j+!. Similarly one can consider also three-
body reduced density matrices and construct the corre-
sponding global entanglement measure. According to de
Oliveira et al. the above hierarchy might provide a com-
prehensive description of entanglement in many-body
systems. Explicit calculations for the one-dimensional
Ising model (de Oliveira et al., 2006a) showed that both

Eg and Eﬁ) are maximal at the critical point (with

Eq < E(?) for any value of the coupling constant) sug-
gesting t%at the quantum critical point is characterized
by the presence of multipartite entanglement. As in
the case of concurrence the non-analyticity associated
to the critical point is manifest in the derivative of the
global entanglement measure. By extending an earlier
approach developed in (Wu et al., 2004), de Oliveira et

al. also showed how the non-analytic behavior of E(?)
is related to that of the ground state energy. Note that
from Eq.(136) it is possible to define an entanglement
length proportional to the correlation length £. This dif-
fers considerably from that one defined by the localizable
entanglement (see Eq.(109)); the latter is always bounded
from below by the correlation length and can even be di-
vergent where ¢ is finite.

As discussed in (Facchi et al., 2006a,b) the analysis of
the average purity might not be sufficient and the anal-
ysis of the distribution of the purity for different par-
titions could give additional information. Rather than
measuring multipartite entanglement in terms of a single
number, one characterizes it by using a whole function.
One studies the distribution function of the purity (or
other measures of entanglement) over all bipartitions of
the system. If the distribution is sufficiently regular, its
average and variance will constitute characteristic fea-
tures of the global entanglement: the average will deter-
mine the “amount” of global entanglement in the system,
while the variance will measure how such entanglement
is distributed. A smaller variance will correspond to a
larger insensitivity to the choice of the bipartition and,
therefore, will be characteristic for different types of mul-
tipartite entanglement. The application of this technique



FIG. 25 Purity relative to the observable S* in the ground
state of the Lipkin-Mesckov-Glick model. [From Somma
et al., 2004]

to the one-dimensional quantum Ising model in a trans-
verse field shows that the distribution function is well
behaved and its average and second moment are good
indicators of the quantum phase transition (Costantini
et al., 2007). This is in agreement with previously ob-
tained results. At the onset of the QPT both the average
and the standard deviation exhibit a peak that becomes
more pronounced as the number of qubits is increased.

C. Generalized entanglement

A different route for studying the multipartite entan-
glement is paved by the general observable based en-
tanglement (see Section ILE). Tt was first pursued by
Somma et al for the LMG and the quantum XY-model.
In the realm of solid state systems an experimental pro-
tocol to measure many-fermion entanglement based on
this concept has been proposed in (Kindermann, 2006).
A nice connection which emerges from this work is the
one between the generalized entanglement and the quan-
tum fluctuations of the magnetization which are respon-
sible for the quantum phase transition (Somma et al.,
2004). Later, Montangero and Viola considered the dy-
namical behavior of generalized entanglement in disor-
dered systems (Montangero and Viola, 2006). As re-
marked in (Somma et al., 2004), it is important to choose
the appropriate subset of observables in order to see the
critical behavior in the entanglement.

In the case of the LMG model a natural choice for the
local observables was to consider the purity relative to
the spin-N/2 representation of the angular momentum
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Somma et al. also consider the purity relative to the
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FIG. 26 The purity P,,ny = Pu(n) —(147) " of an XY model
in a transverse field as a function of A for different anisotropies
~.The constant part has been subtracted in order to make the
connection to the disorder parameter. [From Somma et al.,
2004]

single observable S,

4
Ps: = 3 [(5%)?] .
With this last choice the relation between the multipar-
tite entanglement and the order parameter becomes evi-
dent. The result is shown in Fig.25.

Further interesting results emerge from the XY model.
By choosing the following subset of operators expressed
in terms of the spinless fermions of the Jordan-Wigner
transform

u(N) = span{clci/ + cz,ci, i(c;fcif — c;f,ci), ﬁ(cjci —-1/2)}

it is possible to show that the associated purity may be
considered as a disorder parameter, i.e. it is non-zero in
the symmetric phase only. A transparent way to express
the purity in this case is to relate it to the variance of
the number fermion operator Ny = > i cjci. The result is
plotted in Fig.26 for different values of the anisotropy pa-
rameter v. Two considerations are in order at this stage.
First of all it is clear from the previous example that
important properties of entanglement appear when one
moves away from the conventional picture of partitioning
in real space. Secondly the purity shows, differently from
other measures as the concurrence, direct indications of
the critical behavior (and not only in the derivatives).

D. Renormalization group for quantum states

We conclude this section on multipartite entanglement
with a recent work (Verstraete et al., 2006) where the
method of renormalization group is applied to quantum
states and not, as traditionally done, to the Hamilto-
nian. The Renormalization Group is based on a recursive
transformation which leads to an effective description of



the low-energy (long distance) physics of a given system
where all the effects of high energy modes are included
in a renormalization of certain coupling constants of the
model Hamiltonian. A study of the flow of these recur-
sive equations, their fixed point(s) and the behavior of
the flow close to the fixed points allows to determine
the critical behavior of the system under consideration.
Contrary to the conventional renormalization group ap-
proach, the idea of Verstraete et al. is to analyze how the
quantum states change under this coarse graining and to
classify their fixed points. Given a system characterized
by N sites and a D-dimensional local Hilbert space. The
steps of this real space renormalization procedure are the
following.

(i) Coarse graining, in which clusters of neighboring
sites are merged into one site of a new lattice.

(ii) Rescaling of the local variables associated to the
new sites

(iii) Identification of the states which are invariant un-
der local unitary transformation (long distance be-
havior should not depend on the choice of the local
basis).

