
Reflec%on from a mass at the boundary 

Asin ωt − k1x( )
A 'sin ωt + k1x( ) A ''sin ωt − k2x( )

My1(x ≤ 0,t) y2 (x ≥ 0,t)

y(x,t) = Re(Bei(kx−ω t ) )  or  Im(Bei(kx−ω t ) ) are also solutions( )

To keep track of phase changes easier to use complex exponentials  

  

∂2 y
∂x2 =

1
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∂2 y
∂t2 y(x,t) = Bei(kx−ω t )   is a solution



Reflec%on from a mass at the boundary 

Aei(k1x−wt )

A 'e− i(k1x+ω t ) A ''ei(k2 x−ω t )

My1(x ≤ 0,t) y2 (x ≥ 0,t)

  y1(x = 0−,t) = y2 (x = 0+,t) String con%nuous 
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y1 x,t( ) = Aei(k1x−wt ) + A 'e− i(k1x+ω t )

y2 x,t( ) = A ''ei(k2 x−ω t )

 A+ ′A = ′′A
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 A+ ′A = ′′A
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S2 = 1 Conserva%on of energy 
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Power flux 



y1 x,t( ) = Aei(k1x−wt ) + ARe− i(k1x+ω t−θ )

y2 x,t( ) = ASei(k2 x−ω t+φ )

Aei(k1x−wt )

A 'e− i(k1x+ω t ) A ''ei(k2 x−ω t )

My1(x ≤ 0,t) y2 (x ≥ 0,t)

A '
A

= Reiθ , A ''
A

= Seiφ

Real solu%ons  (take A real for simplicity) 

Re y1( ) = Acos k1x −ωt( ) + ARcos k1x +ωt −θ( )
Re y2( ) = AS cos k2x −ωt + φ( )

r 2 +
k2
k1
t 2 = R2 +

k2
k1
S2 = 1 Conserva%on of energy 

Phase shiEs 





Impedance 

Electrical impedance 

Mechanical impedance 

Electromagne%c impedance  

Acous%c impedance 
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– a measure of opposi%on to a %me varying electric current 

F(ω ) = Z ω( )  v ω( )
Z =
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y x,t( ) = Asin kx ωt( ) ⇒ Z± = ±
Tk
ω

= ±
T
v

– a measure of opposi%on to mo%on of a structure subject to a force  



Aei(k1x−ω t )

A 'e− i(k1x+ω t ) A ''ei(k2 x−ω t )
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Newton’s 2nd law 
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Z1v1 − Z2 −v2 = M
∂vi=1,2

∂t
= Zmv1  = Zmv2

Impedance 

v = ∂y
∂t

Z =
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Zm = −iωM

Impedance 

Impedance of mass 



Aei(ω t− k1x )

A 'ei(ω t+ k1x ) A ''ei(ω t− k2 x )
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Newton’s 2nd law 

Z1− (A − A ') − Z2 − A '' = Zm A + A '( ) = ZmA ''

Impedance 

r =
Z1 − (Z2 + Zm )
Z1 + Z2 + Zm

t =
2Z1

Z1 + Z2 + Zm

 

Z1v1 − Z2 −v2 = M
∂vi=1,2

∂t
= Zmv1  = Zmv2

   
Z1

∂y1

∂t
|x=0 −Z2−

∂y2

∂t
|x=0= M

∂2 y1

∂t2 |x=0= M
∂2 y2

∂t2 |x=0
 

−T
∂y
∂x

=
∂y
∂t
Z




Aei(ω t− k1x )

A 'ei(ω t+ k1x ) A ''ei(ω t− k2 x )
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y1(x ≤ 0,t) y2 (x ≥ 0,t)

Newton’s 2nd law 

Z1− (A − A ') − Z2 − A '' = Zm A + A '( ) = ZmA ''
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t =
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Electromagne0c waves 
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Maxwell’s equa%ons (free space) 
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Transverse wave 
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Polarisa0on 

Ex = Asin kx −ωt( )
Ey = Bsin kx −ωt + φ( )

Ex Ey


