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Time-delayed second-harmonic generation in cesium vapor

A. I. Lvovsky and S. R. Hartmann
Department of Physics, Columbia University, New York, New York 10027

~Received 24 April 1997!

Refined measurements and analysis of time-delayed second-harmonic generation on the 6D3/2-6S1/2 transi-
tion in Cs vapor are presented that resolve the disparity between the measured and calculated time delays
reported in its initial observation. We extend our work to the 6D5/2-6S1/2 transition which, in agreement with
our analysis, is characterized by a slightly smaller delay. For both transitions we also measure the amplitude of
the second-harmonic intensity and find it close to what we estimate it should be.@S1050-2947~97!08611-3#

PACS number~s!: 42.65.Ky, 42.50.Md
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I. INTRODUCTION

Sum and difference frequency radiation generally appe
simultaneously with the excitation fields that induce it. Un
recently@1#, this notion had not been examined in any det
In many situations the notion of an immediate response
real@2#, in other cases only apparent. A case in point is fou
in the experiments performed in an atomic vapor wher
transverse magnetic field was applied to break symm
@3,4#. Those experiments were performed using excitat
pulses and detectors that worked in the nanosecond re
and were therefore just under the threshold of being abl
resolve the noninstantaneous character of the response
using picosecond excitation pulses, fast avalanche detec
and working in a vapor of cesium whose heavy atoms re
the action of Doppler dephasing, the delay of the seco
harmonic radiation recently has been made made man
@1#. A puzzling feature was that the magnitude of the de
seemed to be more than a factor of 2 greater than calcul
@1#. This discrepancy raised questions as to the validity of
time-delay observation that we address in this paper. To
purpose we also report time-delay measurements of sec
harmonic generation on the neighboring 6D5/2-6S1/2 transi-
tion and supplement them with quantitative measurement
the second-harmonic pulse energy.

Second-harmonic generation occurs when an optical e
tation at frequencyv produces cooperative emission at 2v.
However, the process by which the second-harmonic ra
tion develops is best understood by examining the radia
distribution pattern of an isolated atom that has been put
superposition state by the action of a short two-phot
resonant excitation pulse. For our system this pattern initi
has a null in the phased-matched direction defined by
collinear with the excitation pulse. The application of
transverse magnetic field causes this pattern to change
develop a component in the phase-matched direction@5#.

We begin by calculating the temporal evolution of t
radiation pattern and displaying it pictorially. Our calculatio
also gives the second-harmonic pulse energy along
phase-matched direction, which is what we measure exp
mentally. These measurements, using sample cells of g
are then described in detail. The metal~stainless-steel! cells
used earlier produced eddy currents when subject to
pulsed~but static on the time scale of the experiment! mag-
netic field. These eddy currents were responsible in la
561050-2947/97/56~5!/4254~10!/$10.00
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measure for the reported@1# discrepancy in second-harmon
delay. Significant corrections are also made by taking i
account the temporal response of the detector.

Simultaneous with the second-harmonic generation
superfluorescence processes that modify the sec
harmonic output. These too are delayed, but the relev
mechanisms are different and competing effects could be
tangled. The trick was to generate the second-harmonic w
excitation pulses that were not excessively energetic. In m
cases second-harmonic signals could then be observed b
or in the absence of any superfluorescence degradation
this end we established the regime over which the seco
harmonic intensity varied as the square of the excitat
pulse intensity and beyond which it saturated. These m
surements also enabled us to set a limit on thearea ~inte-
grated Rabi frequency! of the excitation pulse to allow a
quantitative check on the measured energy of the seco
harmonic signal.

II. TEMPORAL EVOLUTION OF RADIATION PATTERN
FOR AN ISOLATED ATOM

A. Formula development

A superposition state giving rise to a quadrupole mom

^Q¢
¢

&5e^3r¢r¢2r 2I¢¢& radiates from the origin toRW with an in-
tensity ~Poynting’s vector!

SW 0~ n̂!5
ck6

144pR2 u~ IWW2n̂n̂!•^Q¢
¢

&•n̂uavg
2 n̂, ~2.1!

whereI¢¢ is the identity operator,n̂5RW /R, c is the velocity of
light, k52p/l, wherel is the quadrupole transition wave
length, andavg denotes an average over optical periods@6#.

Boldface is used to indicate an operator. We calculateQ¢¢¢

from

^Q¢
¢

&5Tr Q¢¢ r, ~2.2!

wherer is the density matrix, and decomposeQ¢¢ according to

Q¢¢ 5 (
q522

q512

Q2,qKWW q , ~2.3!
4254 © 1997 The American Physical Society
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56 4255TIME-DELAYED SECOND-HARMONIC GENERATION IN . . .
whereQ2,q5eA16/pY2,q(r¢) is theqth element of a second
rank irreducible quadrupole tensor@Y2,q(r¢) is a second-orde

solid harmonic# and theKWW q’s are defined by the relation

n̂•KWW q•n̂5A4p/5Y2,q(n̂). They are given explicitly by

KWW 625
1

2
A3

2
@ 1̂1̂22̂2̂6 i ~ 1̂2̂12̂1̂!#, ~2.4!

