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Superradiant self-diffraction

A. I. Lvovsky* and S. R. Hartmann
Department of Physics, Columbia University, New York, New York 10027

~Received 9 November 1998!

We calculate the far-field intensity pattern of superradiant emission from an optically thin ensemble of
atomic oscillators excited by a spatially nonuniform laser pulse of large Rabi area. As the excitation intensity
is increased, the superradiant field develops ring structure and expands due to self-diffraction. This effect is
made manifest by a two-pulse photon echo experiment where the second pulse is spatially much broader than
the first and has a small Rabi area. As a function of the intensity of the first excitation pulse, we measure the
on-axis and off-axis echo intensity and find, in agreement with our calculations, that the two behave differently.
We also show that for a random, sufficiently smooth excitation profile, the total power of cooperative emission
is proportional to the integral, over the excited volume, of the induced dipole moment squared.
@S1050-2947~99!09305-1#

PACS number~s!: 42.50.Fx, 42.25.Fx, 42.50.Md
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I. INTRODUCTION

Subsequent to the prediction of superradiance@1#, a vari-
ety of cooperative phenomena has been studied theoreti
and experimentally@2–5#. The theoretical treatment of su
perradiance involves solving either the optical-Bloch
Maxwell-Bloch equations according to whether the irra
ated sample is optically thin or thick. Self-induced transp
ency @2# experiments are associated with the latter regi
and are characterized by propagation effects which resh
the excitation pulse so that it propagates with little loss.
transversing the sample, it moves with reduced velocity
modified length to emerge without any dramatic transform
tion of its spatial character. For optically thin samples,
reshaping takes place but instead the emerging pulse is
lowed by an afterwave which is commonly referred to as
free radiation decay@3#. As the optical thickness increase
this afterwave merges with the excitation pulse and the s
induced transparency regime is obtained.

Theoretical treatment of cooperative phenomena norm
uses the plane-wave approximation for the generated su
radiant field~see, for example,@6#!. It is assumed that the
geometrical structure of this field reproduces that of the
citation laser beam. This assumption, however, is cor
only for the sample geometries of large (>1) Fresnel num-
bers and excitation pulses with small Rabi areas. Highly
ergetic excitation pulses bring about spatial anomalies in
emitted fields. As calculated in@7#, an energetic Gaussia
excitation pulse being reflected from a saturable abso
interface exhibits ring structure. Another example of spa
structure being modified as the beam propagates thro
resonantly absorbing plasma of the positive column of
glow discharge in neon is presented in@8#.

Both of these papers dealt with optically thick med
which resulted in a necessity to solve a complete system
Maxwell-Bloch equations which could be done only nume
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cally. In the present paper, we study abnormal spatial pr
erties of superradiant emission, which is generated by
optically thin sample when the incident excitation pulse ha
large Rabi area and a nonuniform spatial profile. The s
plicity of analyzing the optically thin regime brings out th
origin of these effects clearly. If the excitation pulse is a
ally symmetric, so is the induced dipole moment whi
launches the afterwave. But whereas the amplitude of
excitation pulse decreases monitonically away from the
citation beam axis, the magnitude of the induced dipole m
ment oscillates as the sine of the Rabi area of the excita
beam at the corresponding off-axis position. Thus the wi
of the excited region expands with increasing intensity of
excitation pulse~although the latter has constant diamete!.
In addition, the induced dipole moment has a ring structu
The cooperative electromagnetic field emitted by this co
plex macroscopic dipole undergoes self-diffraction on its
nular pattern, developing is own complicated spatial char
teristic. As the excitation pulse is made more intense,
dipole ring pattern compresses, the excited region expa
and the far-field spatial pattern expands.

The experimental observation of the expanded diffract
and ring pattern of a free decay is hampered by the prese
of the excitation pulse which immediately precedes it. T
pulse is much more intense than the free decay signal an
is not practical for us to shield the detector from it. Th
solution is to follow the excitation pulse with a second, e
fectively plane wave, pulse and then look at the far-fie
spatial pattern of the photon echo that is produced. With
second excitation pulse spatially much broader than the fi
the far-field pattern of the echo will reproduce that of the fi
pulse acting alone, i.e., the free decay. Our experimenta
rangement was too noisy to observe the ring pattern but
ficient to measure the spatial expansion of the far-field
perrdaiance. But this result by itself is interesting as it ari
from an ensemble of radiating dipoles whose spatial exten
increasing with excitation intensity and thus one might m
takenly expect that the observed diffraction pattern wo
narrow rather than increase.

