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Transverse displacements of an elasDc string of    linear density (kg/m)  

•

  Resolve horizontal forces :         T1 cosθ1 = T2 cosθ2 for small  ,   cos  ~ 1  ⇒ T1 = T2 = T 
 
    

  
T sinθ2 − T sinθ1 = ρδx( ) ∂
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∂t2

Resolve vertical forces 
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The Wave EquaDon 
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∂x2 =

ρ
T
∂2 y
∂t2

This is a WAVE EQUATION with  velocity   c = T / ρ  
(hence larger tension or lighter string leads to faster waves) 

⇒
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Let x ' = x − a
x ' = 0

•
x ' = l

•

y(x ' = 0,t) = y(x ' = l,t) = 0 ⇒ y x ',t = 0( ) = an
n
∑ sin nπ x '

l
⎛
⎝⎜

⎞
⎠⎟

Boundary condiDons 
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But boundary conditions apply at all times which requires a = 1− a( ) i.e. a = 1
2

⇒ sin kx '( ) → sin kx '( )cos ωt( )
General soluDon: 

y x ',t( ) = an
n
∑ sin nπ x '

l
⎛
⎝⎜

⎞
⎠⎟
cos nπ

l
T
ρ
t

⎛

⎝⎜
⎞

⎠⎟

v= T
ρ
=
ω
k

i.e.ω =
T
ρ
k

d'Alembert: general solution to wave equation   y x',t( ) = f kx '−ωt( ) + g kx '+ωt( )

i.e. continuation to t ≠ 0 must be of the form:

sin kx '( )→ asin kx '−ωt( ) + (1− a)sin kx '+ωt( )
= a sin kx ' cosωt − coskx ' sinωt( ) + (1− a) sin kx ' cosωt + coskx ' sinωt( )

Wavenumber 
Angular frequency 
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y x,t = 0( ) = Asin 2π x − a( ) / l( )cos π x − a( ) / l( )
=
1
2
A sin 3π x − a( ) / l( ) + sin π x − a( ) / l( )⎡⎣ ⎤⎦

y x,t( ) = 1
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The iniDal displacement given can be wri2en in this form: 

Hence  
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using x ' = x − a
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y1 = Asin k + δk( )x − ω + δω( )t⎡⎣ ⎤⎦

  
y2 = Asin k − δk( )x − ω −δω( )t⎡⎣ ⎤⎦

  
y = y1 + y2 = 2Acos δk.x − δω .t( )sin kx −ωt( )

δk << k, δω <<ω

 

Phase velocity v  ω
k Group velocity g = δω

δk
 (velocity of envelope)
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vp = v0 +α k − k0( ) = ω
k

⇒ ω = k v0 +α k − k0( )( )

vg =
∂ω
∂k

= v0 +α k − k0( )( ) +αk = vp +αk

vg − vp = αk

June 2004 Q6 Phys & Phil 



June 2003 Q9 Phys 



θ2
θ1

 

sinθ1  tanθ1 =
∂y1
∂x

 

sinθ2  tanθ2 =
∂y2
∂x

M
∂2y2
∂t 2
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y1,i = e
i(kx−ω t )

y1,r = re
− i(kx+ω t )

y2,t = te
i(kx−ω t )

NB T  const  ⇒  v= T
ρ
=
ω
k

const

Hence k  is constant since ω  is constant

y1,i + y1,r = y2,t ⇒ 1+ r = t

M
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∂t 2

|x=0= T
∂y2
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−
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⎡
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⇒ − Mω 2t = iTk t − (1− r)( ) ⇒ 1− r = t(1− i Mω 2

Tk
) = t (1− 2ip( )

Boundary condiDons at x=0: 

t =
1

1− ip
, r =

ip
1− ip

where p =
1
2
ω 2M
Tk
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Note: sign difference cf quesDon  

Newton’s law  M

x = 0



t =
1

1− ip
, r =

ip
1− ip

where p =
1
2
ω 2M
Tk

r =
ip
1− ip

=
ip
1− ip

1+ ip
1+ ip

=
− p2 + ip
1+ p2

= r eiφ

tanφ = −
p
p2 = −

2Tk
ω 2M

, in 2nd quadrant since sinφ  is positive

M

π
2

π
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Boundary condiDons 

y1 x = 0,t( ) = y2 x = 0,t( ) (String continuous)
∂y1

∂t
x = 0,t( ) = ∂y2

∂t
x = 0,t( ) (Forces continuous if no mass at join)

yi = e
i(k1x−ω t )

yr = r e
− i(k1x+ω t ) yt = t e

i(k2 x−ω t )

ρ1 ρ2

x = 0

v1,2 =
T
ρ1,2

=
ω
k1,2

⇒ k1,2 =ω
ρ1,2
T

1+ r = t
k1 1− r( ) = k2 t ⇒ r =

1− k2 / k1
1+ k2 / k1

=
1− ρ2 / ρ1
1+ ρ2 / ρ1

, t =
2

1+ k2 / k1
=

2
1+ ρ2 / ρ1

(tension constant in string)  

Phase difference between incident and reflected waves 

r =
ρ1 − ρ2
ρ1 + ρ2

= r eiφ , r  is negative for ρ1 < ρ2 i.e. φ = π
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Boundary condiDons 

y1 x = 0,t( ) = y2 x = 0,t( ) (String continuous)
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=
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, t =
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1+ k2 / k1
=

2
1+ ρ2 / ρ1

(tension constant in string)  

Power transmission 



Energy of vibraDng string 

  
y = Asin kx −ωt( )

  
KE  of section = 

1
2
ρδx ∂y

∂t
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2
ρA2ω 2 cos2 kx −ωt( )δx

KineDc Energy 

PotenDal Energy 

  

PE  in stretched string element = T δ l − δx( ) = Tδx 1+
δ y
δx

⎛
⎝⎜

⎞
⎠⎟

2

−1
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
≈

1
2

TA2k 2 cos2 kx −ωt( )δx

  v =ω / k = T / ρ   ⇒ Tk 2 = ρω 2 ⇒  PE=KE! (Example of virial theorem)  

  
KE =

1
2
ρA2ω 2 cos2 kx '−ωt( )

x

x+ lλ

∫ dx ' =
1
2
ρA2ω 2 ×

l
2   

KE / l = 1
4
ρA2ω 2

  

PE=
1
2

TA2k 2 cos2 kx '−ωt( )dx '
x

x+ lλ

∫
  
PE / l = 1

4
TA2k 2



  
Total energy per wavelength, E/λ= KE+PE=

1
2
ρA2ω 2

Energy flow 

  
=

1
2
ρω 2 A2v

  
Power=Energy flow/unit time =

1
2
ρA2ω 2⎛

⎝⎜
⎞
⎠⎟

vt / t

Distance travelled = vt

  
 =

1
2

TωkA2

  
=

1
2
ρω 3 A2 / k v = ω

k

  
=

1
2

Tk 2 A2v Tk2 = ρω 2
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Boundary condiDons 
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Power transmission 
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