AC Circuit Theory

Amplitude

Phase

V=V, sin(wt)
V=V,cos(wt)
V=V,sin(wt+o)
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Apply AC current to a resistor...

>

I

S R

...capacitor...

...and igductor
I

I=I,sin(wt)
Vy=IR=I,Rsin(wt)

- Q 1..
I VC :E :EJ.IO S|n(ﬁ)t):|t

g c= = —iI0 cos(ot)

o C

= éIO sin(ot - %)

Voltage lags current by =n/2

V, = L% = oLI, cos(ot) = LI, sin(et + %)

Voltage leads current by 7/2



Adding voltages

V(t)?

Kirchoff’s Voltage Law
and
Ohm’s law

+

<

o

A\ Ipsin(wt)

V=I,R;sin(wt)+I,R,sin(wt)+I,R;sin(wt)

=I,(R;+R5+R3)sin(wt)



Adding voltages

+

Ry

V(t) =Vp+V, <

+

C
T-

<A> I,sin(wt)

V = IR, sin(ot) - L cos(ot)

»C

voltages out of phase... ,



Complex numbers in AC circuit
theory

me 2= Re(z)+ JIm(z) - 2/ expljo)
2 j=-t
|z| cos(8) Re(z)

V(t) = V, cos(ot) = ﬂze(voej‘”t)

V(t) = V, sin(wt) = jm(voejoot)



Complex Impedance

The ratio of the voltage across a component to the current
through it when both are expressed in complex notation

| Z. =R
V, —IR =IR et —
1 . I, | ] 1 ]
Ve = J1dt= T0C " joC  oC

al . .
V LE = J(DIOLeJ —_— ZL _ _](DL



Complex Impedance

Real part: resistance (R)

1
Imaginary part: reactance | oL — —j
®C

Ohm's V=21
SRR
bhasdV) = phasdZ)+ phasd])




Series / parallel impedances

R L C
Z,=R Z,=joL & S Z.=%7
a ° > oC T — n

Impedances in series: Ziy,=Z1+2Z5+2Z5...

® Impedances in parallel

1 1
Z, Z, Z5 Z_T — Zn:Z_n

+ 1 1 1
Zl ZZ Z3



RC low pass filter
R

o— 1 O V. 7 s
+ T Vour =5 = = Vi Jcl
Lo + 2 R+ ¢
Vi 1/(ieQ) Vour 1
®
i, J _l_ - = Vi 1+ joRC
o o ]
_y 1  (1-joRC)
™1+ joRC (1 - joRC)
Zp 1 - joRC
= Vi, 2
— 1+ ((DRC)
Zc Vinte = Vi E e’
| Lo + L \/1 + (o)RC)2

¢ = tan™(- wRC) )



RL high pass filter

R
O— ] O oL
+ + Jo
_ Vour = Vin R + oL
Vin JoL Vour o~ Jo
0 o
' oL
Here is a slight trick: Vour = Vin \/ 1+ (

Get comfortable with
the complex result. o =tan 1(_13



Bode plot

VIN

VDLJT

- 20log,,

o dB
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Decibels

Logarithm of power ratio

dB =10log,, @ = 20log

IN

Vour/Viy | dB

10 20

1 0

0.1 -20

0.01 -40

0.001 -60

VO uT

IN
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Bode plot

Phase
/2 | — e
f high pass
_10 ’ il w/ Wy 10°
- low pass
—xf24 e e
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Something Interesting

« Capacitor
— At low frequencies (like DC) = Open circuit
* Not a surprise, it's got a gap!
— At high frequencies (“fast”) = Short circuit!

 Inductor

— At low frequencies = Short circuit
* Not a surprise, it's just a wire really

— At high frequencies - Open circuit!

« Sometimes this can help you with your
intuition on the circuit’s behaviour. H



Go to black Board and

EXPLAIN PHASORS
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LRC series circuit

R L C
et
— /
-

(R for- L) i JRZ fot-ie)

| _ L
= tan | 2——eC
e

Purely resistive at o, = Jic =0 Z=R

1

V=1, J R 4 (mL - ijz ey



LRC parallel circuit

[jelet .
I I=1,+1 +1I _V

R L <C== . .
l = —+] ooC—i
! Z R oL
£=7 1 1 1
ﬁ”(“’C_JJ Purely resistive at oy = —— ¢=0 Z=R
JLC

14_ (L_Q)Cj

R L Z| - 1

HRES o] (e
e CE)



Bandpass filter Vo = 2y
R+Z,-
R 1 1 :
oO——3 O = + JoC
+ + Zic Jo
Vi \V . 1
C =— L ouT ZLC—J(%_QC)
O O v B ja)L y
Vour _ 1 oo jC()L + R(l— W’ LC) "
Vin |1+ R(L - oCf
® —> o0 \@UT—>O o — 0 \<‘/3UT—>O
ON BLACK BOARD T00! IN IN
o =1 Nour| _ o
» = 0, c v,




