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2 Magnetostatics

2.1. State the Biot-Savart Law which describes the magnetic flux density dB at a

distance r from a current element /dl. 4]
Find the magnitude B of the magnetic flux density on the axis of a plane coil of n turns
and radius a for a current I in the coil and at a distance z from the plane of the coil. 7]
State the Biot-Savart law : 4g _ ) | dl xr
Find the magnitude of B on axis O 4nr

ds for a coil of n turns. Symmetry:
dB

dB has z-component only.
Perp. components cancel.

z And also: dl is perp. tor

dl xr nla’dep  gnla’

4rr’ 2(22+a2)%

-cosezjﬂo
0

=|dl|=adp %



T'wo such coils are placed a distance d apart on the same axis. They are connected in
series in such a way as to produce fields on the axis in the same direction. Write down
an expression for the magnitude of the net field B’ on the axis at a distance x from the
point midway between the coils.

Two such colls are placed a
distance d apart on the same

axis. Find B as function of x. x=0

NV

| unla’ 1 1
B(X): 02 . 7
(a2 +(94+x) )




Show that the derivative of B” with respect to x is zero when = = 0. Find the value of

d for which the second derivative of B’ with respect to x is also zero at » = 0. Under
these conditions, show that the variation of B’ between = 0 and = = d/2 is less than
6 percent. [11]

2
B'(X):’uonla | 1 N 1

2 _(a2+(g+x)2)% (a” +(4-x))

Show that the derivative of B’ 1s 0 for x=0

(a+ (3)") " s 3at e (420)") " 2(50) (21

which is £ the same, when x =0, hence: O(lj—B(O) =0
X

%
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Find the value of d for which the second
derivative of B’(0) 1s 0.

5XB'oc—3(a2+(%+x)2)%(%+X)+3(a2+(%_x)z)%
o et o) e ws(at (o) (g0
_3(a2 -I-(%—x)z)%

5)2(5'(0) oc —3.




When a = d, show that the variation of B between the

- colls 1s <6% 7

unl 1 1
B(X)_ 2a 1 x2%+ 1 xz%
Lea)) (1+G-2)

|2 anl |1 1
B(0)=£al. £ p(g)=£T. 1
2 % 22 |
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B(0)=B,-1.43108  B(4)=B,-1.35355

AB/ _ 5 57%
B/ =5.57%
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2.2. A very long cylindrical solenoid has radius R and is wound with N turns of wire
per unit length. If the winding carries a current 7, show that the magnetic induction B
inside the coil 1s radially uniform and give an expression for its value. 8]

Ampere's law In its integral form: [ﬁB-dI = U,

N turns of wire per unit length. (I enclosed)
Winding carries a current 1.
Find B and show it is radially uniform inside the coil.

i\/i
4

B-¢=u,-N'-1  with N=N7, thus B =z, -N-I

For infinite solenoid, B is constant within it — radially
uniform field, symmetry means no azimuthal dependence

T
N A
s




Calculate the self-inductance per unit length of the solenoid.

Calculate the self-inductance per unit length.

Py _Bearea 4Nl . R’
| | |

.. and per length: L

N/ =y, N°7R*/

)= 1, wR*N?

A superconducting solenoid has radius 0.5m. length 7m and consists of 1000 turns.
Calculate the magnetic induction in the solenoid, and the energy stored in it when it
carries a current of 5000 A. You may approximate its behaviour to that of a very long
solenoid. 7

Calculate the magnetic induction and the energy stored.

R=05m, ¢/=7m, N'=1000 = N =142.86m™

= 1Nl =47-107" AL 142. 86i 5000A =0.897T

Am m
=1L17 =14 N°ZR?(-1? =1.76-10°]

H C |l




2.3. A long coaxial cable consists of two thin-walled coaxial cylinders of radii a and
b. The space between the cylinders is maintained as a vacuum and a current I flows
down the inner and returns along the outer cylinder. Calculate the magnetic field at a
distance r from the axis when

(i) b>r>a, (i) 7 > b and (iii) r < a. 10]

Calculate magnetic field inside a pair of co-axial
cylinders due to current | flowing as shown.

Ampere’s Law: B-dl :”J -dA = gl

b>r>a: 2zrB, =yl
r>nb: 2B, =1, (1-1) =0
r<a: 27rB,=0

= onlyfor b>r>a
(direction azimuthal : cf. RH screwd




1ol
Hence show that the self inductance of a length [ of this cable is L = ';—0 In(b/a). §]

ZT

Calculate the self-inductance:
(surface dS=r.dl)

b
cp:jB-dS: Bl qr o= B (B,
a27zr 27T a
ngzﬂln(gj-é
I 27T a
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For the case where the inner cylinder is replaced by a solid wire, also of radius a, through-
out which the current is uniformly distributed, sketch the variation of the magnitude of
magnetic field with » over the range » =0 to » = 2b. (7]