In the theoretical part of this paper we analyze the g
metrical structure of a free polarization decay pulse indu

a,
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PRA 59 4053SUPERRADIANT SELF-DIFFRACTION
by a Gaussian excitation beam and discuss some ge
properties of the superradiant self-diffracted field. It is fo
lowed by a description of a two-pulse photon-echo exp
ment where the discussed effect of self-diffraction is ma
manifest.

II. SELF-DIFFRACTION OF A GAUSSIAN BEAM

Consider a coherent optical pulse, directed alongk̂, inci-
dent on an optically thin sample containing a gas of tw
level oscillators. Let the spatial profile of the pulse be Gau
ian with an intensityI:

I 5I 0e22r'
2 /r 0

2
, ~2.1!

wherer' is measured from the beam’s symmetry axis.
Assume all atoms in the sample were initially in th

ground stateuc&5u1&. The pulse then transfers the atom
into a coherent superposition of the ground and exc
states:

uc&5u1&cos
a~rW !

2
1 i u2&eikW•rW sin

a~rW !

2
, ~2.2!

where the nonuniform Rabi area of the excitation pulse
given by

a~rW !5a0e2r'
2 /r 0

2
~2.3!

with

a05A8p

c
I 0

d12

\
t, ~2.4!

where d125^1uD̂u2& is the dipole moment matrix elemen
andt is the duration of the excitation pulse. An ensemble
oscillators, each in such a coherent supposition, gives ris
a macroscopic dipole moment, which launches a superr
ant afterwave. The magnitude of this dipole moment den
is

D~rW !5^cuD̂uc&5Nd12 cos
a~rW !

2
sin

a~rW !

2
5

Nd12

2
sina~rW !,

~2.5!

where N is the dipole number density. Ifa0!1, sina(rW)
5a(rW) and the distribution of the macroscopic dipole mome
over the sample area replicates the distribution of the exc
tion field @Fig. 1~a!#. This is not the case, however, for larg
a0. Figure 1~b! shows the distribution of the dipole mome
for the excitation pulse of the samer 0 as in Fig. 1~a! but
a054p. The distribution now has a ring structure, with ful
excited~deexcited! regions at Rabi areas of odd~even! mul-
tiples of p and an induced dipole moment density which
maximum in between. Note that the sign of this dipole m
ment density oscillates with period 2p.

We proceed by calculating, in the far-field approximatio
the superradiant afterwave field, produced by a sample
cited in such a manner. This field, measured atRW , is given by
ral
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ERW 5
k2

uRW 2rWu
Eexcited

volume

D~rW !eikW•rW2 ikuRW 2rWudrW. ~2.6!

For largeR, the above expression becomes

ERW 5
k2

R
e2 ikREexcited

volume

D~rW !eikW•rW2 ikn̂•rWdV, ~2.7!

wheren̂5RW /R.
Decomposingn̂5nW uu1nW' andrW5rW uu1rW' into components

parallel and perpendicular tokW , we transform the above ex
pression into

ERW 5
k2

R
e2 ikREexcited

volume

D~rW'!eikr uu(12cosu)e2 iknW'•rW'dV,

~2.8!

where we have setnW uu•rW uu5r uu cosu, with u5/(kW ,nW ). Inte-
grating with respect tor uu over the lengthL of the sample, we
obtain

FIG. 1. Distribution of the macroscopic dipole momentD(rW')
~squared! over the sample cross section.~a! Low excitation pulse
area,a0!p. The rings visible are due to finite resolution of th
computer; actual distribution is smooth.~b! High pulse areaa0

54p; dipole moment distribution exhibits annular character.
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ERW 5
k2

R

eik(12cosu)L21

ik~12cosu!
e2 ikRE D~rW'!e2 iknW •rW'd2rW'

>
k2L

R
e2 ikRE D~rW'!e2 iknW •rW'd2rW' , ~2.9!

as long as

kL~12cosu!!1. ~2.10!