KWW 6157
1

2
A3

2
@ 3̂1̂11̂3̂6 i ~ 3̂2̂12̂3̂!#, ~2.5!

KWW 05F 3̂3̂2
1

2
1̂1̂2

1

2
2̂2̂G . ~2.6!

Writing R for the response to the laser excitation pulse,H
for the Hamiltonian, andr0 for the initial density matrix,r
develops in time as

r5e2 ~ i /\! HtRr0R21e1 ~ i /\! Ht. ~2.7!

We specialize toĤ'( «̂' k̂) and set 1ˆ5Ĥ, 2̂5 k̂, and 3̂5 «̂ as
unit vectors along the applied magnetic-field, propagati
and electric-field polarization directions, respectively. Sin
the dipole transition matrix elements associated with
6S1/2-6P1/2 and 6P1/2-6D3/2,5/2 transitions are approximatel
~to within 20%! equal, we can characterize the two-photo
resonant laser excitation pulse by an areaQ so that

^D 3̂ ,mJ8 ,mI8uRuS3̂ ,mJ ,mI&

> idm
J8mJ

dm
I8mI

~2mJ!
~5/22JD! sin Q/2

and

^S3̂ ,mJ8 ,mI8uRuS3̂ ,mJ ,mI&>dm
J8mJ

dm
I8mI

cosQ/2,

with mJ56 1
2 @7#. Here JD53/2,5/2 according to which

D3/2,5/2 state we refer and the subscript 3ˆ denotes the quan
tization axis. The factor (2mJ)

(5/22JD) comes from parity
conservation. It then follows that

^Q¢
¢

&5QWW SD1QWW SD* , ~2.8!

where

QWW SD5 ie2 i ~VD2VS!t
r0 sin Q

2

3 (
mJ521/2

11/2

~2mJ!
~5/22JD!

3 (
mI52I

1I

^S3̂ ,mJ ,mI ue1 ~ i /\! HinttQ¢¢

3e2 ~ i /\! HinttuD 3̂ ,mJ ,mI&, ~2.9!

where VD2VS is the optical frequency of the quadrupo
transition andH int contains the magnetic and hyperfine i
teractions.
,
e
e

-

Over the range of magnetic fields used in our experime
the Zeeman splittings were of the order of 1 GHz. The h
perfine interaction, on the other hand, splits the ground 6S1/2
state@8# by 9.2 GHz and the excited 6D3/2,5/2states by about
0.1 GHz @9,10#. Since the latter splitting is small compare
to the inverse Doppler width, we can neglect it without i
troducing any significant errors. In dealing with the 6S1/2
state we note that theI 57/2 nuclear spin leads to angula
momentum states characterized byF53,4 with energies that
we write as\VS3

and\VS4
. Zeeman splitting occurs sepa

rately on each of these states and is thus a perturbation o
already existing hyperfine structure. We denote the Zeem
frequencies byv with the appropriate angular-momentu
subscripts. Then

H int5 (
mJ52JD

JD

mJ\vJD
uD 1̂ ,J,mJ&^D 1̂ ,J,mJu

1 (
F53

4

(
mF52F

F

@mF\vSF
1\~VSF

2VS!#uS1̂ ,F,mF&

3^S1̂ ,F,mFu. ~2.10!

The Zeeman splitting frequencies associated with the ab

Hamiltonian arev3/25
4
5 VL ,v5/25

6
5 VL for the 6D3/2,5/2

levels, respectively, andvSF
5(21)Fv1/2 with v1/25

1
4 VL

for the 6S1/2 level, whereVL is the Larmor frequency of a
free electron in the magnetic fieldH. Assuming that all hy-
perfine states are initially equally populate
^S3̂ ,mJ8 ,mI ur0uS3̂ ,mJ8 ,mI&[r05 1/(2S11)(2I 11)5 1

16 we
resolve Eq.~2.9! as

QWW SD5 (
q522

12

QSD
2,qKWW q , ~2.11!

QSD
2,q5e2 iVDt

r0 sin Q

2
Q0 (

F53

4

e1 iVSF
tM ~JD ,F,q,t !,

~2.12!

whereQ05^SuuQuuD& is the reduced quadrupole matrix el
ment and

M ~JD ,F,q,t !5 (
mJ ,mJ8521/2

11/2

(
mI52I

1I

~2mJ!
~5/22JD!

3T~F,mJ ,mJ8!U~JD ,q,mJ8 ,mJ!,

~2.13!