(iv) Rescale the distances in order to have again a unit
lattice constant

In this way a representative of a given class of quantum
states, invariant under local transformations, is trans-
formed at each step. The irreversibility of the transfor-
mation is crucially related to the step (iii) of the transfor-
mation as one loses track of the unitary transformation
performed (which need to be local over the cluster).
Verstraete et al carry out explicitly the renormalization
group transformation for Matrix Product States (MPS),
see Eq.(54). The decimation step in which two neighbor-
ing sites, say 7 and ¢+ 1, are merged together is performed
here by means of merging the corresponding matrices AP+

e ipiPi min(p?,,..,D? s
and APi+! into Agﬁp =30 (Phips.D7) Ag”vAggl. By

means of a singular value decomposition of Aitis possible
to find the representative of the new state (see the step
(iii)) and therefore to iterate the renormalization group
map. In the case of Dy;pgs = 2, Verstraete et al. provide
a complete classification of the fixed points of the trans-
formation which contains product, GHZ and domain wall
states. A similar analysis in the case Dy;pg > 2 and/or
in higher dimensional systems may turn out to be very
useful also for the classification of multipartite entangle-
ment in many-body systems.

E. Entanglement distribution for Gaussian states

It has been observed in Section II.G that the symme-
try groups of admissible local transformations of Gaus-
sian states and qubits are isomorphic. This suggests to
look for further analogies with the qubit case or to search

for deviations from it. A striking feature of qubit en-
tanglement is the monogamy as far as entanglement dis-
tribution along chains of qubits is concerned (see II.B).
For continuous variable entanglement such an inequal-
ity was originally analyzed analytically for fully symmet-
ric Gaussian states and numerically for randomly chosen
Gaussian states in (Adesso and Illuminati, 2005a). The
general proof of monogamy has been obtained very re-
cently in (Hiroshima et al., 2007). In this Section we use
the particular case of a symmetric state as a guideline
to discuss the monogamy for Gaussian states. A more
detailed discussion and the general proof can be found in
the review by Adesso and Illuminati, 2007.

A Gaussian state is called fully symmetric if and only
if its covariance matrix is invariant with respect to per-
mutations of the modes. Its covariance matrix can then
be written as (Adesso et al., 2004a)

Bé .. ¢
E B ... ¢
Vigmm = | . (137)
. € €
g ¢ 3

where 3 and & are 2 x 2 matrices. Both can be diag-
onalized by means of local symplectic transformations
in phase space, such that § = diag {b,b} and é =
diag {e1,e2}. This leads to a highly degenerate symplec-
tic spectrum where n — 1 doubly degenerate symplectic
eigenvalues are equal to v = (b —e1)(b — 2) and the re-
maining eigenvalue is v, = (b+ (n —1)e1)(b+ (n — 1)e2).
After a partial transposition, n—2 symplectic eigenvalues
v remain unaffected. The negativity is then determined
solely by v_, which is the smaller one of the remaining
two affected eigenvalues vy (Adesso et al., 2004a). This
is due to the fact that the uncertainty leads to a lower
bound h?/4 for the product v v_

For a single Gaussian mode with covariance matrix Vi,
the tangle is given by

1-— vV det V1
AV det, V1

The quantity which is analog to the pairwise tangle has
been identified as the square of the logarithmic negativity

71 :=4det p(V1) = 2(tr p* — 1) =2 (138)

2(0_) = [ni_)? (139)
and has been termed contangle in (Adesso and Illumi-
nati, 2005a). The identification of the square negativity
as the continuous variable tangle is crucial for the demon-
stration of the monogamy inequality. Extensions of these
measures to mixed states are understood to be given by
the corresponding convex roofs (Uhlmann, 2000), where
the average of the pure state measure of entanglement
has to be minimized over all pure state decompositions
of the density matrix in consideration. A restriction to
decompositions purely out of Gaussian states gave rise to
the notion of the Gaussian entanglement measures (Wolf



et al., 2004) and the Gaussian entanglement of forma-
tion. It clearly establishes an upper bound for the entan-
glement of formation.

Negativity and Gaussian entanglement measures have

been analyzed with considerable detail in (Adesso and Il-
luminati, 2005b) for two-mode Gaussian states with par-
ticular focus onto symmetric Gaussian states. One im-
portant result is that negativity and Gaussian measures
lead to different ordering of Gaussian states with respect
to their entanglement. For symmetric Gaussian states in-
stead, both give the same ordering. This result must be
handled with care, since it is not obvious what precisely
the restriction to Gaussian decompositions entails for the
ordering of states. Believing into the striking similarity
to qubit systems, one might be tempted to conjecture
that for symmetric Gaussian states a purely Gaussian
optimal decomposition always existed.
There are two extremal classes of two-mode Gaussian
states considered: for fixed local and global purity,
those states that maximize the negativity are termed
GMEMS 27, whereas those states minimizing the nega-
tivity have been termed GLEMS, which are states whose
covariance matrix has one symplectic eigenvalue equal
to 1 (mixed states with partial minimal uncertainty).
The symmetric two-mode Gaussian states have been sin-
gled out as those states containing minimal Gaussian en-
tanglement at fixed negativity (Adesso and Illuminati,
2005b).

The entanglement sharing inequality for Gaussian
states assumes the same form as for qubits

Ti; 2> Z T2,ij
j#i

where the indices are the numbers of the various distin-
guishable modes in a multi-mode Gaussian state. This in-
equality has been proved for multi-mode Gaussian states
by Hiroshima et al., 2007.
In the particular case of symmetric states all 7 ; = 711
and 7o ;; = 72,12 for all indices 1, j.

