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Programme for Hilary term (20 lectures)

Lectures 1-5

Rocket motion. Motion in B and E fields
Lectures 6-10

Central forces (orbits)

Lectures 11-15

Rotational dynamics (rigid body etc)
Lectures 16-20

Lagrangian dynamics
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11.1 Variable mass : a body acquiring mass
» A body of mass m has velocity v. In

time 4t it it acquires mass dm, which BEFORE AFESR
is moving along v direction with C’n) 57: mzom
velocity u R

» The change in mass mis m+ ém, v v+ov

the change in velocity vis v + dv

» Case 1: No external force. ~ Change of momentum Ap
=(m+om)(v+dv)—(mv+uéim)=0

After Before
mv + mov + vom mov —mv — m= mov v—u)om=20
> + mév + vém+ gmé usé oV + ( )
Ignore

» Divide by ¢t (time over which mass acquisition occurs) :
Ap ) om __
F=mi+ (v—u)§F =0

Relative velocity, w

» As ot — 0, m% + wa =0 (in this case & is -ve as expected)




A body acquiring mass - with external force

BEFORE AFTER
m om m+om
© = O
u
v v+ov

» Case 2: Application of an external force F

» NIl : change of momentum = Ap = Fét = mév + wdm
as before, where w = (v — u)

» Divide by 6t and let 6t — 0

dv dn __

Note : ONLY in the case when u = 0 does Z(mv) = F



11.2 Example - the raindrop

An idealised raindrop has initial mass my, is at height h above ground
and has zero initial velocity. As it falls it acquires water (added from
rest) such that its increase in mass at speed v is given by

dm/dt = bmv where b is a constant. The air resistance is of the form
kmv? where k is a constant.

» Formulate the equation of motion : m
d dm _ N
» mG +wG =F O

av an __ 2
— My + W = mg — kmv

» w=v(sinceu=0); 9 =>bmv h

» W+ (b+kVi=g

— VYV mg -kmv?

» Terminal velocity :

av __ _ g9
> @ =0 = vr=\/px



The raindrop, continued
Calculate raindrop mass vs. distance

an — pmv m
—O
d dmadt _ bmv _
dn— dnd — b — pm
— F — bd X
Integrate :  [log, M|y = [bX]g h ol
V. mg -kmy?
m = mg exp(bx)
(Mass grows exponentially with x)
» What is its speed at ground level ?
o RICRUUETI B
d loge(g9—(b+k)v?) \ 1"
» I e = Jo ox — h= |- (P ﬂo

> Solving: v, = \/ﬁ [1 — exp (—2h(b + k))]



11.3 Ejecting mass : the rocket equation

» A body of mass m has

velocity v. In time 6t it gjects ZIEFOIRIE [N Gt = TERUIN (L

mass dm, with relative n sm  m=om
velocity w to the body Q © Q
w
» Change of momentum Ap = ov
sm(v — w) + (m—ém)(v + 6v) BOOST CM BY VELOCITY v
v After BEFORE AFTER
—~—
Before m om m—om
= vém — wém + mv + mév— O . O
vém — §mév —mv v vow V4oV

Ignore

v

With external force : F = M = m%¥ — wih

v

ov om dm dm ;
As ot — 0, 8% — 2 & dm _, _dm (as5—, is +ve but I is -ve)

v

Hence, again, F = md" + w the rocket equation




11.4 The rocket : horizontal launch

Rocket equation:
m% + w2 = F =0 (no gravity)

Assume mass is ejected with
constant relative velocity to the
rocket w

mav=-wdm — dv=-wil

Initial/final velocity = v;, v¢
Initial/final mass = m;, m

Vi - _ My dm
fv, dv = Wm,- m

Vi — Vi = Wloge (m,-/mf)
This expression gives the

dependence of rocket velocity as
a function of its mass

m-om

vty

Time ¢

t+ot



12.1 The rocket : vertical launch
Rocket equation: Time ¢ t+6t
m% + wil = F

Rocket rises against gravity
F=-mg

Mass is ejected at constant ’
v

velocity w relative to the rocket

Rocket ejects mass uniformly:

S I M-

AT om

» Now consider upward motion:
» mdv = (—mg + wa)dt — f‘)l’_’ dv = ( 9+ ms at) dt

> V= V= [—g(ff — ;) — wlog, 22"72:25,’3}

= [-9(t — t;) — wlogg(mys/my;)]



Rocket vertical launch, continued
The rocket starts from rest at t = 0; half the mass is fuel. What is the
velocity and height reached by the rocket at burn-out at timet = T ?

