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OUTLINE : 17. EFFECTIVE POTENTIAL & SIMPLE
EXAMPLES

17.1 Effective potential
17.1.1 Ugg(r) for inverse square law

17.2 Examples
17.2.1 Example 1 : 2-D harmonic oscillator
17.2.2 Example 2 : Rotating ball on table



17.1 Effective potential

Energy equation : £ = 1mi2 + 22, + U(r)

2mr?

Define effective potential : Ugst(r) = 527 + U(r)

— then E = mi? + Ugs(r)

Note this has the same form as a 1-D energy expression :
— E=71Imx®+ U(x)

— the analysis becomes 1-D-like problem since J = const

Allows to predict important features of motion without
solving the radial equation

— $mi? = E — Ugn(r) « LHS is always positive
— Ueff(r) < E

The only locations where the particle is allowed to
go are those with Ugy(r) < E



17.1.1 Ugg(r) for inverse square law

2
> Uerr(r) = gz — 7

» Ugs(r) < Epor forall r

Three cases :

» Eit < 0: Bound
(closed) orbit with
n<r<r

» Eit has minimum
energyatr=ry:
=0, circular
motion with r = 0

» Eir > 0: Unbound
(open) orbit with
r>r;
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17.2 Examples
17.2.1 Example 1 : 2-D harmonic oscillator

» F = —kr (ignore the natl‘JlraI length of the spring)

Energy equation : y
E = 5mi® + Uen(r) I vy

Ueti(r) = 525 + Lkr? A NAAAAAAAN

Forcirculaz:qr:otion'rzo: VVVVVUV\’VU\’ —3;

au,
Emin when =5t =0 Fo

— —r#—; + krp=0 Including the natural length:
0 >E:—k£—>£=—k(£—§)

» U= 1k — U= Jk(r— a)?

where J = mvyry

Leads to m,—(‘:g =k i
my;

as expected Leads to =2 =k (ro — a)
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Example continued

J2 142
> Uen(r) = sm T Ekr

v

For general motion :
> E = —kE
— mx = —kx

— my = —Kky Uar

Solution for B.C’s at t = 0:

v

Ew

X=r,y=0x=0
— X = coswt

— y=rnsinwt Ein

2 _ k
where w® = ~

» Ellipse: (£)? + (%)2 -1
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17.2.2 Example 2 : Rotating ball on table

Two particles of mass m are connected by a light inextensible string
of length ¢. The particle on the table starts at t = 0 at a distance ¢/2
from the hole at a speed v, perpendicular to the string. Find the
speed at which the particle below the table falls.

» Energy equation : 7 -
E = bmi% + 5+ U() C?'/“x/

> = U — 19
y r1 _Z(r) 1 _r:gy y=lr
» E=Zmir* 4+ smy°+
+2#7r2 mg( ) o

> Att=0:J="0 E=1mgZ - mg}

. . 7 2
» Solution : 12 = % _ (EVo) 1 _gr.

Condition for the particle on the table to move in circular motion

; mv? . V2 1
— r=0, Equate forces Wg =mg — gives a% =3
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Example 2 continued : effective potential

» Effective potential : Ugyr = 2mr2 —mg({—r)
» Closed orbit with rpy, < r<¢/2

» Ball never passes though hole in absence of friction,
minimum radius r = rmip

PE

-mgl/2

J/(2mr?)
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