As for qubit systems one can define a residual contan-
gle by the difference

n
Tn = T1,i — ZTQ,ij

J#i
as a quantifier of the multipartite entanglement present
in a Gaussian state. In particular is the residual contan-
gle an entanglement monotone under Gaussian LOCC.
An important difference, however, arises as compared
to the residual tangle for qubits: not even for three
modes is the residual tangle invariant under permuta-
tions of the modes and its minimum respect to the com-
mon mode 7 has to be taken. Even for symmetric Gaus-
sian states, where this anomaly is absent, a promiscuous

(140)

(141)

27 They coincide with the so-called Gaussian Mazimally Entangled
Mized States introduced by Adesso et al., 2004b

nature of continuous variable entanglement is encoun-
tered, in sharp contrast to the monogamy inherent to
qubit entanglement (Coffman et al., 2000; Osborne and
Verstraete, 2006; Yu and Song, 2005). The term promis-
cuous is an interpretation of the fact that the maximal
residual contangle 73 in a symmetric Gaussian three-
mode state without pairwise contangle 75 is smaller than
the maximum possible residual contangle without this
restriction. Having in mind the entanglement sharing in-
equality (140), this implies that the local contangle 71 is
larger, when 75 and 73 coexist. It is worth noticing at
this point that the peculiarity of Gaussian states is to be
completely described by two-point correlation functions.
Consequently, all types of multipartite entanglement are
inextricably related in that the same type of correlations
are responsible for either type of quantum correlation.
This is not the case for non-Gaussian states and in partic-
ular not for qubit systems or general higher-dimensional
local Hilbert spaces.

IX. DYNAMICS OF ENTANGLEMENT

The interest in studying the properties of entanglement
in many-body system has been recently directed also to
the understanding of its dynamical behaviour. Entangle-
ment dynamics has been studied from different perspec-
tives. In a spirit similar to the study of propagation of
excitations in condensed matter systems, several works
analyzed the propagation of entanglement starting from
a given initial state where the entanglement has been cre-
ated in a given portion of the many-body system. One
can imagine for example to initialize a spin chain such
that all the spins are pointing upwards except two neigh-
boring spins which are entangled. Due to the exchange
interaction the entanglement, initially localized on two
neighboring sites of the chain will spread. This propa-
gation is ballistic in clean systems. A “sound velocity”
for the excitations results in a finite speed for the prop-
agation of excitations. If some weak disorder is present
one might expect diffusing propagation. Entanglement
localization and chaotic behaviour can eventually also
be observed. An alternative approach is to start with
the ground state of an Hamiltonian Hy and the let the
Hamiltonian change in time. All the attention up to now
has been devoted to the case of sudden quench, i.e. af-
ter the preparation the Hamiltonian suddenly changes to
H;.

Since we are mostly dealing with interacting systems,
entanglement can be also generated or it can change
its characteristics during the dynamical evolution. Be-
sides the interest in itself attention to these questions
has been also motivated by the possibility to use one-
dimensional spin systems as a quantum channels (Bose,
2003). The works which we review in Section IX.A, ana-
lyzed the questions posed above by considering different
models, different dynamical situations and entanglement
measures.



Another important aspect of entanglement dynamics,
which we discuss in Section IX.B is the possibility to gen-
erate entangled states with given properties by taking ad-
vantage of interaction present in a many-body systems.
This is the natural generalization of the case where a
Bell state can be obtained by letting two qubit interact
for fixed time by means of an exchange coupling of XX
symmetry. In the same spirit one can think to gener-
ate three-bit entangled GHZ or W states or multipartite
entangled states by tailoring the appropriate exchange
couplings in spin networks.

A. Propagation of entanglement
1. Pairwise entanglement

The simplest situation, which we consider first, is the
propagation of entanglement in the one-dimensional X X -
model, i.e. v =0 and A = 0 in Eq.(42) (Amico et al.,
2004; Subrahmayam, 2004). Suppose that the initial
state of the chain is

W (t = 0)) = %(ag +o")[0,...0),

namely all the spin are in a fully polarized state except
two, at positions ¢ and j, which are in one of the two Bell
states [tp+) = 271/2(]01) 4 |10)) In this case the problem
is amenable of a simple analytical solution. The reason
is that, since the total magnetization is conserved, the
evolution is confined to the sector where only one spin is
up. In this sector the dynamics is completely described
by the states |I) =10,...0,1,...0) (I =1,...,N) which
represents a state of the chain where the Ith spin is pre-
pared in |1) while all the others N — 1 ones are in |0). At
later times the state of the chain is to be

i) =Y wi )
l

(142)

(143)

where

i 1 ik (e - ik [ . 27
WD) = = 3 [t PR B e 3
k

(144)
having assumed periodic boundary conditions. In the
thermodynamic limit, N — oo, the coefficients can be
expressed in terms of Bessel functions J,, ()

W] () = % {Jima(aTt) £ (=iY 7' J;(4T)} . (145)

Eq.(143) together with the coefficients defined in
Eq.(145) allows to study various kinds of entanglement
measures for this particular case.

As a first indication of the entanglement propagation
we Analise the dynamical evolution of the concurrence
between two sites, located at positions n and m, (initially
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FIG. 27 Concurrence between sites n = —zx, m = x, symmet-
rically placed with respect of the state where the singlet was
initially created. from their initial position ¢ = —1 and j = 1.

[From (Amico et al., 2004)].

the entangled state is between the sites ¢ and j). The
concurrence reads

Ot () = 2]} () (1) (146)
The function CJ,7,(t), plotted in Fig.27, shows for sites
which are symmetrical respect to the initial position of
the Bell state |¢1). The time evolution dictated by the
X X Hamiltonian, amounts to a propagation of the single
flipped spin through the chain. The speed of the prop-
agation is set up by the interaction strengths. The in-
formation exchange or entanglement propagation over a
distance of d lattice spacings, approximately takes a time
t ~ hd/J. The external field i does not enter in Eq.(146),
since all of the components of the state are in the same
sector where one spin has been flipped and therefore it
contributes only to an overall dynamical phase to the
state evolution.