For the Gaussian excitation profile~2.3!, the above expres
sion transforms into

ERW 52pLr 0
2 k2

R

Nd12

2
e2 ikR

3 (
n50

`
~21!n~a0!2n11

2~2n11!~2n11!!
expS 2

~kr0u!2

4~2n11! D ,

~2.11!

from which we can calculate the radiated energy alongu.
Figure 2~a! shows the distribution of the superradiant e

ergy in the free decay atu as a function ofa0 over the range
0,a0,8p specialized for the casel5894 nm, r 0
50.5 mm. At large values ofa0, it has a ring structure and
because of diffraction, is much wider than the excitati

FIG. 2. Electromagnetic energy emitted into the infinitesim
annular solid angle region betweenu andu1du as a function ofa0

and u, for the free polarization decay pulse~a! and the excitation
pulse ~b!. For high a0, the far-field distribution of the free deca
beam is characterized by the ring structure and high beam d
gence.
-

beam@see Fig. 2~b!#. All the rings are comparable in size an
the number of the rings is approximately equal to the nu
ber,a0 /p, of annular regions formed in the sample.

In Fig. 3 we plot the angular radiusu0 which contains 1
2e22586.5% of the superradiant beam energy. At low e
citation intensity,a0!p, the induced dipole moment follow
the excitation beam profile@Fig. 1~a!#; thus both the free
decay and excitation beam have the same angular spr
(1/p)l/r 050.19 mrad, andu0 is independent ofa0. As a0

grows top/2, the on-axis induced dipole moment begins
saturate, the effective width of the dipole moment dens
broadens, and the radiated pattern narrows because of
fraction. For this reason there is the slight decrease inu0

with a0. This behavior continues as the on-axis dipole m
ment density is further reduced and the radiating volu
takes on the shape of a hollow cylinder. Ata0>p, the dipole
moment denstiy builds up in a narrow ring-shaped reg
which leads to a sharp increase in diffraction. Asa0 contin-
ues to increase, the size of the excited region expands a
series of more compact annular regions develop~each time
a0 increases by approximately another increment ofp) with
dipole moment densities in adjacent annular rings alterna
in sign. If it were not for the alternation in sign, the far-fie
free decay pattern would, in fact, narrow with increasinga0

because of diffraction from the otherwise enlarged radiat
sample. But the opposite happens, the far-field pattern bro
ens, and this can be traced to the combined narrowing of
annular regions and the alternation in sign.

The increased spread in the superradiant emission, r
tive to the excitation beam, with increasinga0 gives rise to
the possibility for a new method of observing the free pol
ization decay@3#. The method would be to block the excita
tion pulse with a circular diaphragm sufficiently small so th
the outer rings of the superradiant far-field pattern could s
be observed.

Equation~2.9! neglects the interference effects caused
nonzero length~thickness! of the sample. For this approxi
mation to be valid, the angular divergence of the se
diffracted field must be much smaller thanA2/kL @here we
have used inequality~2.10! and approximated 12cosu
'u2/2]. The angular divergence of the field diffracting off
pattern is on the order ofl/2d, whered is the characteristic
width of the pattern elements. SubstitutingA2/kL@l/2d, we
find that the validity of the above treatment requires that

l

r-

FIG. 3. Angular radius of the entire far-field superradiant be
pattern versus excitation pulse areaa0.
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PRA 59 4055SUPERRADIANT SELF-DIFFRACTION
characteristic Fresnel numberF8 of each individual annular
region in the excited sample substantially exceeds one:

F8[
4pd2

lL
@1. ~2.12!

The width d of these annular regions is inversely propo
tional to the gradient ofa(rW). The above condition can the
be rewritten in the form

u“a~rW'!u!A4p

lL
~2.13!

everywhere in the sample. For a Gaussian beam withl
5894 nm, r 051.5 mm, L51 cm, this inequality corre-
sponds toa0!18p.

III. FLUORESCENCE AND SUPERRADIANCE

Now we shall obtain the expression for the total power
cooperative free decay emission generated by an optic
thin sample excited by an optical pulse of arbitrary spa
profile. As above, we assume that the criterion~2.13! holds.
According to Eqs.~2.5! and ~2.9!, the superradiant field in
tensity far away from the sample is

I RW 5
c

8p
uERW u25

ck4N2d12
2 L2

32pR2 U E sina~rW !eiknW'•rWd2rW'U2

.

~3.1!

The total power of electromagnetic radiation is obtained
integrating of the above intensity over the solid angle of 4p:

Psr5R2E all
directions

I RW dnW

5
ck4N2d12

2 L2

32p E all
directions

E E sina~rW'1!