T~F,mJ ,mJ8!5 (
mJ9521/2

1/2

^S3̂ ,mJ ,mI uS1̂ ,mJ9 ,mI&

3^S1̂ ,mJ9 ,mI uS1̂ ,F,mF&e1 imFvSF
t

3^S1̂ ,F,mFuS1̂ ,mJ9 ,mI&

3^S1̂ ,mJ9 ,mI uS3̂ ,mJ8 ,mI&, ~2.14!
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U~JD ,q,mJ8 ,mJ!5 (
mJ-52JD

JD

^S3̂ ,mJ8 ,mI uq2,quD 3̂ ,mJ- ,mI&

3^D 3̂ ,mJ- ,mI ue2 ivDJ1̂tuD 3̂ ,mJ ,mI&,

~2.15!

and q2,q5 Q2,q/Q0 is the normalized quadrupole mome
whose matrix elements are determined via the Wigner-Ec
theorem.

The intensity~2.1! then becomes

SW 0~ n̂!5S0~ n̂!n̂5S~JD ,t,u,f!n̂, ~2.16!

S~JD ,t,u,f!5
ck6

72pR2 Q0
2S r0 sin Q

2 D 2

3 (
F53

4 U(
q50

2

@M ~JD ,F,q,t !WW q~ n̂!#U2

,

~2.17!

WW q~ n̂!5~ IWW2n̂n̂!•
~KWW q1KWW 2q!

~11dq0!
•n̂, ~2.18!

where the direction ofn̂ is defined by polar anglesu andf.

In Eq. ~2.17! we have used ^Q¢
¢

&avg
2 52uQWW SDu2 and

M (JD ,F,q,t)5M (JD ,F,2q,t). Since the detector used i
the experiment was unable to resolve the 9.2-GHz beats
sociated with the 6S1/2 state splitting we have averaged th
intensity~2.17! over one beat period by placing the sum ov

F before squaring. TheWW q’s are given explicitly by

WW 0~ n̂!52
3

4
sin~2u!û, ~2.19!

WW 1~ n̂!52A3

2
i @sin f cos~2u!û1cosf cosuf̂#,

~2.20!

WW 2~ n̂!5A3

2
@cos~2f!cosuû2sin~2f!f̂#sin u,

~2.21!

while for JD53/2 theM ’s are given by

M S 3

2
,F,0,t D52

1

2A5
F S cos

1

2
v3/2t13 cos

3

2
v3/2t DTs~F,t !

1S sin
1

2
v3/2t23 sin

3

2
v3/2t DTn~F,t !G ,

~2.22!

M S 3

2
,F,1,t D52 iA 3

10S sin
3

2
v3/2tTs~F,t !

1cos
3

2
v3/2tTn~F,t ! D , ~2.23!
rt

s-

r

M S 3

2
,F,2,t D5A 3

10
sin v3/2tS sin

1

2
v3/2tTs~F,t !

1cos
1

2
v3/2tTn~F,t ! D , ~2.24!

where we have defined

Ts~F,t ![
1

2
1 (

mF51

F

cos~mFv1/2t !5

sinF1

2
~2F11!v1/2t G

2 sinS 1

2
v1/2t D ,

~2.25!

Tn~F,t ![
1

4 (
mF51

F

mF sin~mFv1/2t !

5
~11F !sin~Fv1/2t !2F sin@~F11!v1/2t#

16 sin2S 1

2
v1/2t D .

~2.26!

For JD55/2

M S 5

2
,F,0,t D5

1

4A5
F S 2 cos

1

2
v5/2t1cos

3

2
v5/2t

15 cos
5

2
v5/2t DTs~F,t !1S 2 sin

1

2
v5/2t

2sin
3

2
v5/2t15 sin

5

2
v5/2t DTn~F,t !G ,

~2.27!

M S 5

2
,F,1,t D5

i

2A30
F S sin

3

2
v5/2t15 sin

5

2
v5/2t DTs~F,t !

1S cos
3

2
v5/2t25 cos

5

2
v5/2t DTn~F,t !G ,

~2.28!

M S 5

2
,F,2,t D52

1

2A30
sin v5/2tF S sin

1

2
v5/2t

15 sin
3

2
v5/2t DTs~F,t !1S cos

1

2
v5/2t

25 cos
3

2
v5/2t DTn~F,t !G . ~2.29!

The above formulas allow us to calculate the radiation d
tribution pattern from an isolated atom. We note that at
50, Tn(F,t)50 and so only theM (JD ,F,q50,t)’s are non-

zero. But these terms are associated withWW 0(n̂) and there-
fore do not radiate along the phase-matched directionn̂5 k̂
where u5f5p/2. As time increases the othe
M (JD ,F,q,t)’s contribute and the radiation pattern chang
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FIG. 1. Radiation patterns of an isolated atom, displayed via(F53
4 u(q50

2 M (JD ,F,q,t)WW q(n̂)u2 at (1/2p) VLt50,0.144,0.312 forJD
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This change is such that radiation appears alongk̂ to give
rise to the second-harmonic emission we observe in our
tended sample.