mg Ckf) ax

» V= |—9gf— wloge (mo) } = [—QT— Wloge( m t)} — dr

» What is the condition for the rocket to rise 2 — % >0

Att=0, m=my, ¥=—-a : aw—mg>0 — w> ™I
Time ¢ ot
» m=my—at;atburnoutt=T, m=" - a=732
» Maximum velocity is at the burn-out of the fuel: A

Att=T: Vpax = —9gT + wlog, 2 -6 >

Height : Jy dx = [, [~gt — wlog, (1 — &1)] dt HHH -

o

-»

» Standard integral : [log,zdz = zlogez -z

x= e (1 ) (on, (1- 56)) - (1- &0

» After simplification : X = _gTTg +wT(1 —log,2)



12.2 The 1-stage vs. 2-stage rocket

A two stage rocket is launched vertically from earth, total mass

Moy = 10000 kg and carries an additional payload of m = 100 kg. The
fuel is 75% of the mass in both stages; burn rate o = 500 kg s’
thrust velocity w = 2.5 km s~'. The mass of the 2nd stage is 900 kg.
i) Calculate the final speed for the equivalent single stage rocket

ii) Find the final speed of the 2-stage rocket

(i) Single stage rocket :
Time to burn-out :
|57 =a—= T =0.75(M; + M)/500 [kg s~ '] m=100kg
From before : v = —gT + wlog,(m;/my)
m=M+M+m; m=025(M;y + M)+ m

Single stage : v; = 3.25km s M+M, =
10,000 kg

Earth’s escape speed :
GMem

2GMg

VR HUL

— Vesc — 112 km S_1 (Ie Vf < Vesc)
15
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(ii) The 2-stage rocket
Stage 1
y Pl=a — T =0.75M,;/500 [kg s~ 1
» vi = —gT + wlog,(m;/my)
=M +Mo+m; mf=025M;+M>+m
» After first stage :v; = 2.68km s~
Stage 2
y Pl=a — T =0.75M,/500 [kg s~ B
» vo = vy —gT + wlog,(m;/ms)
=Mo+m ; mi=025M,+m
» After second stage :
v, =2.68 +2.80 = 5.48km s~

» Need a 3rd stage, more thrust or less

payload to escape
16

mME100




12.3 Non-inertial reference frames

A frame in which Newton’s first law is not satisfied - the frame is
accelerating (i.e. subject to an external force)

S

0

Recall Galilean transformation but now u varies with time :

Galilean transformation

Accelerating frame

Position
Velocity
Acceleration
Force on mass

» So even if F(r) = 0, from NII, there is an apparent (or

“ficticious”) force acting in S’ of F/(r') = —m~2
at

du



12.3.1 Commonplace examples

Acceleration a F fcticious I m
Non-inertial
observer
|

NN

Inertial

]
140 observer
Fiicitious *
mg

|
|
T
1
|
|
|
|

Mass rotating in a circle

Accelerating train

> In the inertial frame

> Inthe inertial frame Centripetal acceleration provided by

S Fx=Tsin0 =ma tension in the string
S Fy=Tcosf —mg=0 T = mrw?
> In the non-inertial frame > In the non-inertial frame
S F} = Tsin6 — Fiigitious The block is at rest and its
ST F, = Tcosf — mg =0 acceleration is zero
2

In NIF need to introduce In NIF need Freiiious = mrw
Fretiious = Ma to explain the (centrifugal force) to balance the

displacement of the bob. tension in the string.
18



12.3.2 Example : accelerating lift

» First consider the lift in free-fall

» The ball is “weightless” (stationary or I
moves at constant velocity) according
to an observer in the lift — lift Fre.e )
becomes an inertial frame (like in deep o | falling lift
space) : NI.

» To this observer the fictitious
acceleration <—%) balances the N

gravitational acceleration




Observer in accelerating lift
Lift plus passenger (total mass M) is now
accelerated upwards with force F. Passenger
drops ball mass m’ from height h (M >> n7).

Total force on lift Fiot = F — Mg = Ma
Acceleration of lift a = 5 -g

According to passenger in lift frame, O
downwards acceleration of ball is

N
=(F-9)+9 =L (downwards)
Hence weight of ball appears to passenger to
be (F/M) x m’ Mg

Check this:
If F =0, free-fall, ball is weightless
If F = Mg, lift is stationary, ball has weight m’'g
» Time for ball to reach floor, use h = at? — t=,/2M

20



Observer watching from a frame outside the lift

Observer watches ball fall
with acceleration g and the

lift rise with acceleration Ball released
F
= —g FM _
M (F/M) -8 5ol hits floor
Equate times when ball
reaches floor:
2 2(h— M)
t: _— = - 7 ’
g F/M—g lm g |
L it el et PO
ball falling lift rising I o h_
F L 1

Solve for ¥ — H = @

E

Substitute back g

— t= /2 asbefore.