3sina~rW'2!eiknW •(rW'22rW'1)d2rW'1d2rW'2dV, ~3.2!

wheredV is the differential of the solid angle. To simplif
the above, we note that

E all
directions

eiknW •~rW'22rW'1)dV54p
sinkurW'22rW'1u

kurW'22rW'1u
~3.3!

and

lim
k→`

k
sinkurWu

urWu
52pd2~rW !, ~3.4!

whered2(rW) is the two-dimensional Diraq delta function.
then follows that, for sufficiently smootha(rW) @such that
u“a(rW')u!k], Eq. ~3.2! becomes

Psr5
p

4
ck2N2d12

2 L2E sin2 a~rW'!d2rW' . ~3.5!

We have thus proved the following theorem: for all exci
tion patterns satisfying inequality~2.13!, the total power of
f
lly
l

y

-

superradiant emission is proportional to the integral, ov
the excited volume, of the macroscopic dipole mom
squared.

The result~3.5! was obtained in@4# for the case of uni-
form excitation:

a~rW'!5a0 , r',r 0 ~3.6!

and is a manifestation of the fact that the intensity of coo
erative emission is proportional to the square of the mac
scopic dipole moment density@1#. For such a uniform pro-
file, the intensityI RW of the field emitted by the sample in eac
particular direction is proportional to sin2a0, and so isPsr
~which is the integral ofI RW over all directions!. For a random
variable profilea(rW'), the above result is no longer sel
evident, as the field generated in each direction is obtai
from interference of fields from various areas of the sam
which differ in magnitude and phase. The intensityI RW along
a particular direction is not proportional to* usina(rW)u2d2rW' .
The integralPsr of this intensity over all directions, howeve
does turn out to be proportional to the above expression

The above result can be understood using the follow
qualitative argument. Let us divide the excited volume into
set of cylindrical regions of roughly uniform excitation@so
thata(rW')'const inside each region#. If the Fresnel number
of each such region substantially exceeds 1@i.e., criterion
~2.13! holds#, the electromagnetic field emitted by this regio
travels only through its front end and does not enter adjac
regions through their side surface. These elementary reg
are not affected by each other’s fields and are therefore
dependent. The total power of the field generated by suc
set of independent oscillators is the sum of powers gener
by each individual elementary region.

It is also instructive to compare the expression~3.5! with
the power of fluorescent~noncooperative! emission from the
same sample. The latter is proportional to the total numbe
atoms in the excited state and is given by

Pfl5
4

3
ck4d12

2 NEexcited
volume

sin2S a~rW !

2
D d3rW. ~3.7!

Consider a setup in whichPsr andPfl are measured while the
sample is excited by pulses of constant geometrical pro
but variable intensity:

a~rW !5a0a~rW'!, ~3.8!

wherea0 varies from pulse to pulse anda(rW') is a constant
dimensionless function. Combining Eqs.~3.5! and ~3.7!, we
obtain

PsrS a0

2 D5
3p

16

NL

k2 Pf l~a0!. ~3.9!

The power of the fluorescent and superradiant emission
described by the same function of the excitation pulse ar

The above equality has been well known@4# for uniform,
cylindrical excitation geometries. We have just shown th
this connection between coherent and incoherent emiss
remains the same for any profile satisfying Eq.~2.13!. An
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example is shown in Fig. 4, wherePsr(a0/2)}Pfl(a0) is dis-
played for Gaussian excitation geometry~2.3!.

This function monotonically increases witha0. Although
the geometrical area of the excitation beam remains
same, its increasing Rabi area at the periphery effectiv
broadens the excited volume~Fig. 1!, causing a larger num
ber of atoms to radiate.

IV. EXPERIMENTAL EVIDENCE OF SELF-DIFFRACTION

To demonstrate the existence of self-diffraction, we ha
performed an experiment on the 894-nm 6S1/2-6P1/2 transi-
tion in cesium vapor. We observed the self-diffraction o
photon-echo pulse obtained via two excitation pulses of
ferent geometrical width. The relatively narrow first pulse
high intensity was responsible for inducing the se
diffracting ring pattern in the sample. On the other hand,
second excitation pulse was approximately three times
wide so that it could be considered practically unifor
throughout the region of this ring pattern and hence
change it. The advantage of this configuration with respec
observing the self-diffraction of a free polarization dec
beam was that the photon echo emerged at an angle and
delayed with respect to the excitation, facilitating the exp
ration of its spatial structure.

Our laser system was exactly the same, and the op
circuit was almost the same, as that described in@9# ~Fig. 5!.
The 10-ps pulses from a synchronously pumped mo
locked Spectra Physics 375B dye laser were spectrally

FIG. 4. Total powers of fluorescent and superradiant emiss
from a sample excited by a Gaussian profile pulse.

