
CP4 revision: 

ODE’s and complex numbers 
Normal Modes, Wave Mo9on and the Wave Equa9on 

Week 3: Tuesday, 10am 
Week 4: Monday, 10 am, Thursday, 10am   Mar;n Wood } 

Op9cs  (Prof J. Jones) 

Week 4, Tuesday , 10am, Mar;n Wood 

(Worked examples mainly from 2003, 2004 prelims papers) 



 e
x  = 1+x + x2

2! + ...+ xn

n! + ...

  
cos x = 1- x2

2! +
x4

4! − ...+ (−1)n x2n

(2n)! + ...

  
sin x = x - x3

3! +
x5

5! − ...+ (−1)n x2n+1

(2n+1)! + ...

 Special case   α = iθ

  e
iθ = (1- θ2

2! +
θ4

4! − ...)+i (θ  - θ3

3! +
θ5

5! − ...)

 = cosθ +i sinθ

Func;ons defined by power series : 

Func;ons of complex numbers 

 α = a + ib

The complex exponen;al •

 e
α  = 1+α  + α 2

2! + ...+ α n

n! + ...

Define the complex exponen;al 



The complex logarithm 

lne z z=

  ⇒ ln z = ln | z | +ıarg(z)

Need to know  including 2 n phase ambiguity in zθ π

 =| z | eıθ

ln z

  = eln |z |eıθ = eln |z |+ ıθ
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(a) z = reiθ , ln r = a, r = ea
r = ea Re z

Im z

(b) z = x + iy, 2xy = 2a2 , y =
a2

x
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e−bx sinax
0

y

∫ dx = Im{ e−bxeiax
0

y

∫ dx = Im e −b+ ia( )x

−b + ia
⎡

⎣
⎢

⎤

⎦
⎥
0

y

= Im
e−by −b − ia( ) cosax + i sinax( )

a2 + b2

=
−e−by

a2 + b2
acosax + bsinax( )



September 2003 

u = z3, u2 + u +1 = 0, u =
−1± 3i

2
= ei(2π /3+nπ ), n = 0,1

z = u1/3 = ei(2π /9+nπ /3+2mπ /3), n = 0,1, m = 0,1,2

2b. Solve the equation  z6 −15z4 +15z2 −1 = 0

0

1

2

3

4

5

1( )
1 1( )

1 2 1( )
1 3 3 1( )

1 4 6 4 1( )
1 5 10 10 5 1( )

x y
x y
x y
x y
x y
x y

+
+
+
+
+
+

z + i( )6 = z6 + 6iz5 −15z4 − 20iz3 +15z2 + 6iz −1

z + i( )6 + z − i( )6 = 2 z6 −15z4 +15z2 −1( ) = 0 ⇒
z + i( )6
z − i( )6

≡ u6 = −1 = eiπ

u = ei π /6+2πn /6( ), n = 0,1,2,3,4,5

z − i = u z + i( ) ⇒ z =
i 1+ u( )
1− u( )



First order linear equa;ons 

dGeneral form :  ( ) ( )
d
f q x f h x
x
+ = .

  
Look for a function I(x) such that   I(x)

df
dx

+ I(x)q(x) f ≡
dIf
dx

= I(x)h(x)

Integra;ng factor 

  
Solution  :  f (x) =

1
I(x)

I(x ')h(x ')dx '
x0

x

∫

Easy to solve 

  I(x) = e
q( x ') dx '

x

∫



First order nonlinear equa;ons 

Although no general method for solu;on is available, there are several cases of  
physically relevant nonlinear equa;ons which can be solved analy;cally : 

