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Problem 6.1. For the displacement operator D̂ ≡ D̂X(X0, 0) = D̂XP (X0, 0):

a) Find D̂†âD̂ and D̂†â†D̂;

b) Find [a, D̂] and [a†, D̂];
Hint: apply D̂ to both sides of the result of part (a).

c) Find the Fock decomposition of the displaced single-photon state D̂ |1〉.
Hint: |n〉 = (â†)n |0〉 /

√
n!.

Problem 6.2. Calculate the reflection and transmission for scattering on a delta-potential V (x) =
W0δ(x), with the energy E > 0. Compare your results with those obtained from Eqs. (3.80) in the
lecture notes for an infinitely thin and high rectangular potential barrier (L→ 0, V0 = W0/L).

Problem 6.3. Consider coherent superpositions of coherent states |S±〉 = N±(|α〉 ± |−α〉), where
N± are normalization factors and the alplitude α is real and positive1.

a) Find N±.

b) Find the matrices (wavefunctions) of these states

• in the Fock basis;

• in the position basis;

• in the momentum basis.

c) Show that, for small amplitude α, these states can be approximated, up to the first two terms
in the Fock decomposition, by states

|S+〉 ≈ Ŝ(r+) |0〉 ;
|S−〉 ≈ Ŝ(r−) |1〉

and find r±(α) for which the approximation is optimal.

Problem 6.4. Consider the following state two harmonic oscillators:

|ψ〉 = α |0, 0〉 − β |1, 1〉 ,

where α and β are real; α2 + β2 = 1.

a) At which values of α and β does this state exhibit two-mode position-squeezing, i.e. the
variance of X̂A − X̂B is lower than that of the double-vacuum state?

1This state is dubbed the “Schrödinger kitten” because it is a superposition of two “classical” and potentially
macroscopic coherent states, and yet is highly nonclassical. It is a subject of intense research because, by constructing
such states with increasingly high amplitudes α, we may be able to find the boundaries of quantum physics — see
Sec. 2.4.3 in the notes.
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b) Answer the same question for the observable P̂A − P̂B .

Problem 6.5. A harmonic oscillator, initially in the vacuum state, evolves under the Hamiltonian
Ĥ = ~rX̂2, with a real and positive r, for time t.

a) Express the final quadrature operators X̂(t) and P̂ (t) through the initial ones X̂(0) and P̂ (0).

b) Find the mean and variance of the general quadrature observable X̂θ(t) = X̂(t) cos θ+̂P (t) sin θ
for arbitrary angle θ.

c) Which angle θ0 corresponds to the lowest variance of that observable?
Hint:

sin(2x) = 2 sinx cosx;

cos(2x) = 1− 2 sin2 x = 2 cos2 x− 1.

d) Write the uncertainty principle for the quadratures X̂θ0 and X̂θ0+π/2 and verify explicitly that
it holds.
Hint:

sin(arctanx) = 1/
√

1 + x2;

cos(arctanx) = x/
√

1 + x2.

e) Find the Fock decomposition of the state |ψ〉 = e−
i
~ Ĥt |0〉 for rt � 1 up to the two-photon

term.

f) Find the variance of X̂θ in that state up to the first term in rt and verify consistency with
part (b).
Hint: It may be convenient to express X̂θ in terms of â and â†.

Parts (a)-(d) should be answered in the Heisenberg picture, parts (e)-(f) in the Schrödinger picture.
Parts (d)-(f) are for extra credit.
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