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26.1 Conjugate momentum and cyclic coordinates

> The E-Lequationis § (2£) = o& withL=T-U
» Define conjugate (generalized) momentum : py = (%Lk
Note this is not necessarily linear momentum !
— eg. simple pendulum L = $m¢26? + mgt cos 6

— 26— mi®) : which is angular momentum
» Following on, E-L equation reads  px = =

v

If the Lagrangian L does not explicitly depend on g, the
coordinate q is called cyclic or ignorable

v

With no gk dependence :
aL _ — oL _
Sq = 0 and px = 55 = constant
The momentum conjugate to a cyclic coordinate is
a constant of motion



26.2 Example : rotating bead

A bead slides on a wire rotating at constant angular speed w in
a horizontal plane

>

>

»

v

Polar coordinates v = £ + réé
L=T-U withU=0

L= Imi? + Fmr2w?

Single variable qx — r

EL §(%)=%

at or
oL d (0L _ my
ar_mraa<§>_mr
oL 2
o = = mMrw

E-L—>mi—mrw?=0
Central force Foentrar = Mw?r
r = Ae*! + Be~+!



Example : rotating bead continued

What happens if the angular speed is now a free coordinate ?

>

>

>

L= Imi?+ 1mr2¢2
Two variables gx — r, 6
r variable: as before
—~mF—mré2 =0

d (aL\ _ oL
¢ variable: ( ) = %

a6
oL _ 24
55 = mr 0
L _
26 =0

E-L:mr?6 =% <mr2é) =0

— Conservation of angular
momentum



26.3 Example : simple pendulum

Evaluate simple pendulum using Euler-Lagrange equation

» Single variable gx — ¢
»v=100

» T = %mgzéz

» U= —mglcosb

> L=T-U=tme?6? + mglcos( |

oL 2 d (oL _ 2
> %= mig — & (%) = med

» 9L = —mglsing
» E-L — m?0 + mglsing =0
—~0+9sing=0
This is great, but note that the method

does not get the tension in the string
since ¢ is a constraint (see next slide).

¥

____________________________



26.3.1 Dealing with forces of constraint
For the simple pendulum using Euler-Lagrange equation. The
method did not get the tension in the string since ¢ was constrained.

If we need to find the string tension, we need to include the radial
term into the Lagrangian and to include a potential function to
represent the tension:

» {—r, add Jmi?, add V(r)

» L=1mi? + Imr262 + mgrcos® — V(r
2 2

oL _ d (oL

o =mr — & (5

dt
AL _ 2 _
S = mrf= + mgcoso

aVv(r)
or

» 200 — (_T) with T inthe —£ dir".

>

» E-L — mi = mr6® + mgcos6 — T

» Reintroduce F =0andr=2/¢ v=ré

2
myv
— = T —mgcosf as expected from NIl
r ~ ———
~ Tension Weight
Centripetal force
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26.3.2 The Lagrange multiplier method
An alternative method of dealing with constraints.
Back to the simple pendulum using Euler-Lagrange equation - - -
Before : single variable gx — 6. This time take TWO variables x, y but
introduce a constraint into the equation. L=T - U
» L= Im(X2+y2)+mgy+IN(x2+y2—2)
A is the Lagrange multiplier

! (%) — 9 (including \)

0q; oq;
x coord. — mX = \x (1)
ycoord. - my=mg+ 2y (2)
Acoord. = x2+y2 -2 =0 (3)
(which reproduces the constraint)

Comparing with Newton Il : mx = —% ; my =mg— -
We see from the NIl approach the Lagrange multiplier A is

proportional to the string tension A\ = —% and introduces force
8
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