B. Evolution display

We follow the single-atom radiation pattern evolution
displaying

(
F53

4 U(
q50

2

M ~JD ,F,q,t !WW q~ n̂!U2

at several discrete values of (1/2p) VLt in Fig. 1. These
values were chosen at successive minima and maxima o
radiated intensity alongk̂. We only show the radiation pat
terns forJD5 3

2 as the corresponding displays forJD5 5
2 are

superficially identical.
The radiation pattern is initially cylindrically symmetrica

about«̂ and zero along both«̂ and the plane normal to it. As
time increases it appears to precess about the magnetic
while decreasing in size and distorting slightly. This prec
sion provides a radiation component alongk̂, which is what
we detect in our experiment. It maximizes atVLt50.144,
and then at 0.312 effectively vanishes again after the ra
x-

he

eld
-

a-

tion pattern has precessed byp/2 thereby exposing the hole
initially along «̂, to thek̂ axis. Thus the radiated compone
along k̂ modulates at four times the precessional freque
of the radiation pattern.

III. TEMPORAL EVOLUTION OF SECOND-HARMONIC
EMISSION IN AN EXTENDED SAMPLE

A. Spatial interferences

In an extended sample the radiation pattern is modified
spatial interferences and so we must start with the expres
for the electric field, which we write as@6#

EW ~RW ,t!5
1

6c3 Eexcited
volume

~ IWW2n̂n̂!•S d3

dt3
^Q¢

¢
& t5t2 1/uRW 2rWu•n̂D

3
nd~rW !

uRW 2rWu
d3rW, ~3.1!

where n̂5 (RW 2rW)/uRW 2rWu and nd(rW) is the density of mol-
ecules atrW. For an oscillating quadrupole moment the abo
expression becomes
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4258 56A. I. LVOVSKY AND S. R. HARTMANN
EW ~RW ,t!>
ik3

6
E ~ IWW2n̂n̂!•„QWW SD~t!•n̂…

3
eikuRW 2rWu

uRW 2rWu
nd~rW !d3rW1c.c. ~3.2!

In what follows it will be understood thatQ is written with t
replaced byt.

Since the spatial interferences dominate, emission o

occurs in a small solid angle alongkW . In the far-field approxi-

mation n̂> k̂; since WW 0( k̂)5WW 2( k̂)50 we find that (IWW

2n̂n̂)•QWW 0(t)•n̂>Q0
2,1(t)WW 1( k̂). Far from the samplek̂uRW

2rWu>kR2kn̂•rW and we write

EW ~RW ,t!5
ik3WW 1~ k̂!

6R
eikRE QSD

2,1e2 ikn̂•rWnd~rW !d3rW1c.c.

~3.3!

It is convenient to display the spatial and phase characte
the excitation pulse@r0 in Eq. ~2.9! should have been written

with the factoreikW•rW wherekW5 2p/l laser/2, to account for the
variation in spatial phase introduced by the excitation pu#
by writing

^Q2,1&5^Q2,1&Q5 p/2 sin Q~rW !eikW•rW ~3.4!

so that the radiated intensity is

SW ~ n̂!5
c

4p
uEW ~RW ,t!uavg

2 n̂5S0~ k̂!Q5 p/2uG~ n̂!u2n̂, ~3.5!

where

G~ n̂!5E ei ~kW2kn̂!•rW sin Q~rW !nd~rW !d3rW. ~3.6!

The radiated power is then

P5S0~ k̂!Q5 p/2E uG~ n̂!u2R2ds, ~3.7!

where the integral is over the solid angle.
For a uniformly irradiated cylindrical sample of consta

number density, lengthL, radiusw0 , and large Fresnel num
ber

G~ n̂!5nd sin QE eikwsin c cosjdLwdwdj, ~3.8!

where we have introduced the cylindrical coordinatew and

written kW2kn̂>kĝ sinc, where ĝ•kW>0, k̂•n̂5sinc, and
ĝ•rW5w cosj. Writing N5pndLw0

2, then on integration

G~ n̂!52N sin Q
J1~kw0 sin c!

kw0 sin c
, ~3.9!

~J1 denotes Bessel’s function of order 1!, in which we set
sinc5c and useds52pcdc to obtain:
ly

of

P5N2
l2

pw0
2 sin2 QR2S0~ k̂!Q5 p/2 , ~3.10!

which is the equivalent of Eq.~C6! in @11#. Substituting for
S0( k̂)Q5 p/2

P~JD ,t !5
1

72
N2

ck4

w0
2 Q0

2r0
2 sin2 Q

3 (
F53

4

uM ~JD ,F,1,t !WW 1~ k̂!u2, ~3.11!

which can be written as

P~JD ,t !5
5

6

N2

k2w0
2

\v

T1
SDr0

2 sin2 Q

3 (
F53

4

uM ~JD ,F,1,t !WW 1~ k̂!u2, ~3.12!

where T1
SD is the fluorescence lifetime of theD state for

quadrupole emission to theS state. It relates toQ0 via

1/T1
SD5 1

60 (k5/\) Q0
2; see (647) in @12#.