21



13.1 Magnetic Force on a Charged Particle

F=qvxB

» F is the magnetic force B. Tu:) °

» g is the charge RN

» v is the velocity of the o [’/ F #\) .
moving charge \\\ /

» B is the magnetic field ° \";/); °

Because the magnetic force is perpendicular to the
displacement (dW = F.dx), the force does no work on the
particle

» Kinetic energy does not change

» Speed does not change

» Only direction changes

» Particle moves in acircleif v L B
22



F=qvxB

. B o (o]
Newton’s second law in

components // \f
/ \

. !
> MX = FX o | F A R )
. N S~
> my = Fy \\\ ;/
> mZ = Fz ° V

Simple case: v perpendicular to B
» Magnetic force= centripetal force
» F=qvB= ’"T!’Z (magnitudes)
where R is the radius of curvature
> R = % = q—pB
p is the particle momentum
23




13.2 B Field only, v | B

mi=qgvxB
»mx=F,my=F, mz=F, B. Tu.o R
» B—fieldonly — B = Bk T X
> v =(%5.0) (Fle ) e
ik T
vxB=|Xx y 2z |=yBi-xB;j
0 0 B
- mE=qBy;  my——qB:x P ALE=0:
» X =wy; y=—-wx where w:q—% > 1,=(0.0,0)
»y=-wXx+c (y=0att=0—c=0) > Yo = (0, 0,0)
» X+w?x =0 — Xx = Aj coswt+A,sinwt
» Att=0,x=0 - A1 =0 — x=Assinwt
to

» X=Acwcoswt ; att=0, x=uy — A==

w
24



v

v

\4

v

v
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B Field only, continued

_ U
X = wsmwt

From before :
y = —wXx = —Up Sinwt

u,

y=%coswt+c
Att=0,y=0 - ¢ =-%
y =% (coswt—1)

x = Rsinwt (R="% = %M
y+ R = Rcoswt

— Circle x2+ (y + R)? = R?
Ifatt=0, vo=(Up,0,wp)

The particle will spiral in circles
about the z-direction:

z=wt; x>+ (y+R)?Z=R?




13.3 Motion under electric and magnetic fields
y

mi = qv x B+ qE B
» mx=Fy,my=F,mz=F, E X
» B—field— B = B,k q
» E—field— E = E,i
i j k
vxB=|x y z :}'/Bzi—).(sz
0 0 B,
> mX = qB;y + qEx; mj = —qB,x > Att=0:
>j'(:wy+qrix where w:qTB;Z ’Eoz(ovoao)
» y=—wx (as before y =0att=0) > vo =(0,0,0)

X + w?x = %2 solution x = xq + X2

v

» Complementary function : x; = Ay coswt + As sinwt

gE

> Particular integral : xo = =5

26



Electric and magnetic fields, continued

v

X = A1 coswt + Ag sinwt + fr’,ixg
Define a= qixz y
t=0,x=0 — A +a=0

t=0,x=0 — A, =0 /2 E x
]

x =a(1—coswt)

v

v

From before :

y = —wx =—aw(1 - coswt)
y =a(sinwt—wt)+c Pathof
Att=0,y=0 — ¢c=0 particle
y = a(sinwt — wt)

A

v

\

Location of
—acoswt=x—a circle’s centres

v

» asinwt =y + awt

— Acircle rolling down the —y axis : (x — a)% + (y + awt)? = &

27



13.4 Kinetic energy in E & B fields
13.4.1 Bonly, v | B "

» X = Dsinwt — X = Upcoswt = :
> y =% (coswt—1) {
— y = —Upsinwt
» T = Imlug cos wit]?+Fm[—up sinwt]? v
= Imu2 — No energy change B
1342 Band E (xayEx
N
» x=a(l —-coswt) - x =aw sinwt i\
» y = a(sinwt — wt) TN Pathor
— y=aw(coswt—1) Q parcle
» T=1m(aw)?(1+1—2coswt) Location of
circle’s centres
= Im(2aw)?sin® %! — W.D. by E field

28



13.5 Cyclotron motion (E & B fields)

» Let the electric field vary with
time as:

( coswt )

E=E | —sihwt |, B=B;k
0

» Can show by direct substitution

x(t) = Rlwtsinwt + sinwt — 1]

y(t) = Rwtcoswt — sinwt]

is a solution of the EOM

where R = ,‘777—502 andw:q—,ﬁz

w is the Cyclotron frequency .