Having in mind the use of spin chains as quantum chan-
nels, the preparation scheme described above does not
lead to faithful entanglement transfer. The most natu-
ral way to perform this task is to prepare the entangled
state and then let only one of the qubit to propagate
along the spin chain (thereby following the protocol orig-
inally proposed by Bose (Bose, 2003) or its modified ver-
sion (Christandl et al., 2004) to achieve perfect transfer
with modulated chain). A detailed analysis in this di-
rection was recently performed by Hartmann et al (Hart-
mann et al., 2006). They considered initial maximally
entangled states and used the chain to transfer the state
of one of the two qubits, found a relation between a mea-
surement of the entanglement fidelity at the fidelity of
state transfer and concluded that there are possibility to
have perfect entanglement transfer.

The effect of the entanglement wave is clearly seen in
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FIG. 28 Entropy S(_n " +1)( 7) for pairs of sites symmetrically
displaced with respect to the initial singlet created at position
(4,7) = (0,1). The time is in unit of the exchange coupling 4.J
and the space in unit of the lattice constant. [From (Amico
et al., 2004)].

the behaviour of the von Neumann entropy S,(LQQH

ated to the reduced density matrix p( ) m) of the two sites
(n, m) with the rest of the chain, see Fig.28. Initially, this
entropy is zero and for it remains zero until the entangle-
ment wave has arrived. If the chain is initially prepared in
| (t =0)), given in Eq.(142), the entanglement propa-
gates maintaining its original characteristics. This is not
the case if, for example, the initial states of the two en-
tangled sites is of the type |®1) = (1/v/2)(00) + [11)).
These states are superpositions of components belong-
ing to different magnetization sectors. The entanglement
propagates with the same velocity as before, however,
under certain conditions, it turns out that, the propagat-
ing quantum correlations change their character. After
some time a singlet-like entangled state propagates even
if the initial state was not a singlet. A different set of
initial states has also been considered. In (Hamieh and
Katsnelson, 2005) the chain was initialized in a separa-
ble state by means of a set of projective measurement
(in particular they considered all the spins aligned in the
z-direction except one prepared in an eigenstate of Sy ).
The evolution can be described using the same approach
as outlined above. The new ingredient now is the creation
of entanglement during the dynamics. Hamieh and Kat-
snelson showed that the oscillations of the entanglement
wave has the same periodicity, but out of phase, with the
oscillation of the (non-equilibrium) average magnetiza-
tion. The distribution of entanglement in the chain has
been analyzed after launching a single excitation from the
central site of a X X chain in (Fitzsimons and Twamley,
2005). It was found that the second-order moment of
the spatial extent of the concurrence grows much faster
(with a rate increasing as t°/2) if some disorder is present
in the central portion of the chain (in the ordered case
the increase goes as t2).

(associ-

Additional features emerge in the quantum XY with
~ # 0. In this case the magnetization is not any longer
a constant of motion (two spins can be flipped simulta-
neously). The calculations were done analytically (Am-
ico et al., 2004) resorting to the exact calculation of

FIG. 29 The nearest neighbor logarithmic negativity En is
plotted against the initial transverse field h, and time t for
the anisotropy v = 0.5. At short times ¢ < 1.8 the dynamical
phase transition is a point of reentrance for the entanglement.
At later times the state remains separable for values of the
field above the critical value. For the t = 0, entanglement
is seen to vanish, as it should, as h, grows. The transverse
magnetization of the evolved state does not show a similar
critical behavior as a function of h,. [From (Sen(De) et al.,
2005)].

the necessary set of out of equilibrium correlation func-
tions (Amico and Osterloh, 2004). The most notable dif-
ference in the two-site entanglement, studied is an entan-
glement production from the vacuum. This occurs uni-
formly along the chain and it superimposes to the entan-
glement wave associated discussed before. The velocity
of propagation of the entanglement is almost independent
on the anisotropy parameter v. What is strongly depen-
dent on « is the damping coefficient of the entanglement
wave. As the anisotropy approaches v = 1, the Ising
point, the wave is strongly damped and vanishes approx-
imately after few ~ J~!. Furthermore in the anisotropic
case it is possible to observe a non-trivial dynamics when
the external magnetic field is time-dependent (Huang and
Kais, 2005; Sen(De) et al., 2005). In (Sen(De) et al.,
2005) the system is initially prepared in the ground state;
the evolution is analyzed after the magnetic field is (sud-
denly) switched off. Sen(de) et al. analyzed the two-
site entanglement by means of the logarithmic negativity
as shown in Fig.29 and demonstrated the existence of a
dynamical phase transition, not observable in the mag-
netization. As it can be seen in Fig.29 at a fixed time
t the entanglement vanishes (and then grows again) for
certain values of the initially applied magnetic field. For
t < 1.8 the critical field is almost independent on the
time t and is h ~ 0.8. A remarkable different situation
occurs for ¢ < 1.8, here a dynamical phase transition oc-
curs where the entanglement vanishes for any value of
h > h.. For values of the initial field in the region near
the phase transitions, entanglement behaves non mono-



tonically with respect to temperature of the initial equi-
librium state.

The two-site entanglement is non ergodic (Sen(De)
et al., 2004). The evolution of two-site entanglement of a
XY chain has studied after a sudden change of the exter-
nal magnetic field. The evolved state does not approach
its equilibrium value. That is, entanglement by itself
does not relax to its equilibrium value in the absence of
further contact with reservoirs. Therefore entanglement
in such systems cannot be described by equilibrium sta-
tistical mechanics.