FIG. 5. Experimental setup.
e
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t
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e-
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tered, amplified, and spatially filtered, resulting in a col
mated linearly polarized axially symmetric beam about
mm in diameter. About 20% of the beam energy were
flected into an EG&G FND-100 photodetector. The rema
ing 80% were split into two parts of equal intensity. Th
second part was spatially expanded via a telescope and
passed through a 25-ns delay line. The two parts were t
directed at a 5 mrad angle into a 1 cmquartz sample cell
containing saturated cesium vapor at 40 °C.

The photon-echo signal generated by the sample p
was focused by anF53 m lens located immediately afte
the sample. A 0.7-mm round aperture was mounted o
two-dimensional translation stage in the focal plane of
lens, facilitating the observation of different fragments of t
self-diffraction pattern. The aperture was followed by
1-GHz C90302 EG&G avalanche photodiode, whose out
was directed into a 1-GHz 7104 Tektronix oscilloscope. T
photon-echo waveforms appearing on the oscillosc
screen were captured by a Tektronix digital camera a
stored in an IBM PC compatible computer for future ana
sis. The excitation pulse intensity registered by the FND-1
diode was integrated by a Stanford Research Systems g
integrator, and then digitized and stored in a Macintosh co
puter. Since the excitation or laser pump intensity fluctua
considerably, the dependence of the echo intensity ove
wide range of pump pulse energies could be obtained
collecting data at a single setting of the laser system.

The leakage of the excitation pulses into the avalan
detector was suppressed via a Pockels cell located behin
sample.

The purpose of this experiment was to present the c
ceptual evidence of self-diffraction rather than to show co
plete quantitative agreement of its properties with those o
lined in the theoretical part of the paper. The followin
factors made the latter goal difficult to achieve. First, ev
despite spectral filtering, the laser spectrum was unsta
resulting in some intensity-independent variation of the
citation pulse area. Second, the excitation pulses were no
perfectly Gaussian profile. Third, the above calculatio
were made for the free decay self-diffraction rather than p
ton echo and proper adjustments had to be made to co
for a different experimental method. Fourth, the excitati
pulses were just strong enough to create one or two diffr

FIG. 6. The photon echo intensity behavior for two differe
fragments of the self-diffracted far-field pattern are shown alo
with the theoretical fits. The vertical scale of the off-center d
~both theoretical and experimental! is magnified by a factor of 20.
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PRA 59 4057SUPERRADIANT SELF-DIFFRACTION
tion rings. Although the Rabi area of the first excitation pu
could be increased in exchange for smaller geometrical a
this would result in a photon-echo signal too weak to o
serve.

However, major qualitative properties of the se
diffraction effect stay valid in our configuration and can
used to prove its existence. An example is that the high
order self-diffraction rings appear only whena0 reaches a
certain threshold~see Fig. 2!.

The existence of such a threshold for the diaphragm
sitioned 1.25 mm~0.4 mrad! off the beam center is obviou
from Fig. 6. For comparison, the figure also shows the
havior of the photon-echo intensity when the aperture is
cated at the beam center and no threshold is observed.
graph also shows theoretical fits to both data sets. The t
retical calculations were performed for the photon echo
duced by the excitation beams of Gaussian profile with
first beam being three times narrower than the second
The fit for the centered aperture data was obtained by v
ing both the horizontal and vertical scales of the obtain
dependence to satisfy the least-squares criterion. The s
scales were used for the displaced diaphragm data fit, w
also shows good agreement. The intensity of the s
v.
e
a,
-

r-

-

-
-
he
o-
-
e
e.
y-
d
me
ch
f-

diffracted ~off-center! echo signal is, however, consistent
weaker than the theoretical one, which can be ascribed to
excitation beams being not perfectly Gaussian.

V. CONCLUSION

A macroscopic dipole moment formed by an ensemble
oscillators optically excited by an intense, spatially nonu
form optical pulse forms a ring pattern with dipole mome
densities in adjacent annular regions alternating in sign.
superradiant field generated by this ensemble experie
self-diffraction on this pattern, resulting in high beam dive
gence and, in turn, annular structure of the far field.

The total power of superradiant emission, obtained by
tegration of the far-field intensity over the solid angle of 4p,
is proportional to the integral of the square of the mac
scopic dipole moment formed in the sample.

The total power of superradiant emission is determined
the same function of the excitation pulse Rabi area as
total power of noncoherent~fluorescent! emission deter-
mined by a function of twice the excitation pulse area.

The effect of superradiant self-diffraction is experime
tally demonstrated in a two-pulse photon-echo setting.
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