The temporal evolution of(F53
4 uM (JD ,F,1,t)WW 1( k̂)u2 is

displayed in Fig. 2. Markers have been placed atVLt
50.144, 0.312, where the radiation patterns were shown
Fig. 1. We note that the behavior displayed here differs fro
a simple precession as the ratio 0.144/0.31252.2Þ2 and the
null at 0.312 is not complete; the ‘‘intensity’’ there is 0.
Þ0.

For Cs, a rough estimate of the positiont1 of the first
peak is obtained by settingJDvJD

t15p/2, whereJDvJD
is

the highest frequency component in the radiation respon
Since the response functions of Fig. 2 depend only

VLt, they are universal and independent of the magne
field. However, Doppler broadening modifies the respon
with time and gives rise to anH-dependent reshaping.

FIG. 2. Evolution of the radiated power along the phas

matched directionn̂5 k̂, displayed via(F53
4 uM (JD ,F,1,t)WW 1( k̂)u2

plotted as a function of (1/2p) VLt for both JD55/2 and 3/2.
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B. Doppler broadening

In the case of a Doppler-broadened gas the radiated po
is degraded by an additional factorf (t)2 so that

P~T,JD ,t !5 f ~ t !2P~JD ,t ! ~3.13!

where

f ~ t !5e2~p/4!~ t/T2* !2
, ~3.14!

T2* 5(1/k)ApM /2kBT, T is the temperature,kB is Boltz-
mann’s constant, andM is the mass of the cesium atom. A
T5180 °C,T2* '0.53 ns. Even though we work at relative
low temperatures and the Cs atoms are heavy, the degr
tion can be pronounced, as shown in Fig. 3. Here the
sponse is plotted as a function of time in order to demo
strate the practical effect of applying a magnetic field. At 2
G the coherence is severely damped and is effectively wi
out in less than 1 ns. At 800 G the distortion is less sev
since the signal is mostly over before Doppler dephas
becomes effective.

In the absence of Doppler dephasing the peak delays
inversely proportional to the magnetic field sinc
v1/2,v3/2,v5/2}H. With Doppler dephasing this proportion
ality fails. The degradation factor drastically shifts the pe
position as its unperturbed location moves into the mid
hundred picosecond region wheref (t)2 is significantly re-
duced from unity. In the low-field limit the second-harmon

response followst2e2(p/2)(t/T2* )2
, yielding a delayA2/pT2*

'0.42 ns independent of bothJD andH.

IV. EXPERIMENTS

A. Practical considerations

Second-harmonic radiation from the 6D3/2-6S1/2 and
6D5/2-6S1/2 transitions in Cs vapor occurs at 4427 Å an
4419 Å, respectively; see Fig. 4. But for this to happen
associated 6D state must be populated, which then mak
possible electric-dipole transitions to the lower-lying 7P and
6P states. Since these states are initially unpopulated, su
fluorescence can~and will! develop and consequently evolu

FIG. 3. Evolution of the radiated power alongn̂5 k̂ as degraded
by Doppler dephasing, displayed vi

f (t)2(F53
4 uM (JD ,F,1,t)WW 1( k̂)u2 plotted as a function oft in nano-

seconds for bothJD55/2 and 3/2. Separate plots are given for tw
fields, 200 and 400 G. In calculatingf (t) we have setT2*
50.52 ns.
er

da-
e-
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re
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re
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e

e
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tion of the second-harmonic signal will be modified by t
superfluorescence induced depopulation of the 6D state. For-
tunately, superfluorescence does not develop until the g
aL ~wherea is the gain per unit length andL is the sample
length! on their associated transitions becomes of the or
of 100. Before then, only amplified spontaneous emiss
competes and its effect is not appreciable. SinceaL is pro-
portional to the excited-state populationN sinQ/2 while the
second-harmonic intensity is proportional
(N sinQ/2 cosQ/2)2, it follows that while increasing the
number density to enhance the second-harmonic out
proper care has to be taken to keep the excitation ener
low enough to avoid superfluorescence effects.

Another limitation on the number density comes from t
requirement~implicitly assumed in our analysis! that the
sample is optically thin at the second-harmonic transiti
This condition is necessary to avoid depletion of the exci
state due to radiation reaction@13#. In other words, the num-
ber of photons in the second-harmonic pulse should be m
smaller than the number of atoms in the sample.