Bandpass filter

Vour _ 1
build a radio filter Viv | J1+R? (L — oC)
f,=455kHz o, = 2nf, = \1F C=10nF
L _
Af=20kHz - L=12.2uH
Aw = 2nAf ® =0, + Ao
| 1 _1
_3;31 \/1+R2(Kcooi—lmi_(®0 J_rAco)C)z V2
Z 0.6 -
$ 52 R?((otor — (00 £ A)CF = 1
ol R=16.7 kQ
i 0 0.|2 0.|4 0.|6 0.|8 'II 'I.I2 1.|4 'I.IES

Frequency [MHZ] 19



. CR series circuit — current driven

I(t)=I,elot
R
=R+ ja)L+}/-
(0§ L /et
C
I / =R+ || oL L
| i C()C_

Low Freg.->Wild Steff!
N@Y o Very Good Ideda

_ |R? 1Y :tanl(l—mj:tan1 oL~ e
\Z\—JR +(WL—EJ Y Re R 20

V=1Z=1,-[Z]-¢" e




LCR series circuit — voltage driven

V(t) L

V(t)=V,elet
I = \ _ VO e o
z |7

2
7 \/Rz oot
oC

®—>o [0

>0 |[>0

® — 0, \I\z% maximum ,;
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Q value No longer on CP2 syllabus
(moved to CP3) O

peak energy stored

=2 R
Q=2m energy dissipated per cycle &

Q _ a)o . Frequency at resonance

AOcyum Diff. in Freq. to FWHM

Power

not voltage

High Q value - narrow resonance

24



For what we did last time.

f 1
3 041 A®gy iy
0.3 -
0.2 1
0.1 1
0 ! . | | | | .
0 0.2 0.4 0.6 0.8 1 1.2 1

A4 1.6
Frequency [MHZ]

D _ % 1| R (%
A®cym " 2Am 2 L L

Q=

High Q value - narrow resonance 25



LC circuit — power dissipation

R

ié Power is only dissipated in the resistor
1)t L 27
T =—
(P) = j V(t)dt -

proof — power I(t) = I Sln(wt)

dissipated
inductor and Ve = _EIO Cos(oot)
capacitor -
nopne VL — Q)LIO COS((Dt) reacta:llnce
Vy = XI cosfwt) ~ X=-— or ol

T=2n/o

1,7 _ 1 _
<P>L,C == jo XI, sin(wt)cos(ot)dt = |:2(D—T XI2 sin? (oot)} -0

0 26



LRC Power dissipation z;mj(@L_ij
2 X oC
I
V(t)@ L é — V(t) @ Z=ZOeJ'(P
.
|
V(t) = V, sin(wt) 7 \/RZ ) ((DL_ 1 jz
V, . oC
I(t):Z—SIn((ot—(p) oL 1)
° tanoe = 2 RE

2
P(t) = V(t)I(t) = ‘Z’_ sin(ot)sin(ot — ¢)
0
Instantaneous power 27



Power dissipation

p(t) = V(LX) = Y2 sin(ot)sin(ot - o)

0

= V,I, sin(ot)sin(et)cos(e) — cos(wt)sin(e)]
(P) = % jOT V, 1, [sin®(wt)cos(e) — sin(wt)cos(ot)sin(p)Ht

(P) = VE’I_I 0 IOT%(l — cos(2ut))coslpdt - O

.
_ Volo ECOScp
T |2 0

\VA|
= 020 cose = Viwslams COSQ

cos¢p = power factor %




On black board
But then go ahead and flip to next slide now anyway.

POWER IN COMPLEX CIRCUIT
ANALYSIS

29



Power factor

averagepower P
COS @ = =

apparentpower Vi,<lous

Resistive load Z=R cosp=1

Reactive load Z=X cosp=0

30



RECALL
THE PREVIOUS CIRCUIT:

31



\olts, Decibels

Phase, radians

R=1 kQ; C=2.5 uF; L =10 mH

Output VVoltage Magnitude

10 102 10° 10% 10° 10°
Fregency, rad/s

10 102 107 107 10° (o
Frequency, rad/s



Bridge clrcuits To determine an

unknown impedance

Z Z
Bridge balanced when V,-V;=0 v +ZZ T 7 +4Z
1 2 3 4

Z, Z _ (L +2,)=2,(Z, +~Z
V(t)- * __V(t)=0 2( 3 T 4) 4( p T 2)




Phasors and stuff

BACKUP SLIDES

34



CP2 September 2003

9. (i) A Schering bridge is used to determine the capacitance C and resistance r of
a lossy capacitor. In the diagram below the instrument D detects when X and Y are at
the same potential, i.e. the bridge is balanced.

Show that the conditions for balancing the bridge are

C=CS/R and r=CyR/CY. [10]

(ii) A source of alternating voltage Vp exp(jwt) with internal complex impedance
Z1 = Ry + jX, is connected to a load of complex impedance Zs = Ry + jX5.