(x+ R)2+ y? = R? [(wt)® + 1]

T= %m[xz +y? = %mR2w4t2

Target

lon Source

Y o - P = |
[.Po\e \Vucuum ZOsc'\llotDr

Deflector Tank Coupling

v

v

— particle accelerator o : i
29



14.1 Differentiation of vectors wrt time

Vectors follow the rules of differentiation:
>
>
>

>

v
Qe 8o 8o 8o [

axb)= Qbergx@ :gprrgxb (order is impt.)
dt dt

Orthogonality of differentiated unit vectors

. %(ff) — 2&% =0 (sincet.t=1) Q 2
: : LA

di | 4 [,
ThereforeEJ_g — EOCQ |

Derivative of any unit vector gives a vector perpendicular to it.

30



14.1.1 The position vector in polar coordinates

r = ro(icosd +jsing)

t = (icosf +jsinfd) is a unit
vector in the direction of r

9 — [~ising +jcosd] 6

6= (—isin6® +j cos) is a unit
vector perpendlcular tor




14.1.2 The velocity vector in polar coordinates

=r
v=ri="rf+rf

» From before £ =100
Generalcase: v—ri=ri+rfd

|~

>

=

For circular motion:
» Sincer=0

32
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14.1.3 The acceleration vector in polar coordinates
» From before v=+=Fr¢+rfd
»a=v=r~

g(rt) = i+ 100 (since = 00)
S(rod)=rfo+rfd+760
= —réPi+rof+r60

(since § = —6¢)

General case :
a=t=(r—ré?)t+(@2ro+rb)d

For circular motion:
» SincescalarsF =r=6=0

(no change in magnitudes of
radius or azimuthal acceleration)
2 _Va

a=-—rf?t=—w £
3 r

rt =
3



» The definition of angular momentum (or
the moment of momentum) J for a

p

r is the displacement vector from the
origin and p the momentum

» The direction of the angular momentum
gives the direction perpendicular to the

34

14.2 Angular momentum and torque

single particle: J=r x

plane of motion

>

>

Differentiate: % r X

dJ

Definetorque 7 =r x F

For multiple forces :

dt+dt><p

Definitions of force and velocity: F = 22 and v = %

dt

G =rxF+vxp <« thisterm=mvxv=0

= % (cf. Linear motion F =

Z: 1 X By =Ty

dp

dt

)



Torque depends on the origin

» Torque wrt origin O

T,=rxF

» Torque wrt point A
Ta=IpxF=rxF-RXF
=7 —RxF

» Hence in general 7, # 7,4

Same applies to angular momentum :

35



14.3 Angular velocity w for rotation in a circle
» Definition of angular velocity :

F=wxr » O

N

\VaP

» Note that i is always | r, sow is r,

defined for circular motion >\ r,
» Define A suchthatd = i x #

» Recall v=1=rr+rod

> For circular motion F =0; 6 =w_
— Ir=wxr=(wi)x (r&g) =rwh

Relationship between J and w
»J=rxp=mrxi=mrx(wxr)

Recall vector identity a x (b x ¢) = (a.c)b — (a.b) c

J=mrfw—-—m(-wr

» r-w = 0 since the circular rotation is in a plane

Hence J = Iw where I = mr? ; (generally I = " ;[m;r?])

v

v

v

36



15.1 Angular acceleration « for rotation in a circle

Angular velocity for rotationinacircle : t =w x ¢

»w=wh=0h
» Angular acceleration:

a=w

|3

Special case if « is constant —
>%:a—>w:wo+at >—\—“‘K>
> %:w — 9:90—|—w0t+%at2

Which should be recognisable

equations !

Relationship between 7 and « for rotation in a circle

<%

T=gdJ=1Ia

Q|

t

37



15.2 Angular motion : work and power
» Work linear motion :
dW =F -ds
- W=/[F-ds

» Work angular motion :

ds

ds = df x r (df out of page)
dW=F -ds=F - (df xr)
=(xxF)-df
(scalar triple product)
W= [rd0=[7 wdt
» Power :
Linear motion: P=F-v

Rotational motion: P=71-w
38



15.3 Correspondence between linear and angular quantities
Linear quantities are re-formulated in a rotating frame:

Linear/ translational quantities | Angular/ rotational quantities

Displacement, position: r [m] | Angular displacement, angle: 6 [rad]