The entanglement dynamics has been studied, to a
large extent analytically, also in the LMG model (La-
torre et al., 2005a; Vidal et al., 2004b). They considered
the dynamical evolution of entanglement by analyzing
both the one-tangle 71 (¢) and the concurrence C(t) for
the cases in which the initial state is fully polarized ei-
ther in the z- or in the x-direction. Because of the sym-
metries of the model and since the initial state belongs to
the sector with maximal spin, S = N/2, both these quan-
tities do not depend on the spins which are selected. This
means that they can be expressed solely in terms of the
average value of the total spin (S®) and its correlation
functions (S*SP) (o = x,y,2). An interesting feature
of this model is that its level spacing is finite even in
the thermodynamic limit. Contrary to the expectations,
however, the Poincaré time is dependent on the number
of spins N and this has important consequences on the
entanglement dynamics.

In the case in which the spins are prepared in the state
|0...0) analytical results can be obtained in the limit of
zero and very large magnetic field

e In the limit of zero external field the tangle and the
concurrence can be expressed as

Ti(t) = 1—[cos(4Jt/N)PN -
O1) = Hleos(@t/N) N2 1+

(147)

{[cos(4Jt/N)](N*2) —1]?
[4 cos(4Jt/N)N =2 sin(4Jt/N)(N’2)]}(148)

and show perfect anti-correlation in time.

e In the opposite limit of a strong applied field it is
possible to resort to a semiclassical approximation
of the Heisenberg equation of motion (Law et al.,
2001), S, = 2hS,, S, = —2hS, + (2J/N)[S., Su]+,
S, = —(2J/N)[S., S,]+ by noting that, for N > 1,
the z-component of the magnetization has negligi-
ble fluctuations (S,(t) ~ S = N/2). Therefore the
set of equations governing the dynamics of the sys-
tem becomes linear and can be easily solved. The
concurrence as a function of time for positive values
of the external field evolves as

C(t) =1 — cos?*(y/h(h — J)t) — # sin?(\/h(h — J)t) .
(149)

Dynamics of two-site entanglement was discussed also
in the context of spin-boson like models. In (Ciancio and
Zanardi, 2006) the negativity for a two-modes Jaynes-
Cummings was analyzed with particular emphasis on the
entanglement between the two bosonic modes mediated
by the qubit. The relaxation dynamics of the entan-
glement, quantified trough the concurrence, in the spin-
boson model was discussed in (Lim et al., 2006)

We finally mention a study where it was noticed that
the entanglement encoded in the states caused by the
splitting of the degeneracy determined by the transverse
field in the quantum XY model is not preserved by an
adiabatic perturbation. Separable states can become en-
tangled after the field is varied adiabatically, and vicev-
ersa (Cao et al., 2006).

2. Dynamics of the block entropy

The dynamical behaviour of the block entropy was first
considered in (Calabrese and Cardy, 2005) in the general
framework of conformal field theory and via an exact so-
lution of the quantum Ising model. Later Diir et al con-
sidered Ising models with long range interaction and De
Chiara et al (De Chiara et al., 2005) performed numerical
simulations of the X X Z chain.

Calabrese and Cardy showed that a quench of the sys-
tem from a non critical to a critical point leads the block
entropy first to increase linearly in time and then to satu-
rate. For periodic boundary conditions and given a block
of dimensions ¢, the time at which the entropy saturates
is given by t* = £/(2v) where v is the spin wave velocity.

<*

’ e (150)
Thus there is an arbitrary large entanglement entropy in
the asymptotic state, contrarily to the ground-state case,
where the entropy diverges only at critical point. An ex-
ample of the time dependence of the block entropy for the
Ising and X X Z models is shown in Fig.30. Calabrese and
Cardy proposed a simple interpretation of this behaviour
in terms of quasiparticles excitations emitted from the
initial state at ¢ = 0 and freely propagating with veloc-
ity v. The argument goes as follows. The initial state
has a very high energy relative to the ground state of the
Hamiltonian which governs the subsequent time evolu-
tion, and therefore acts as a source of quasiparticle exci-
tations. Particles emitted from different points are inco-
herent, but pairs of particles moving to the left or right
from a given point are highly entangled (see Fig.31). The
idea is that a point x4 in the region A will be entangled
with a point xp in the region B if a pair of entangled
particles emitted at an earlier time arrive simultaneously
at £4 and zp. In this picture the block entropy is sim-
ply proportional to the length of the interval where this
can happen. The saturation is reached when the most
distant quasiparticles (which started in the middle of the
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FIG. 30 Evolution of the entropy for different types of
quenches in the case of the Ising (left panel) [from (Calabrese
and Cardy, 2005)] and Heisenberg (right panel) [from (De
Chiara et al., 2005)Jmodels. The block are of 60 and 6 sites
in the Ising and the Heisenberg cases respectively. In the
Ising case the quench is obtained by changing the external
magnetic field from ho to h1 = 1. In the Heisenberg model
the anisotropy parameters is used instead, Ao = 1.5 while
A; = 0.0,0.2,0.4,0.6,0.8. The time is expressed in units of
the spin wave velocity. The inset of the left panel shows the
behaviour of the initial slope as a function of the final value
of the anisotropy

B 2t <2t B

2t>1

FIG. 31 Schematic representation of the dynamics of block
entropy. Entangled particles are emitted from the region A,
they will contribute to the block entropy as long as one of
the two particles ends in the region B. [from (Calabrese and
Cardy, 2005)]

block) have already got entangled. In the presence of
disorder the dynamical behaviour is strikingly different.
This picture applies in the more general context of the
study of dynamical correlation functions after a quench
as recently discussed in (Calabrese and Cardy, 2006).
Possible evidence of localization in the block entropy
has been discussed in (De Chiara et al., 2005). The case
of Ising models in zero magnetic field with long range in-
teraction the dynamics was analyzed in the case of factor-
ized initial states (Diir et al., 2005). The general picture
is confirmed also in this case although in the short time
limit additional oscillations appear probably due to the
various different phases related to the different couplings.
We finally mention that the entropy in the case of a
finite time quench has been considered in Cherng and
Levitov, 2006. Very recently rigorous bounds for the time

evolution of the block entropy were obtained by Osborne
and Eister (Eisert and Osborne, 2006) and by Verstraete
et al (Bravyi et al., 2006).