B. Apparatus

1. Optical circuit

Our experimental setup was almost exactly the same
described in@1#. A Spectra-Physics series 3000 active
mode-locked Nd:YAG laser~where YAG denotes yttrium
aluminum garnet! was used to produce a train of 80-p
pulses separated by 12 ns. The pulse train was freque
doubled to 532 nm in a potassium dihydrogen phosph
crystal; the average output power was 1 W. After attenuat
by a factor of 2 the pulses were used to synchronously pu
a Spectra-Physics 375B dye laser, which was tuned to ei
the 885.4-nm or 883.7-nm wavelength according to wh
6D3/2-6S1/2 or 6D5/2-6S1/2 two-photon transition we wanted
to excite. This laser produced a train of 10-ps pulses t
were close to transform limited. These pulses were th
spectrally filtered@14#, amplified in a Quanta-Ray pulsed dy

FIG. 4. Energy-level diagram highlighting the 4426-Å~4417-Å!
second-harmonic transitions between the 6S1/2 and 6D (5/2),3/2 levels
and the nearby yoked superfluorescence transitions at 4593 Å~4555
Å! between the 6S1/2 and 7P(3/2),1/2 levels. Also highlighted are the
yoked superfluorescence transitions via the intermediate 6P states.
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amplifier, spatially filtered, and divided into three parts; se
Fig. 5. One part was directed into an EG&G FND-100
~‘‘slow FND’’ ! photodiode that measured the pump puls
energy. A second part was directed onto a 1-GHz-bandwid
EG&G C30971E silicon photodiode~‘‘fast FND’’ ! to pro-
vide a stable time reference signal. A third part was image
by a 500-mm focal length achromat lens, at the center
1-cm-thick quartz cell containing saturated cesium vapo
The cell was situated in an oven and at the center of a pair
6-cm-diam Helmholtz coils. These coils, driven by a 250-ms
period switchedL-C circuit, provided an effectively static,
vertically directed magnetic field. The magnetic-field modul
was calibrated by inducing emf in a secondary coil of know
geometry, which was inserted between the Helmholtz co
in place of the cell.

Second-harmonic~SH! radiation at 442 nm, emerging
from the cell along the direction of the pump, was focuse
on a 1-GHz-bandwidth EG&G C30921E avalanche photod
ode ~APD!. When observing the SH emission, all radiation
except the SH was blocked from entering the detector by tw
Andover 100 Å full width at half maximum, 442-nm center
bandpass interference filters~IF’s!. At the same time, the
interference filters had large enough bandwidth to ser
equally well for both 6D3/2-6S1/2 and 6D5/2-6S1/2 transi-
tions.

The LiIO3 crystal placed in the telescope was used t
provide a reference delay when the preceding interferen
filter was removed to allow the pump to activate it; otherwis
it had no effect. The time-delay calibration required usin
the instantaneous SH from the crystal in place of the las
pump pulse because of the variation in the temporal respon
of the APD with the wavelength of incident light@15#. The
C30921 APD is constructed of four layers of differently
doped silicon. Photoelectrons are produced in the first lay
by incident light and then accelerate to the highly dope
third layer where current amplification occurs. The absorp
tion depth of light in silicon varies strongly with wavelength
from 1 mm at 400 nm to 70mm at 900 nm. By the longitu-
dinal geometry of the APD, the photoelectrons generated
shorter-wavelength light have farther to travel to the ga
region than those produced by longer-wavelength light an

FIG. 5. Schematic diagram of apparatus. Helmholtz coils pro
duced pulsed magnetic fields up to 1200 G. The ‘‘Antel’’ photodi
ode provided the oscilloscope trigger, the ‘‘slow FND’’ monitored
pump energy, the ‘‘fast FND’’ generated a reference for eliminatin
jitter from the oscilloscope trigger circuits, and the ‘‘APD’’ regis-
tered the SH signal. Detector response was accounted for by re
encing the SH generated by the Cs to that generated by the LiI3

crystal. When using the LiIO3, the magnetic field was not turned on
and both interference filters were placed behind the LiIO3 crystal.
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the former response is delayed relative to the latter. Thi
the reverse of what obtains with a photomultiplier.

The outputs of the fast FND and APD’s were fed into
1-GHz Tektronix 7A29 amplifier mounted in a Tektron
7104 oscilloscope mainframe. The Tektronix 7B15 time ba
was triggered externally by the response to the pump p
of a 35-ps rise-time Antel AR-S2~‘‘Antel’’ ! photodiode. A
Tektronix DCS01 digitizing camera captured oscillosco
traces with 20-ps pixel resolution. The response of the
FND provided a time reference for each SH pulse measu
by the APD, effectively eliminating oscilloscope trigger jitte
from the determination of delay.

The location and cabling of the fast FND and APD we
such that they produced distinct traces, separated by 3 n
the oscilloscope screen whose time base was set to 1 n
division. The connection between the displayed time inter
and the actual time delay between the pump and Cs
pulses was made by making a separate measureme
which an instantaneous SH pulse was substituted for the
SH pulse. This was done by~i! turning off the magnetic field
and ~ii ! removing the IF filter that preceded the telesco
containing the 1-mm-thick LiIO3 crystal near its focal point.
In the absence of a magnetic field no Cs SH is produced
the focused pump pulse at the LiIO3 crystal generates a sho
SH pulse with no measurable delay. Here as elsewhere
position of a SH pulse is defined by the location of its inte
sity peak. By pulse delay we mean peak delay.

