CP2 ELECTROMAGNETISM

https://users.physics.ox.ac.uk/~harnew/lectures/

LECTURE 5:
GAUSS LAW

Neville Harnew' V.E:%
University of Oxford V'B=OaB
HT 2022 VRS

or

1
—VxB=J+¢g
Ho

1 "With thanks to Prof Laura Herz



OUTLINE : 5. GAUSS LAW
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5.2 Gauss’ Law
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5.4 Example : Spherically symmetric charge distributions



5.1 Introduction to solid angles

» Consider an element of area on a
sphere. Define a vector of surface
element da normal to the surface :

» da = (rsinfd¢) x (rdd) &

da =r?sin0dfdo i
N —
» Define dQQ =sin6dfd¢ as a solid

angle element.

rsin® do

(note that dQ2 is independent of r)
» Hence :
2 T
fsurface dQ = fO fo sinfddfd¢ = 4n



5.2 Gauss’ Law

Calculate the flux d®g = E - da through an infinitesimal area
da of surface S at a distance r away from a point charge q

» ddg=E-da=E-dacosa Surface S

» Note that (da cos «) is the surface element
da of S resolved onto the sphere centred
on charge g

» Hence dog = ( q r%) - (r?sin6 do do )

4Teq

= 1 sin# df d¢ independent of r
—_——
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» Therefore for any closed surface

fﬁc/osedE'@:g % HencefE'@:g
surface 0 0
» It does not matter WHERE q is inside the surface for this to

hold (because flux dog is independent of r) !



Gauss’ Law

{ < ifqis INSIDE closed surface

0 ifqis OUTSIDE closed surface
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Components of §s E.da cancel
flux

E = Qf4meqr?



5.3 Gauss’ Law for a collection of charges
> §E;-da= 2 forany charge enclosed

v

Apply the principle of superposition
§5,E;-da= M (3>, E; is the sum
of field components on the surface)

Gauss Law: §sE-da= &

€0
E is the field at surface S

Qu =Y, q; is the total charge in the
volume V enclosed by surface S

v

v

For a continuous charge distribution,

density p: Qu = [, p(r)dV

» Gauss Law allows finding the total charge enclosed inside a
closed surface if the field is known on the surface, and vice versa

» Allows a straightforward calculation of field for symmetrical
charge configurations



Gauss Law : summary

Area and Solid angle elements:

da =r2sin@ dO d = r2dQ

Calculate electric field flux d® through area da for a
point charge g; a distance r away from da:

d® =E,.da =

Integrate over a closed surface:

; $dQ
é El.da:q_f—=
s & 4n

qi ifgq;is
5 enclosed

if g;is not
enclosed

4meg r?

4T #2sin6dode

r!

_ i sinf@d@d¢ Independentof
4mey

Principle of
superposition

d

Gauss’ Law;

jg E.da =/—
s/ €o
E-field on total charge|

closed surface enclosed




5.4 Example : Spherically symmetric charge distributions

1. Point Charge Gaussian E/'
> By symmetry : E=Er surface /d'a
da=r?sinfdidoi=r>dQi -
> $sE- da = E §sr?dQ = E4rr? = 4
» E = .~ as expected

47re

2. Hollow sphere, radius a, with g evenly
distributed on surface.
» Inside sphere (r < a):
fﬁSE da — FE. 47Tr2 _ Qenc/osed =0
» No charge enclosed — E 0
» Qutside sphere (r > a):
fsE da — E . 4qr2 — Yenclosed — 9

€0 €0
» E= 4mor2 as for point charge
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