3. Chaos & dynamics of entanglement

The evolution of entanglement is very sensitive to the
different properties of the spectrum in the transition to
chaos as in the case of a quantum computer with imper-
fections. A small inaccuracy in the coupling constants
induces errors in gating or a unwanted time evolution
if the Hamiltonian cannot be switched exactly to zero.
If the imperfection strength increases, new phenomena
occur and above a certain threshold the core of the com-
puter can even “melt” due to the setting in of chaotic
behavior (Benenti et al., 2001; Georgeot and Shepelyan-
sky, 2000). In addition to the understanding of the be-
haviour of the fidelity as an indicator to measure the
stability of the quantum memory, a more complete char-
acterization has recently included the behavior of entan-
glement on approaching the transition to the chaos either
by considering a dynamics of a disordered (Montangero
et al., 2003; Montangero and Viola, 2006; Sen(De) et al.,
2006) or time-dependent Ising model (Lakshminarayan
and Subrahmayam, 2005) and by studying the dynam-
ics of a quantum map (Bandyopadhyay and Lakshmi-
narayan, 2002; Bettelli and Shepelyansky, 2003; Ghose
and Sanders, 2004; Miller and Sarkar, 1999; Rossini et al.,
2004). In particular the disordered Ising model has been
proposed (Georgeot and Shepelyansky, 2000) to describe
the hardware of a quantum computer, in which system
imperfections generate unwanted inter-qubit couplings
and energy fluctuations. Three different regimes appear
depending on the variance of the fluctuations of the ex-
change couplings. At a first critical value d.J. the systems
crosses from the perturbative to the chaotic regime, while
at the second pointdJg the system goes into an ergodic
state characterized by a Gaussian local density of states.
All these dynamical regimes have been detected in the
dynamics of entanglement in (Montangero et al., 2003;
Montangero and Viola, 2006).

We finally mention the interesting connections (Boness
et al., 2006) found for the properties of the entanglement
in a Heisenberg chain with pulsed magnetic field with the
localization behaviour of the quantum kicked rotator.

B. Generation of entanglement

The Hamiltonians discussed so far can be also used to
generate particular entangled states.

The simplest case is to consider the X X-model in the
sector in which only one spin is flipped. The fact that the
Hilbert space is spanned by the basis set |I)) hints to the
fact that W-states can be generated. For short chains,



N = 3,4, generalized W-states of the type

_ 1
Vi

appear at discrete times is the initial state of the chain is
fully polarized (Wang, 2001). This simple scheme cannot
be extended easily to an arbitrary number of qubits. The
reason is related to the fact that for generic terms the
various frequencies appearing in the dynamical evolution
of the state are not commensurate.

A particular interesting example of generation of en-
tangled states is that of cluster states (Briegel and
Raussendorf, 2001) which has been shown to be essen-
tial for the one-way quantum computation (Raussendorf
and Briegel, 2001; Raussendorf et al., 2003). Here we
are not concerned with the properties of these states (for
a review see (Hein et al., 2006)) but only on the fact
that there are certain spin Hamiltonians that can gen-
erate them. The dynamical evolution of an Ising model
in zero magnetic field, H = Z” Jijoio;, is equivalent
to a series of conditional phase shifts. In the case of a
regular lattice this Hamiltonian generates cluster states
which are readily generalized to graph states for an Ising
model defined on a simple graph. It is easy to realize that
the evolution operator at time Jt = w/4 can be written
as

|W) []1000) — |0100) — [0010) — 0001)]

Ur/4) =]] %(1 +070})

,J

(151)

If the initial state is a product state with all the spin
pointing along the x-direction, than at time Jt = /4 the
state is a graph state characterized by a maximal bipar-
tite entanglement and by maximal entanglement persis-
tence. An example of cluster state generate by an Ising
chain with nearest-neighbour couplings, for N = 4, is
given by

|¥).; = |0000) + |1100) + |0011) — |1111) (152)
(for N = 2,3 cluster states coincide with Bell and GHZ
states respectively). The Ising model is not the only
case when graph states can be created. Borhani and
Loss (Borhani and Loss, 2005) showed how to gener-
ate them using Heisenberg interaction while Clark et
al (Clark et al., 2005) considered the X X-model Hamil-
tonian.

An appropriate tailoring of the initial state or the spin
graph can lead to the production of properly tailored en-
tangled states (Koniorczyk et al., 2005). In a X X-model
in a star network it is possible to control the concur-
rence between two spins of the network by varying the
initial state of the central spin only. The central spin
mediates the interaction between the outer ones as also
discussed in (Hutton and Bose, 2004). The pairwise en-
tanglement can be maximized by choosing all the outer
spin down and the central spin up. These dynamically
generated states saturate the CKW inequality (Coffman

et al., 2000) and hence have the maximal possible two-
site entanglement. Koniorczyk et al analyzed also the
concurrence of assistance, i.e. the maximum amount of
entanglement which could be concentrated on two qubits
by means of assisted measurements on the rest of the
system. Depending on the initial system, the behaviour
of the concurrence and the concurrence of assistance can
be quite different. Indeed the "natural” evolved state
can have a little two-site entanglement but this can be
strongly enhanced, to almost saturate the CKW inequal-
ity via assisted measurements.