2. Detector response

The overall APD detector-oscilloscope responseV(t) to
the 10-ps laser pulse at the second-harmonic~generated by
the LiIO3 crystal! is displayed in Fig. 6. It is significantly
longer than 10 ps and, in addition, exhibits ringing. The d
tortion it introduces is considerable; however, when con
luted with P(T,JD ,t) of Eq. ~3.13! it provides an adequate
reference for comparison with experiment:

I det~ t !5E P~T,JD ,t8!V~ t2t8!dt8. ~4.1!

The correction in the determination of the~peak! delay
introduced by taking into account the detector respons
quite dramatic as can be seen by comparing the~peak! delay
curves Figs. 7 and 8 forJD53/2 andJD55/2, respectively.
In each figure, the dashed curve includes the detector

-

g

er-

FIG. 6. Avalanche detector response to the 10-ps ‘‘instan
neous’’ second harmonic generated by the LiIO3.
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sponse; the solid curve does not. Note that the slope of e
solid curve is21 at large fields and levels off~to zero! at
low fields to a value independent ofJD in accord with our
discussion in, and immediately preceding, Sec. III B.

Including the detector response increases the~peak! delay
in proportion to the temporal width of the uncorrected
sponse. In the limit of smallH the corrected response
'30 ps greater and again independent ofJD as the response
curves become independent ofJD asH→0. As the field in-
creases the ‘‘low-field’’ response width first narrows and t
associated additional delay gets smaller. Next, the effec
width broadens as the ringing in the response~see Fig. 2! is
no longer hidden by Doppler dephasing. ForJD55/2 these
effects come into play sooner asH is increased.

3. Delay measurements

For each value of the magnetic field, 100–150 wave-fo
traces were recorded. Each trace consisted of the pump p
followed by the SH pulse. There was considerable variat
in the absolute and relative sizes of the two traces and
first pulse could effect the shape of the second if it w
sufficiently more intense. Our setup was such that if we
nored all wave-form traces exceeding 20 MV this effect w
negligible. At the other end we ignored wave-form trac

FIG. 7. Comparison of experimental and theoretical~both with
and without accounting for the detector response function! delays in
the second-harmonic emission on the 6S1/2-6D3/2 transition as func-
tions of magnetic field.

FIG. 8. Comparison of experimental and theoretical~both with
and without accounting for the detector response function! delays in
the second-harmonic emission on the 6S1/2-6D5/2 transition as func-
tions of magnetic field.
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below 5 MV since thermal noise then became destruct
The overall effect of this selection process was to remo
50–80% of the recorded traces. This was sufficient for
purpose of the experiment as after averaging, the error in
value of pulse peak separations was dominated by the 2
per pixel camera resolution.

4. Sample cell

All experiments were performed in a quartz cell. A
though the previous work@1# was performed in both quart
and stainless-steel cells, the signals from the quartz cell w
of poor quality and only the results from the much long
stainless-steel cell were analyzed in any detail. This was
fortunate inasmuch as eddy currents from the applied pu
magnetic field reduced the field at the sample by abou
factor of 0.36 and prevented a suitable comparison betw
experiment and theory.

5. Energy measurements

We have also checked our calculation of the emitted
power ~3.13! by measuring the total energy of the SH pul

ESH5E P~T,JD ,t !dt. ~4.2!

Our object here was to determine both the absolute ma
tude of the SH response as well as the functional depend
of the SH energy on the excitation pulse energy. We
placed the avalanche photodetector with the slower but m
sensitive RCA C31034 photomultiplier tube. The photom
tiplier output as well as the slow FND detector~to provide
the excitation energy! were directed into Stanford Researc
Systems SR250 gated integrators. Their gate widths were
at 40 ns to amply cover each pulse and the outputs w
separately stored in a computer without any averagi
C31034 photomultiplier tubes vary in gain, from one tube
the next, by more than an order of magnitude and so
calibrated ours by looking at the anode current resulting fr
a ‘‘typical’’ single photoelectron. At the 1.5-kV bias th
measured gain was 33106, which is at the upper end of th
gain distribution for these tubes@16#. Since the excitation
intensity fluctuated considerably, the dependence of the
energyESH over a wide range of pump pulse energiesEpump
could be obtained by collecting data at a single setting of
laser system.

C. Results

1. Delay

Measurements of second-harmonic delay for experime
performed on the 6S1/2-6D3/2 and 6S1/2-6D5/2 transitions in a
quartz cell at 170 °C are presented in Figs. 7 and 8, res
tively. The open markers denote data sets taken on diffe
days. For comparison we also present, in the form of so
circles, the data from Ref.@1#, except that the magnetic-fiel
values reported there have all been reduced by a facto
0.36. This is the reduction we ascribe as due to the induc
of eddy currents by the application of the pulsed magne
field. It was determined by simply fitting to the open circ
data. With this correction all data are in agreement. The
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tector response correction was clearly essential in analy
the JD55/2 data, only marginally so forJD53/2.