Separable equa;ons 
d ( )
d ( )
y f x
x g y
= ( ) ( )g y dy f x dx=∫ ∫Solu;on : 

d ( )
d
y f ax by
x
= +Almost separable equa;ons 

z ax by= +Change variables :  z ax by= +
  
dz
dx

= a + bf (z) Separable

d ( )
d
y f y x
x
= / .Homogeneous equa;ons 

  y = vxChange variables : 
  
dv
dx

=
1
x

( f (v) − v)       Separable



Homogeneous but for constants 
2 1

2
dy x y
dx x y

+ +=
+ +

  Change variables : x = x '+ a, y = y '+ b

  

dy '
dx '

=
x '+ 2y '+1+ a + 2b
x '+ y '+ 2 + a + b

=
x '+ 2y '
x '+ y '

, a = −3, b = 1     Homogeneous

d ( ) ( ) , 1
d

ny P x y Q x y n
x
+ = ≠The Bernoulli equa;on 

  Change variables :       z = y1−n

  
dz
dx

+ (1− n)P(x)z = (1− n)Q(x),      First order linear



Ist order linear 

(September 2004) 

(June 2005) 

Homogeneous 

8 (June 2007) 

Separable 



2

2 1 02

d d ( )
d d
f fLf a a a f h x
x x

= + + = .

Second order linear equa;on with constant coefficients 

Complementary func;on 
  
Lf0 = a2

d2 f0

dx2 + a1

df0

dx
+ a0 f0 = 0.

  Try   f0 = emx 2
2 1 0 0a m a m a+ + = .

2
1 1 2 0

2

4
2

a a a a
m

a±

− ± −
≡ ,

  f0 = A+e
m+ x + A−e

m− x.

“Auxiliary” equa;on 

Complementary func;on 

Two constants of integra;on 

2
1 2 04 ,0,a a a +− → −



2

2 1 02

d d ( )
d d
f fLf a a a f h x
x x

= + + = .

Second order linear equa;on with constant coefficients 

Complementary func;on 
  
Lf0 = a2

d2 f0

dx2 + a1

df0

dx
+ a0 f0 = 0.

  Try   f0 = emx 2
2 1 0 0a m a m a+ + = .

2
1 1 2 0

2

4
2

a a a a
m

a±

− ± −
≡ , “Auxiliary” equa;on 

Complementary func;on 

2
1 2 04 ,0,a a a +− → −

  f0 = Aemx + Bxemx

Repeated roots 



2

2 1 02

d d ( )
d d
f fLf a a a f h x
x x

= + + = .

Second order linear equa;on with constant coefficients 

Par;cular integral 
  
Lf1 = a2

d2 f1

dx2 + a1

df1

dx
+ a0 f1 = h.

0 1General solution : f f+

Complementary func;on 
  
Lf0 = a2

d2 f0

dx2 + a1

df0

dx
+ a0 f0 = 0.
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Vρg

α
Vρ0g

 
6πηr l α

 
V (ρ0 − ρ)g sinα  V (ρ0 − ρ)g α

 
Vρ l α = −6πηr l α +V (ρ0 − ρ)gα

 

α +
6πηr
Vρ

α +
(ρ0 − ρ)

ρ
g
l
α = 0

V =
4
3
πr3

 

α +
9η
2r2ρ

α +
(ρ0 − ρ)

ρ
g
l
α = 0

June 2003 Q11 Phys 

Newton’s 2nd law in direc;on of mo;on: 



 

α +
9η
2r2ρ

α +
(ρ0 − ρ)

ρ
g
l
α = 0

 
α + A α + Bα = 0

C.F.  Try α=a emt

Auxiliary equation : m2 + Am + Bm = 0

m1,2 =
−A ± A2 − 4B( )

1
2

2

α(t) = Aem1t + Bem2 t

a). Underdamped:       A2 < 4B
b). Critically damped      A2 = 4B

9η
2rc

2ρ
⎛
⎝⎜

⎞
⎠⎟

2

= 4 g
l
(ρ0 − ρ)

ρ
⇒ rc =

3
2

η2l
ρ ρ − ρ0( )g

⎛

⎝⎜
⎞

⎠⎟

1/4

r > rc  underdamped

June 2003 Q11 Phys 