Velocity: v [ms™] Angular velocity: w [rad s™]
Acceleration: a [m s~ Angular acceleration: o [rad s72]
Mass m [kg] Moment of inertia: I [ kg m? rad™"]
Momentum: p [kg m s] " Angular momentum: J [kg m? s™]
Force F [N = kg ms™2] Torque: 7 [kg m? s~2 rad "]
Weight £y [N] Moment [N m]

Work dW = F - dx [N m] Work W =7-df [Nm]

39



15.3.1 Reformulation of Newton’s laws for angular motion

1. In the absence of a net applied torque, the angular velocity
remains unchanged.

2. Torque = [moment of inertia] x [angular acceleration]
T =Ia
This expression applies to rotation about a single principal
axis, usually the axis of symmetry.
(cf. E = ma). More on moment of inertia comes later.

3. For every applied torque, there is an equal and opposite
reaction torque. (A result of Newton’s 3rd law of linear
motion.)

40



15.3.2 Example: the simple pendulum

Derive the EOM of a simple pendulum using angular variables:

=r) — v=rh
» B =mrvz = (mr?f)z
(since z is a constant vector)

aJ 2
> G =T — mr § = —mgrsiné

» 0+ 9sing=0

41



15.4 Moments of forces

Simple example : ladder against a wall

» If no slipping, torques (moments) must balance

» About any point:
27:1 rxFi=745=0
» Moments about O
mg5 cos 6 = NoLsin 6
» Also balance of forces in equilibrium
mg = Nj and Fs = uNy = N»
General case: body subject to gravity.
Total moment :
» M= [,rxgpdV massterm
+> %, r; x F; external forces
— Jsr x (pn dS) surface pressure

42




15.5 Central forces

» Central force: F acts towards
origin (line joining O and P)

always.
» F=f(r)t only
» Examples:

Gng

Gravitational force F = —
Electrostatic force F = ;2%;¢
TEQl

43



15.5.1 A central force is conservative
A force F is conservative if it meets 3 equivalent conditions:
1. Thecurlof Fiszero: VxFE =0
2. Work over closed path W = §.F - dr = 0, independent of path
3. F can be written in terms of scalar potential F = - VU

» Equivalence of 1 & 2 from Stokes’ theorem
Js(V xFE)-da=§,F-dr=0

» Equivalence of 1 & 3 from vector calculus identity :
Vx(VU)=0

For a central potential, take the grad of U(r) :
> In cartesians VU(r) = 200V ¢

—

¥ and 2 terms)

i ou _ U or . - x ou(r) &
» Chainrule 57 = §-57 1 VU(r) = s o X +...

XSAy9+22

» Since e =f = —VU(r)=-220% =f(r)¢ =F(r)

The grad of the scalar potential has only one non-vanishing
component which is along # (— central force).
Hence condition (3) is satisfied — central force is conservative force.



16.1 Central force : the equation of motion
» Recall the acceleration in polar coordinates

a=F=(F—ré?)t+(2rf+rb)d

» If E=f(r)t only,then Ff, =0
— Fp=m(2r6+rf)=0

— Fr=m(F—r6?) =1f(r) r .

» Consider 4(r20) =2rrf+r? .
Hence 1 §(r20) = 0 Y
— (r29) = constant of motion O

» The angular momentum in the plane :
J=mrxv=mrx(rt+r6f)=(mr2)i
wherer x# =0 and A=#% x 0

> Torque about origin : 7 = % = r x F = 0 (F acts along r)

Angular momentum vector is a constant of the motion
45



16.2 Motion under a central force

16.2.1 Motion in a plane

»J=mrxv
» Angular momentum is always perpendicular to r and v
» Jisaconstantvector; J-r=0;J-v=0

(x,y) plane

Motion under a central force lies in a plane
46



16.2.2 Sweeping out equal area in equal time

» Central force example : planetary motion : |F,| = Gﬁﬁ”’
» Angular momentum is conserved
— |J| = mr? 6 = constant
m

dA
)
3 r(t)

TN

sun

» dA~ 1 r2dd
dA )
9@ — L —constant  (Kepler 2™ Law)

Orbit sweeps out equal area in equal time
47
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v

v

v

v

v

16.3 Central force : the total energy

Total energy = kinetic + potential :
E =T+ U(r) = 1mv2 + U(r) = constant
v=ri+r — |v]? = (&+rf)- (& + réd)
— |v|2 =12+ r26? (sincet-0=0)
E = imi? + Imr26? + U(r)
No external torque: angular momentum is conserved
— |J| = mr? § = constant
E=1mi+ .2, + U(r)
Potential energy for a central force
U=~ [, B-de=— [ fr)dr



16.3.1 The potential term (inverse square interaction)

s F=—4% » f(=-4

[Attractive force for A >0 —
signs are important 1

» U(r) = f

» U =-7+7
Usual to define U(r) = 0 at M
Tref = X0
- U(r)y=-1%

Newton law of gravitation : F = —EMm3 _, (j(r) = —GMm

49



16.3.2 Example

A projectile is fired from the earth’s surface with speed v at an angle
« to the radius vector at the point of launch. Calculate the projectile’s
subsequent maximum distance from the earth’s surface. Assume that
the earth is stationary and its radius is a.