Some data sets are displaced from each other by a fi
amount we ascribe to the difficulty in determining, by bet
than 20 ps, the reference value of the pump-SH peak s
ration associated with undelayed SH generation. Since
value is determined once for each run and then subtra
from all pump-SH peak separation data the whole data
can be shifted by 20 ps. In addition, there is an uncertaint
20 ps in the determination of the Cs SH delay for each p
ticular data point.

2. Energy

(a) Functional dependence.The excitation pulse areaQ
should vary in proportion to the pump energyEpump since
second-harmonic generation is a second-order process
low pump powers sinQ;Q and we then expect that theESH

should vary asEpump
2 . To verify this, a number ofESH,Epump

data sets were obtained at temperatures ranging from 14
to 220 °C. The expected quadratic dependence was ind
observed at low pump intensities. It then broke off at
energyEpump

br ~Fig. 9!, which was found to decrease wit
temperature. Measurements of the 7P-6S superfluorescence
energiesESF performed for the same range of temperatu
showed thatEpump

br was approximately the same as the thre
old pump energy for the superfluorescence~Fig. 10!. It can
thus be concluded that it is the onset of superfluoresce
that causes the quadratic dependence ofESH on Epump to fail.

The measurements summarized in Fig. 11 display the
tial quadratic slope as obtained from each of a set of exp
ments performed at five different temperatures. A strai
line of slope 2 has been drawn through the data points
show the agreement with the expected dependence of
energy onnd

2 .
(b) Magnitude.The maximum second-harmonic sign

observed atT5180 °C corresponds to 23106 photons re-
ferred back to the sample. This value was effectively in
pendent of magnetic field over a range 300–1200 G. T
sample length was 1 cm with the beam radius at which
intensity is reduced by 1/e, of about 0.03 cm. At the speci
fied sample temperature there wereN5231012 Cs atoms in
the cylindrical volume determined by the noted radius a

FIG. 9. Second-harmonic energy displayed as a function
pump energy atT5140 ° C andH5290 G. The initial dependenc
of ESH on Epump

2 is displayed by the quadratic fit.
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length. Integrating Eq.~3.13! over time with T1
SD5(2

3106)T1
SP @17#, T1

SP53031029 s, and

E
0

`

f ~ t !2 (
F53

4

uM ~JD ,F,1,t !WW 1~ k̂!u2dt'2 ns ~4.3!

for both JD53/2 and 5/2~see Fig. 3!, we estimate the num
ber of photons radiated by the sample atT5180° C to be
23107 sin2 Q. This result validates our assumption that t
sample is optically thin.

If we set Q5p/10 we obtain the experimentally mea
sured result. For an independent estimate ofQ we examine
Fig. 9. At T5140 °C it shows that the quadratic dependen
of ESH onEpumpcontinues untilEpump'40. This means that a
Epump'40 the pulse area is still small enough for the appro
mation sinQ'Q to stay valid, i.e.,Q(Epump540)<p/4. But
our measurements were made atT5180 °C where super-
fluorescence begins atEpump'25. Noting that the depen
dence ofQ on Epump is independent of temperature; we co
clude thatQ<p/7.

The close agreement obtained is clearly fortuitous. O
calculation has assumed the excitation beam to be unif
when in fact it has a Gaussian profile. The notion of a sin
Q throughout the excited volume is not, strictly speakin

f
FIG. 10. Second-harmonic and superfluorescence pulse ene

displayed as functions of pump energy. The superfluoresce
threshold is clearly displayed. All measurements were made aH
5290 G.

FIG. 11. Derivative of the second-harmonic energy with resp
to the square of the pump energy, displayed for several value
nd . All measurements were made atH5290 G.
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correct. Our analysis, though rough, is good enough to
able us to claim that we understand the origin and magnit
of the observed SH signals.

V. CONCLUSIONS

The discrepancy between theory and experiment in@1#
has been resolved by taking into account the screening o
applied magnetic field inside a nonmagnetic 304-ty
stainless-steel cell by pulse-induced eddy currents. The
at the cell was produced by a 250-ms period single sine wave
current pulse applied to a Helmholtz coil and was sufficien
short to induce shielding currents that reduced the app
field by a factor of 2–3.

In addition to the second-harmonic measurements m
on the 6D3/2-6S1/2 transition in @1#, we have studied the
second-harmonic delay behavior of the 6D5/2-6S1/2 transi-
tt

rs

e

e

,

f

n-
e

he
e
ld

y
d

de

tion. Here we find similar but distinct behavior and aga
obtain agreement between theory and experiment after ta
into account the short-pulse response of the APD detec
This latter consideration was not essential in the first exp
ment, but very important in the second.

The intensity behavior of the second-harmonic signal v
sus pump intensity exhibited quadratic character as long
the latter did not exceed a certain limit after which a sup
fluorescent burst occurred@18#, depleting the population o
the upper 6D level and knocking down the second-harmon
signal. The quadratic slope of the aforementioned dep
dence was proportional to the second power of the num
density in agreement with the theory of cooperative pheno
ena. The total energy of the second-harmonic pulse
found to be in good agreement with what was theoretica
expected.
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