C. Extraction of entanglement

The entanglement naturally contained in a many-body
state can in principle be extracted and therefore used for
quantum information processing. This means that such
entanglement can be transferred to a pair of particles
and subsequently used, in principle, for quantum compu-
tation or to test the violation of the Bell’s inequalities.
De Chiara et al proposed a scheme of entanglement swap-
ping by means of scattering of a pair of particles with a
spin chain or an optical lattice (De Chiara et al., 2006).
To this end one sends simultaneously a pair of probe
particles toward the entangled spin chain in such a way
that each probe interacts with a different spin. The en-
tanglement between the probes has been extracted from
the spin chain and cannot exist without entanglement
in the chain. This is a genuine non local process be-
tween the two probes like in the case of entanglement
swapping. In practice the scattering interaction between
probes and spins in the chain must be capable of (at least
partially) swap their state. This is the case of very com-
mon interactions like the Heisenberg or the XY ones.
The most natural way to extract entanglement from en-
tangled electron spins in solids would be to scatter pairs
of neutrons off the solid. Another possibility would be to
realize Hamiltonians of entangled spin chains or ladders
can be realized using cold neutral atoms trapped in po-
tential wells (Duan et al., 2003; Garcia-Ripoll and Cirac,
2004; Garcia-Ripoll et al., 2003) and, as probe particles
one can use marker qubits (Calarco et al., 2004).

D. Dynamic evolution of the entanglement in Gaussian
states

The time evolution of Gaussian has first been discussed
in (Plenio et al., 2004), where essentially two aspects have
been highlighted: the creation of entanglement from an
initially disentangled state and the propagation of an
initially entangled state on top of a disentangled back-
ground, both induced by Hamiltonian time evolution.

The initially entangled two-mode state is characterized
by the squeezing parameter r, which appears in the co-
variance matrix as V¢, ¢, = coshr for all phase space
variables of the zeroth and the first oscillator mode,



whereas Vg4, = Vpo,pu = sinhr; in absence of fur-
ther off-diagonal elements, all other diagonal elements
are equal to 1. Here, two different types of nearest
neighbor couplings of the oscillator have been consid-
ered: ideal springs obeying Hooke’s law, and its Rotat-
ing Wave Approximation (RWA). In this approximation
both the kinetic and potential energy terms assume the
same form (Plenio et al., 2004). The RWA conserves the
number of bosonic excitations in the system, whereas the
ideal spring coupling does not. The initial entanglement
is encoded in a zeroth oscillator, itself decoupled from the
chain of oscillators, and one oscillator within the chain
as described above. In this case, the Hamiltonian for
the harmonic lattice (with an appropriate choice of the
matrix U, see Eq.(59)) reads

N

1

H=3 (qg +pp+ Z(qi + 0k + Ki(gee1 — ax)*)
k=1

(153)

After discarding the terms aa and afal in (153), the

Hamiltonian in RWA is obtained as

N
Hrwa = ahag+(1+ K1) Y afay — Ki(a),  a +ajag,,)

k=1

(154)

up to a constant (Plenio et al., 2004). For both Hamilto-
nians (153) and (154) the time evolution of the position
and momentum operator can be evaluated analytically.

The initially entangled state of two oscillators — a de-
coupled and one harmonic oscillator within a periodic
chain — is released at time ¢ = 0 into the background
of initially disentangled oscillators, all being prepared in
their ground state. In regard to the pairwise entangle-
ment we can observe that the n-th and the zeroth os-
cillators will become entangled after a finite time t.(n),
which is essentially given by the velocity of sound of the
underlying model Hamiltonian. After this entanglement
wave arrives, the n-th oscillators’ entanglement exhibits
damped oscillations with the characteristic time scale of
the model. For the generic model (153), the velocity
of sound has been determined as v = Ki/v/1+2Kj;.
Within the RWA this velocity appears enhanced: vgwa =
K;. The height Eny of the first local maximum in the
logarithmic negativity has been used to define the trans-
mission efficiency Teg for entanglement in the chain as the
quotient Tegr = En ¢/EN;, where Ey; is the logarithmic
negativity initially prepared between the oscillators zero
and one.

In both models En; is observed to saturate when
cranking up the squeezing parameter and hence the ini-
tial entanglement. As expected, the saturation value is
a decreasing function of the distance n. The main dif-
ference is that for the generic coupling the saturation
value also depends on the coupling strength K; and is
the smaller, the stronger is the coupling. Within the
RWA it is independent of the coupling strength.

Given the initial logarithmic negativity Eyn; =
—2r/1In 2, the transmission efficiency behaves differently.

For the generic model it is zero for zero squeezing and has
a maximum at a finite squeezing 7r,,q.. It finally vanishes
for r — oco. In sharp contrast, in RWA T,g is a mono-
tonically decreasing function of the squeezing parameter
r.

Interestingly enough, for the model in RWA, the oscil-
lator frequencies and coupling strengths can be optimized
as to have perfect transmission from one end of an open
chain of M sites to the other end. This is achieved by
virtue of

Ujjr1 = Ujpry = Ki/n(M —n); Uy ; = 1(155)
wp = 1-Kivni— Kiv/(n—1)(n+1) (156)

where we defined 7 = M — n. The same turns out to
be impossible for the generic model and M > 2. The
only possibility is to choose the couplings and frequen-
cies as in the RWA case in the limit of K; — 0. In this
limit, the RWA becomes exact. In this way, the transmis-
sion efficiency can be pushed arbitrarily close to perfect
transmission but with a transmission speed tending to
zero. The transmission of quantum information has been
found to be robust against noise in the coupling strength
for both models (Plenio et al., 2004).