50
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16.3.2 Example : solution

> ( ) GMm

y| = mav sin o

> |J| = mr x

v

Energy equation : E = fmi® + ;-;

+ U(r)

ma?v2sin®a  GMm
2r2 r

Atr=a: E=Jmv?— GMm At maximum height : 7 =0

— E=71mi?+

v

12 GMm _ ma?v2sina  GMm
- 2mV a 2r,§,ax I'max (1)

— (Vz o @) rr2nax+26Mrmax —av2sina =0

Solve and take the positive root

v

» Note from Equ.(1) : When r — 0 as rmax — oo , the rocket
just escapes the earth’s gravitational field

G 2GM " (independent of «)

a

e 1
ie. zmv? —
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17.1 Effective potential

Energy equation : £ = 1mi2 + 22, + U(r)

2mr?

Define effective potential : Ugst(r) = 527 + U(r)

— then E = mi? + Ugs(r)

Note this has the same form as a 1-D energy expression :
— E=71Imx®+ U(x)

— the analysis becomes 1-D-like problem since J = const

Allows to predict important features of motion without
solving the radial equation

— $mi? = E — Ugn(r) « LHS is always positive
— Ueff(r) < E

The only locations where the particle is allowed to
go are those with Ugy(r) < E



17.1.1 Ugg(r) for inverse square law

2
> Uerr(r) = gz — 7

» Ugs(r) < Epor forall r

Three cases :

» Eit < 0: Bound
(closed) orbit with
n<r<r

» Eit has minimum
energyatr=rnry:

=0, circular
motion with r =0

» Eir > 0: Unbound
(open) orbit with
r>r;
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17.2 Examples
17.2.1 Example 1 : 2-D harmonic oscillator

» F = —kr (ignore the natl‘JlraI length of the spring)

Energy equation : y
E = 5mi® + Uen(r) I vy

Ueti(r) = 525 + Lkr? A NAAAAAAAN

Forcirculaz:qr:otion'rzo: VVVVVUV\’VU\’ —3;

au,
Emin when =5t =0 Fo

— —r#—; + krp=0 Including the natural length:
0 >E:—k£—>£=—k(£—§)

» U= 1k — U= Jk(r— a)?

where J = mvyry

Leads to m,—(‘:g =k i
my;

as expected Leads to =2 =k (ro — a)
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Example continued

J2 142
> Uen(r) = sm T Ekr

v

For general motion :

» F = —kr

— mx = —kx

— my =—ky

Solution for B.C’s at t = 0:
X=r,y=0x=0

v

— X = rnpcoswt
— ¥y =nsinwt

where w? = £
> Ellipse:  (£)?+(£)? =1
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17.2.2 Example 2 : Rotating ball on table

Two particles of mass m are connected by a light inextensible string
of length ¢. The particle on the table starts at t = 0 at a distance ¢/2
from the hole at a speed v, perpendicular to the string. Find the
speed at which the particle below the table falls.

» Energy equation : 7 -
E = bmi% + 5+ U() C?'/“x/

> = U — 19
y r1 _Z(r) 1 _r:gy y=lr
» E=Zmir* 4+ smy°+
+2#7r2 mg( ) o

> Att=0:J="0 E=1mgZ - mg}

. . 7 2
» Solution : 12 = % _ (EVo) 1 _gr.

Condition for the particle on the table to move in circular motion

; mv? . V2 1
— r=0, Equate forces Wg =mg — gives a% =3
56



Example 2 continued : effective potential

» Effective potential : Ugyr = 2mr2 —mg({—r)
» Closed orbit with rpy, < r<¢/2

» Ball never passes though hole in absence of friction,
minimum radius r = rmip

PE

-mgl/2

J/(2mr?)

-mgl
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>

v

v

v

v

v

18.1 The orbit equation

Note that the derivation of this is off syllabus

Acceleration in polar coordinates
a=i=(F—re?)g+1 dt(r20)9

If F=f(r)# only, then Fy =0 .J = mr20 = constant.

