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19.1 Example: mistake in the direction of a satellite

» Mistake is made in boosting a satellite, at radius R, into circular
orbit : magnitude of velocity is right but direction is wrong.

» Intended to apply thrust to give velocity vy along circular orbit.

» Instead thrust at angle 6 wrt direction of motion.

» Energy of orbit is right, angular momentum is wrong.
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What is the perigee and apogee of
the resulting orbit? (Points B&.C)

» Conservation of angular
momentum, points A & B

J = mvyRsin(3 — 0) = mvgrg
» Energy at A = energy at perigee B
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Initial circular orbit where o = GMm
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19.1 Example continued

At point B, r = 0, energy conservation becomes
1,9 o  MVER2cos20

2™~ R= " omZ 1

Equate forces for circular motion to get vy :
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Sub for v0 energy conservation becomes
aRcos?d o
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(x2Rrg) — rg—2Rrg+ R?cos?60 =0
rs=R—-+vR?2 - R2cos?0 ,also rc = R+

rs = R(1 —sin®) Perigee
rc = R(1 + sinf) Apogee

R2 — R2cos? 4



19.1.1 Orbits with the same energy

J>J
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19.2 Impulse leaving angular momentum unchanged

» Example: A satellite in circular orbit has been given an impulse
leaving J unchanged. The kinetic energy is changed by
T = 3Ty. Describe the subsequent motion.

» If Jis not changed, impulse must be perpendicular to the
direction of motion, with angular part of the velocity unchanged.

- E=imi?+ L, o mpulse
» Circular orbit: A
—r=0,J=mrvy (1) vy
— Einitias = 3mMVE — & r
» Equate forces :
2
— ’%’o = %
V= (2




19.2 Example continued

»Nwmmmammw:Eszwm@—%

» Equate energies: subsequent motion described by:

1 2 _a _ 1,2 J2 o
> pBmyg - =amt g = (8)

» Now solve for rpyn, rmax - Setr =20
» From (1), (2), 8) — (B—2)r2+2rr—r2=0

Fmin,max = (B—2)

» Example: 5 =1.001 — rpax = 1.033r9 rmin = 0.968 ry

|
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19.2.1 Orbits with the same angular momentum
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19.3 Mutual orbits

» The two bodies make a mutual elliptical orbit on either side
of the C of M (origin) in a straight line through the C of M

» Relative position vector: r=r, —r;
» Definition of C of M about O : myr; + mory =0




Mutual orbits continued

» Internal forces: F15 = myr; , Fop = mor,

Then g:fz_fl:%l_%z
But F,, = —Fy
» Hence #=Fy (m%erig)

inel=_1 .1 — _mmy
»Deflne“_m1+m2 = b=

u is the reduced mass of the system

» Hence juf = Fy

Gp,(m1+m2) £
lro—1q[% = lro—ry[?

and ur=—
» Therefore Newton’s Second Law for mutual motion can be
re-written in terms of the position of the second body with
respect to the first. The second body has the reduced mass
which orbits round the first body with an effective mass equal to

0 the sum of the two masses.
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19.3.1 Example: binary star

A binary star consists of two stars bound together by gravity moving
in roughly opposite directions along a nearly circular orbit. The period
of revolution of the starts about their centre of mass is 14.4 days and
the speed of each component is 220 km s~'. Find the distance
between the two stars and their masses.

» Forsingle star: v=(5)w= 527r
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r_— 8.7 x10"0m

Mutual motion : p (F — r 62)¢ = — STy

For circular motion :
F=r=0, ré2=constant = rw?
Equating forces :

2 Gmymy, __ Gu(mi+mo
Fii? = r122_ (my )

(M +mp) = 22 5 my = my (symmetry)
my = my =1.25 x 1032 kg
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