Another effect occurring in the generic model is entan-
glement creation from a disentangled state, which is not
an eigenstate. This can be realized by an abrupt change
of the coupling strength. As in the spin case (see Section
IX.A) no entanglement creation can be generated within
the rotating wave approximation. In an open chain the
oscillators at the end points become entangled after half
the time a signal needs to travel through all the chain.
This indicates that this initial pairwise entanglement is
mediated from the center of the chain. Actually this is
the first signal that possibly can arrive when essentially
pairwise entanglement is created or contributes to the
eventual pairwise entanglement of the boundary oscilla-
tors. Raising a finite temperature for a thermal state, the
arrival time is slightly enhanced and the signal is subject
to damping. However, this effect turned out to be much
more sensitive to noise in the coupling strength than
the propagation of quantum information (Plenio et al.,
2004) 28,

X. CONCLUSIONS AND OUTLOOK

During the last years it became evident that quan-
tum information offers powerful instruments to grasp the
properties of complex many-body systems. This is the
reason why this area of research is undergoing an im-
pressive expansion. In this review we touched only one
particular aspect of this activity, namely the properties

28 Other interesting geometries, as beam splitters and interferome-
ter settings have been studied within the RWA.



of entanglement in many-body systems. Our approach of
reviewing the field was guided mainly from the condensed
matter perspective. However many of the concepts dis-
cussed here are of great interest for the high-energy and
quantum optics community as well.

In this review there is a Section on experimental rami-
fications. At present, alas, there are only very few exper-
iments. It would be very important to have in the future
an increasing attention from the experimental side to add
further vivid dynamics to this research area.

As mentioned in the introduction, there are several
important aspects which, for space limitations, were ig-
nored. In this respect we should certainly mention the
increasing interest towards the optimization of numeri-
cal simulations of quantum systems. There were already
a number of breakthroughs (see also the introduction)
that, for example, lead to the development of the time-
dependent density matrix renormalization group. The
design of variational methods to study the ground state
and finite temperature properties of many-body Hamilto-
nians has been exploited in numerous interesting works.
We already mentioned in the introduction the large body
of activity on quantum state transfer in spin chains. Here
the knowledge of the low-lying excitations of the chain
(spin-waves) has helped in finding new quantum proto-
cols. More is expected to come in the next future.

Links between quantum information and condensed
matter are very tight when it comes to solid state imple-
mentations of quantum computers. The quest for large
scale integration has stimulated intensive research with
the objective of using semiconducting and superconduct-
ing nanostructures for quantum information processing.
In this case, yet a new link emerges between the two
disciplines. This link, however, is at the hardware level
since it will be crucial for the development of a solid state
quantum computer.

It is very tempting, although very difficult, to try to en-
visage the possible evolution of this line of research. The
study of the topological entanglement entropy is a very
important aspect that will be investigated in the coming
future. Adiabatic quantum computation and the one-
way quantum computation will benefit from the study of
entanglement in complex systems. The study of the topo-
logical entanglement may also have remarkable spin off
to understand many puzzling phenomena in condensed
matter physics amoung which high 7. superconductors
and heavy fermions are of paramount importance (Cole-
man and Schofield, 2005). Furthermore will the analysis
of new measures for multipartite entanglement provide
with additional insight necessary for understanding the
role of entanglement in such complex phenomena, which
might also reveal valuable information, e.g. on how to
simulate these systems efficiently on a computer.

Many interesting results have been already obtained,
but the overlap between quantum information and many-
body physics is not yet fully unveilled. There is a number
of open questions which provide a fertile ground for a field
of lively exciting research.

Acknowledgments

We acknowledge very fruitful discussions with J. An-
ders, G. Benenti, C. Brukner, P. Calabrese, A. Cappelli,
G. De Chiara, P. Facchi, G. Falci, A. Fubini, V. Giovan-
netti, H. Frahm, L. Heaney, J. Hide, F. Illuminati, D.
Kaszlikowski, V. Korepin, A. Montorsi, S. Montangero,
G. Palacios, G.M. Palma, E. Paladino, D. Patane, F.
Plastina, S. Pascazio, M. Rizzi, D. Rossini, G. Santoro,
J. Siewert, W. Son, V. Tognetti, G. Téth, P. Verruc-
chi, L. Viola, P. Zanardi, and A. Zeilinger. We are very
grateful to A. Anfossi, P. Calabrese, A. Fubini, V. Gio-
vannetti, F. Illuminati, E. Jeckelmann, V. Korepin, A.
Montorsi, I. Peschel, A. Silva, P. Verrucchi, and L. Vi-
ola for all their comments and suggestions to improve
the manuscript. This work has been supported by Eu-
ropean Community through grants EUROSQIP (R.F.),
SPINTRONICS (R.F.), by Italian Minister of University
(MIUR) through PRIN (R.F. and L.A.), by the Royal
Society, the Wolfson Foundation and by Engineering and
Physical Sciences Research Council (V.V.). The present
work has been performed within the ” Quantum Informa-
tion” research program of Centro di Ricerca Matematica
“Ennio De Giorgi” of Scuola Normale Superiore (R.F.).



XI. NOTATION AND ACRONYMS

AKLT Affleck-Kennedy-Lieb-Tasaki
CKW Coffmann-Kundu-Wootters
DMRG Density matrix renormalization
group
LMG Lipkin-Meschkov-Glick
LOCC Local operation and
classical communication
MPS Matrix product states
PPT Positive partial transpose
RKKY Rudermann-Kasuya-Kittel-Yosida
RWA rotating wave approximation
SLOCC Stochastic LOCC
SSR Super Selection Rule
S Spin operators
o Pauli operators
|0), |1) or | 1),] |) Eigenstates of S*
N Number of sites in lattice models
L Sistem size
12 Block size
Tn n-tangle
C Concurrence
Er Entanglement of formation
En Logarithmic negativity
E, Entanglement of particles
Eoe Localizable entanglement
E, Geometric entanglement
Eg Global entanglement
A Mutual information
Se Block entropy
I3 Correlation lenght
135 Entanglement length
R Range of concurrence
I6) 1/T
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