— Fr=m(f—r6?)=—45 (gravitational force, o« = GmM)
. 2 3 j2 2

Hence 7= 45— -2 =LL o (whereu=1) (1)
f—déd _ J o _ _Jd(/r) _ _Jdu

= dfd6 ~ mPdo T m do — mdo
S dpy_dod (_Jdu) _ (P, 2y
r—m(’)—mw( m:*) —(zU?) %4

T C (P2l B2 R

Substituting in Eq (1) : —(:2)u" gz = 5 — "7

d?u __ mao d?u _ 1 _ 2
- g = Ut E o ge=Uty (= 50)
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The orbit equation continued

Pu_ gyl _1 _ P
G0z = u+ where u=;and ==

» Solution is 1; = ,1—0 + C cos(f — 6y) where C, 6y = constants
r(0) = reesmay) € = eccentricity (e = Cr)

» This is in the form of an ellipse’. Also have a link between
angular momentum and the ellipse geometry (J2 = mary).
]L More precisely a conic section, which includes hyperbola, parabola and circle.

Choose major axis as x Y i

axis — 6p=0 e
r(0) = 1+erocosa / 7/.{0 b
Equivalent form of ellipse : s,
(32 + (5?2 =1 F X
b=ay/(1-¢€?) :

(1-¢)



(9) - 1+e cosH

» Closest approach § =0

“ . 2] I
perigee”  Imin = 175
Furthest approach 6 = «
‘apogee” Imax = 1%

18.1.1 The ellipse geometry
Example of a rotating planet : the sun is at the ellipse focus F

&)+ () =

(r = 0 in both cases)

> I'max + I'min = 28 =

= rp=a(1l-é€?

I
> XC+rmln:a_>XC+H_706

2/’0
1—e?

— Xxe=a—a(l—e)=ae

» At point A, r2:x§_|_b2; COS@:—X—rC; r

— (fo + exc)? = X5 + b? —

Any
w~ N
\\\ 7‘
\\ 9 P
2b{—— >
' Olx. F z
v Lnax Fonin
2a
=a
— fo
T 1—exc/r
(a(1 — €?) + €2a)” = 22 + b2
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18.2 Kepler’s Laws

» KI: “The orbit of every planet is an ellipse
with the sun at one of the foci”.
[Already derived]

» KllI: “A line joining a planet and the sun
sweeps out equal areas during equal
intervals of time”.  [Already derived]

» KIII: “The squares of the orbital periods of
planets are directly proportional to the cubes
of the semi-major axis of the orbits”.



18.2.1 Kepler 111

“The squares of the orbital periods of planets are directly proportional
to the cubes of the semi-major axis of the orbits”

This is trivial for a circle : v
— mrw? = mr(5)? = €5 79
26y ’ g "
— r0 T QK
For an eIIipse' sun
A _ 1,25 J _
» B = 1120 =L = constant

v

Integrate A = fo sodt — A2 = (52)?T?
From before : rp = a(1 — €2), b=a/(1 — €2) » a= %f

Area of an ellipse : A= rmab — A? = r2a%n

v

v

Putting it all together — T2 x &°

v
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18.2.2 Planetary data

Kepler-1ll “The squares of the orbital periods of planets are directly
proportional to the cubes of the semi-major axis of the orbits”

Pluto e
Neptune. o
Uranus ¢~

5 10 e
< Sah{m_ .
é Jupiter &~ ’
2 !
(=]
g .
g - Mars
S 3

1 _~Earth

_* Venus
* Mercury
0.1 1 10 100
Period (yr)

» IMPRESSIVE !
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18.3 Elliptical orbit via energy (Epmin < E < 0)

_ 1,32 J? a
> E=gmr t o T

» At turning points . R

r=0 —r="rpjp0f I = Imax

y E— £ _«a
2mr2 r

2 a S
= I+ g~ =0

2 ]2
=g [P+ e
N 2ES s
> fminmax = — (z£) [1 £ (1 + ma2)2] Also:
—————
e (1+ ZEJ 1)) =e
E=1T (92—1)
Fmax = — 2E(1+e) , Tmin = — 2E(1—e) st(ez_”
N—_—— N—_———— fo
=a(l +e) =a(1-e) where ry = m and

e = eccentricity of ellipse.