Show that the current through the load is given by
I = lpexp[j(wt — @),
where

—1/2
Iy = W [{Rl + Ro)* + (X, +X2)2] ;

and find an expression for ¢. [4]

Hence show that the mean power (P) consumed by the load over one cycle is

(P) = 313 R,. 6]
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= Ve

z, (23+Za)= 227+ 22)

Mt be ahsled fr e feal ond ‘maghony pards
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W) L 1 2= R + §X,
2 2 = Q«l J"JX
= v V JWt"

V: CZ|"{‘Z'2)I
:[(R['['Rl,] +4 (xﬁ}(z)]l

jleot-¢)
T v [evefe ] e tonp = e

Powder aui\{;fojeci ' logd P=I?' R

Qﬂ!ﬁj resichve IOMT C?‘fC !’MFWCL {éf’]h‘lu‘}ﬂ
P=T 2Ry Cos™(wb~8)
(est or mnt &wmjeol ouer 1r:jcle, =k

- 2
ey = S IR

38



Phasors

f I=I,sin(wt)
@ R Vir=IR=I;Rsin(wt)
Q 1 .
f Ve =5 :Ej105|n(cot)dt
1
—— = ——I
C —=1L cos(wt)
1 .
— :EIO S|n(0)t—%)
I
dI

V =L
- dt

= oLI, cos(ot) = oL, sin(ot + 2)
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Phasors

K

Vycos(wt)

N

I,sin(wt)
S “—

Ve

||7V

= I,R sin(wt)
>

= I,R sin(wt) - L cos(ot)
@C

V. = — % cos(ot)

<

Vs,

40



RC phasors

I,sin(wt) R C I
N "7 V; = I ,Rsin(ot) - m—‘z:cos(cot)
I,R
>
Lo
. 1 )’
Ipsin(wt) V, = 10\/R2 + (_cj
@

Vysin(wt+¢) .
| | //P tano =

| / - oCR
i 1
—p=tan’| —— 4
® (mCR



Phasors — mathematics

V; = IR sin(wt) - I—%: cos(wt)
®

Vi=Vsin(wt+@)

1 2
V, =I,.[R? +| —
0 O\/ ((DC]

tane =

— oCR Asin(wt) + Bcos(wt) = Rsin(wt + ¢)

Rsin(wt + @) = Rsin(wt)cos(®) + Rcos(wt)sin(y)
A=Rcos(¢p) B=Rsin(p)

A?+ B2=R?

B/A = tan@p)



RL phasors

Iysin(

Vysin(

V; = I ,R sin(ot)+ oLI, cos(ot)

ot) R L
YL
—_—
A V=V,ysin(wt+@)
Q)LIO/ | 2
. V, = I,\R? + (oL)
I,R oL
tanp = —
anoe R
wt+Q)

I,sin(wt)
74

1T [ ol
tanl(RM 43



RL filter V, = I,4/R? + (oLY

. Vour = oLIyy
o /
>_
I,R
Vin L Vour :
O O
Vour - ol 1
Vin \/R2 + ((DL)Z
L
= (D%{ > O —> o VOUT —> 1
\/1 + (oo %) Vin
o —> 0 VOUT N 0
VIN

44
high pass filter



Phasors: RC filter

Vour _ 1 1
Vin oC \/RZ + (w%)z
1
— W —> ©
\/1 + (wRCY
o —0

45
low pass filter



CP2 June 2003

7. Define what is meant by a complex impedance. What are the complex impedances
of a resistor, a capacitor and an inductor?

7 L
R — UL
Ae—— 2R |—eX - ep
Y |
k_— ||
C

A voltage Vyp = Vjcoswt, where V|, is a real amplitude, is applied between the
points A and B in the network shown. Given that wC = 1/(Rv/15) and wL = R\/15,

(a) calculate the total impedance between A and B,

(b) wverify that voltages of equal amplitude are developed between the point X
and the points A, Y and Z, and

(c) determine the phase of Vx 7 relative to V4 p.

46



w(= ‘_‘_"ﬂ\“_g
Wl = RUE

(mpedances ¥
g el

~ Q\ '+(,J QJTS \Mpﬂo{dncﬁf i o8¢

‘ ﬁ.ﬁﬁ(t dJTs'")
2 R(gEE) E(tm\h?)

_ R real
&= Zig=10R  no nel phote de'ft
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by T clalte w({aﬂa ArpS  use. 5%%! poteial Aivider

J;, £ oA Za, J
VY % vab" Z+ 7, ' .
Vg = EZE; e *IS*V,-&E Vey = ;‘—E—&\/y?
Usg = Vag - ra?n;,m)% g
- H—Pj Pry. L'stvﬁe
- \E_‘Uﬂffk egmx'y

5e le.a.| = ‘nyl = lezl = 5[—\/9

) VUrz lags belnd Yo loy g, = BIViS

I

1!
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