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18.1 The orbit equation

Note that the derivation of this is off syllabus

» Acceleration in polar coordinates
a=i=(F—re?)g+1 dt(r20)9

If F=f(r)# only, then Fy =0 .J = mr20 = constant.

v

— Fr=m(f—r6?)=—45 (gravitational force, o« = GmM)
- J2 3 2 2 4
> Hence r= m2r3 # - um2 - UTa (where u = 7) (1)
» p—doadr _ J d _ _Jd(d/r) _ _Jdu
~ dtdd ~ mPde — " m do mdo
p_d(py_dod (_Jadu) _ _ (S, 2\ u
’r—m(’)—mw( m:*) ~(eUP) 58
. . . . J 2d2 . 3J2 2
» Substituting in Eq (1) : —(;z)u 3z = 5 — %

d?u __ mao d?u __ 1 _ 2
— g = Ut E o @g=utg (0= 50)
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The orbit equation continued

Pu_ gyl _1 _ P
G0z = u+ where u=;and ==

» Solution is 1; = ,1—0 + C cos(f — 6y) where C, 6y = constants
r(0) = reesmay) € = eccentricity (e = Cr)

» This is in the form of an ellipse’. Also have a link between
angular momentum and the ellipse geometry (J2 = mary).
]L More precisely a conic section, which includes hyperbola, parabola and circle.

Choose major axis as x Y i

axis — 6p=0 e
r(0) = 1+erocosa / 7/.{0 b
Equivalent form of ellipse : s,
(32 + (5?2 =1 F X
b=ay/(1-¢€?) :

(1-¢)



(9) - 1+e cosH

» Closest approach § =0

“ . 2] I
perigee”  Imin = 175
Furthest approach 6 = «
‘apogee” Imax = 1%

18.1.1 The ellipse geometry
Example of a rotating planet : the sun is at the ellipse focus F

&)+ () =

(r = 0 in both cases)

> I'max + I'min = 28 =

= rp=a(1l-é€?

I
> XC+rmln:a_>XC+H_706

2/’0
1—e?

— Xxe=a—a(l—e)=ae

» At point A, r2:x§_|_b2; COS@:—X—rC; r

— (fo + exc)? = X5 + b? —
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T 1—exc/r
(a(1 — €?) + €2a)” = 22 + b2



18.2 Kepler’s Laws

» KI: “The orbit of every planet is an ellipse
with the sun at one of the foci”.
[Already derived]

» KllI: “A line joining a planet and the sun
sweeps out equal areas during equal
intervals of time”.  [Already derived]

» KIII: “The squares of the orbital periods of
planets are directly proportional to the cubes
of the semi-major axis of the orbits”.



18.2.1 Kepler 111

“The squares of the orbital periods of planets are directly proportional
to the cubes of the semi-major axis of the orbits”

This is trivial for a circle : v
— mrw? = mr(5)? = €5 79
26y ’ g "
— r0 T QK
For an eIIipse' sun
A _ 1,25 J _
» B = 1120 =L = constant

v

Integrate A = fo sodt — A2 = (52)?T?
From before : rp = a(1 — €2), b=a/(1 — €2) » a= %f

Area of an ellipse : A= rmab — A? = r2a%n

v

v

Putting it all together — T2 x &°
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18.2.2 Planetary data

Kepler-1ll “The squares of the orbital periods of planets are directly
proportional to the cubes of the semi-major axis of the orbits”
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» IMPRESSIVE !



18.3 Elliptical orbit via energy (Epmin < E < 0)

_ 1,32 J? a
> E=gmr t o T

» At turning points . R

r=0 —r="rpjp0f I = Imax

y E— £ _«a
2mr2 r

2 a S
= I+ g~ =0

2 ]2
=g [P+ e
N 2ES s
> fminmax = — (z£) [1 £ (1 + ma2)2] Also:
—————
e (1+ ZEJ 1)) =e
E=1T (92—1)
Fmax = — 2E(1+e) , Tmin = — 2E(1—e) st(ez_”
N—_—— N—_———— fo
=a(l +e) =a(1-e) where ry = m and

e = eccentricity of ellipse.

Consistent with the orbit equations. NICE!
9
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Elliptical orbit via energy, continued
r(0) =

Total energy in ellipse parameters

1+e COS@

E=2(#-1) Hyperbola
Parabola e=14
Pezo,r:r’E:—& E:10 a:2.5
° 2n a=10

— motion in a circle
fo<e<1, E<O

v

Lo : Ellipse Circle
— motion is an ellipse e=06 e=00
» lfe=1, E=0 a=25\ a=10

r(0) = 1750
— motion is a parabola
fe>1, E>0

— motion is a hyperbola
10
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