Consistent with the orbit equations. NICE!
64
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Elliptical orbit via energy, continued
r(0) =

Total energy in ellipse parameters

1+e COS@

E=2(#-1) Hyperbola
Parabola e=14
Pezo,r:r’E:—& E:10 a:2.5
° 2n a=10

— motion in a circle
fo<e<1, E<O

v

Lo : Ellipse Circle
— motion is an ellipse e=06 e=00
» lfe=1, E=0 a=25\ a=10

r(0) = 5350
— motion is a parabola
fe>1, E>0
— motion is a hyperbola

v
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19.1 Example: mistake in the direction of a satellite

» Mistake is made in boosting a satellite, at radius R, into circular
orbit : magnitude of velocity is right but direction is wrong.

» Intended to apply thrust to give velocity vy along circular orbit.

» Instead thrust at angle 6 wrt direction of motion.

» Energy of orbit is right, angular momentum is wrong.

Ve

What is the perigee and apogee of
the resulting orbit? (Points B&.C)

» Conservation of angular
momentum, points A & B

J = mvyRsin(3 — 0) = mvgrg
» Energy at A = energy at perigee B

. . 1 2 a _ 1,2 S a
Obtained orbit émvo ~— R — er + 2mr§ s

Initial circular orbit where o = GMm

66
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19.1 Example continued

At point B, r = 0, energy conservation becomes
1,9 o  MVER2cos20

2™~ R= " omZ 1

Equate forces for circular motion to get vy :

2
I77V0_g

2 _ «
R R VTR
Sub for v0 energy conservation becomes
aRcos?d o

S
2R R~ 2 5
1 _ Rcos?f 1
2R~ " 22 7
2 2 Anc2 g —
(x2Rrg) — rg—2Rrg+ R?cos?60 =0
rs=R—-+vR?2 - R2cos?0 ,also rc = R+

rs = R(1 —sin®) Perigee
rc = R(1 + sinf) Apogee

R2 — R2cos? 4
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19.1.1 Orbits with the same energy

J>J

1/

Etot




19.2 Impulse leaving angular momentum unchanged

» Example: A satellite in circular orbit has been given an impulse
leaving J unchanged. The kinetic energy is changed by
T = 3Ty. Describe the subsequent motion.

» If Jis not changed, impulse must be perpendicular to the
direction of motion, with angular part of the velocity unchanged.

- E=imi?+ L, o mpulse
» Circular orbit: A
—r=0,J=mrvy (1) vy
— Einitias = 3mMVE — & r
» Equate forces :
2
— ’%’o = %
V= (2
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19.2 Example continued

»Nwmmmammw:Eszwm@—%

» Equate energies: subsequent motion described by:

1 2 _a _ 1,2 J2 o
> pBmyg - =amt g = (8)

» Now solve for rpyn, rmax - Setr =20
» From (1), (2), 8) — (B—2)r2+2rr—r2=0

Fmin,max = (B—2)

» Example: 5 =1.001 — rpax = 1.033r9 rmin = 0.968 ry

|
| Changes in orbit
. as a result of
impulse
70
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19.2.1 Orbits with the same angular momentum

. _ a
> Lellipse — — 53
. _ 6]
> Lcircle — T2y,
2a
2
N

)
TN
")

Uy

20

o

J*  a

2
2mr® r J=(mv,ry)'”?

}"] E

ellipse
3

E

circle
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19.3 Mutual orbits

» The two bodies make a mutual elliptical orbit on either side
of the C of M (origin) in a straight line through the C of M

» Relative position vector: r=r, —r;
» Definition of C of M about O : myr; + mory =0




Mutual orbits continued

» Internal forces: F15 = myr; , Fop = mor,

Then g:fz_fl:%l_%z
But F,, = —Fy
» Hence #=Fy (m%erig)

inel=_1 .1 — _mmy
»Deflne“_m1+m2 = b=

u is the reduced mass of the system

» Hence juf = Fy

Gp,(m1+m2) £
lro—1q[% = lro—ry[?

and ur=—
» Therefore Newton’s Second Law for mutual motion can be
re-written in terms of the position of the second body with
respect to the first. The second body has the reduced mass
which orbits round the first body with an effective mass equal to

. the sum of the two masses.
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19.3.1 Example: binary star

A binary star consists of two stars bound together by gravity moving
in roughly opposite directions along a nearly circular orbit. The period
of revolution of the starts about their centre of mass is 14.4 days and
the speed of each component is 220 km s~'. Find the distance
between the two stars and their masses.

» Forsingle star: v=(5)w= 527r

>

v

v

v

v

Z
r_— 8.7 x10"0m

Mutual motion : p (F — r 62)¢ = — STy

For circular motion :
F=r=0, ré2=constant = rw?
Equating forces :

2 Gmymy, __ Gu(mi+mo
Fii? = r122_ (my )

(M +mp) = 22 5 my = my (symmetry)
my = my =1.25 x 1032 kg
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