Sketch the magnitude of B when the inner
cylinder is replaced by a solid wire

forr>a: see before (ratio of areas)
e

| r
- thus B, = 0. —
ra 2ra a

forr<a: 2zrB, = y,l -

| Co-axial cable |

1=

c /\ |

0.8:— 27Z'a

o.s:— OC%

0.4:— ocr |

C 27h

0.2_—

00— '0{5""1”"1!5""5'"'2{5""3”"3!5"";."' 12



3 Electromagnetic Induction & Electrodynamics
3.1. State the laws of electromagnetic induction. [3]

State the laws of electromagnetic induction

» Faraday’s Law

The induced electromotance (emf) £ in any closed
circuit is equal to (the negative of) the time rate of
change of the magnetic flux ¢ through the circuit.

=4[ B dA= -
[Note that : ¢ = jE.dl |

» Lenz’s Law

The induced electromotance always gives rise to a
current whose magnetic field opposes the original
change in magnetic flux.

13



A thin circular annular disc of outer radius a, inner radius a/2 and thickness d is
made from a metal of resistivity p. Electrical contact is made to the disc through two
stationary brushes of negligible impedance. The first of these extends around the entire
outer periphery at radius a, while the second makes contact around the entire inner
edge at radius a/2.

Faraday disc (thickness d).

Brushes around entire inner
and outer perimeter.

Magnetic flux density
along axis of rotation
(comes later).

resistivity p

14



(a) Calculate the electrical resistance of this arrangement. [10]

Calculate the electrical resistance of the disc

N

_length

=p ( p = resistivity )
Id D area
y dr 0
~dr aJ/‘Z'O 2zr-d  2xd ( )

(b) Derive an expression for the potential difference between the brushes if the disc
rotates at angular velocity w in a uniform magnetic induction B parallel to the
rotation axis. 3]

Find the potential difference for the disc rotating
In a magnetic flux density B

2
B-z| a’ —(2)
flux cut _ _ 3 Ba’e

emf =
-Ill 15
time 272'/ 3




(¢c) What wvalue of load resistor R connected between the brushes would allow

maximum power to be delivered to the load while the disc rotates, as in (b)?

Find the optimum value for a load resistor

emf
i
P R, +R
R Powerinload: P=1?2R
R
P =(emf)’-
(emf ) (R +R)’
Z—g:o: 0=(R,+R)-1-2(R, +R)-R

maximum power transfer for: R =R,

16
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3.2. A homopolar generator consists of a metal disc of radius ¢ and a central axle
which has radius a/4. The disc has resistivity p and thickness ¢. It is rotated in a
uniform magnetic field B about an axis through the centre, which is parallel to B and
perpendicular to the plane containing the disc, at an angular frequency w. Thin ring
brushes make good electrical contact with the disc near the axle and near the outer rim
of the disc as shown. .

B
—_—

—

[ |
Ky < @

a —>
; —
o] J_
(a) Calculate the resistance of the disc Rp measured between the brushes. 7]
R=p- L here: area(r)=2zr-t AS before (e

alea

¢ dr p pln(2)
— r j 2zt 27t n( )

ald 17




(b) Show that the potential difference between the brushes is (15/32)wBa?. 7]

Magnetic flux and emf — same as before :
®=B-area and emf :_dd_cf

emf =—— .0 =—-7a° (1—%) :Ea)Ba2
— 27 27T 32

(¢) A load resistance Rp is connected across the generator and the drive is removed.
Show that, in the absence of mechanical friction, the time 7 taken for the disc to
slow down to half its initial angular speed is

(32)2 [m(RL + Rp)ln 2]
T = X .

15 2a2 B2 8]
1 1 In this question 1, .=¥2ma? is assumed, but
E =Zlw’==-ma’w’ [1] foranannulus a/4 — a with the same mass m

rot ’) A — 1 /4. = 1.063 (6% error is neglected)

annulus

dEw _ o __(emf)" (15} B%’ e

dissipated — — ~An | '
dt P R, +R, 32) R,+R,

18



2 _ 4Erot

ma*

and (from [1])

dEmt__(ET‘ 4B%a’  _
dt 32) m(Ry,+R,) ™

2 2,2
Integrate : InEEmt(t)jz—(Ej . 4Ba -t
m(

E,. (0) 32 Ro +R,)
"half its angular speed": Ew(t) _1 (from [1])
E.(0) 4

r=(32j2 ‘m(R, +R,)In(2)

15 2a°B?

19



3.3. A vertical square loop of wire with sides a is falling with velocity v as shown in
the figure from a region of horizontal magnetic induction B into a region where B = 0.
If the resistance of the loop is R, show that the magnitude of the current in the loop is

Bav

I'==5 g

A vertical loop is falling as shown below.
Calculate the current in the loop.

w L, o GO =B-area=B-a-y

a | emf =——=-B.-a-—=B-a-v

A
)
v
A0
|l

20



Describe the forces acting on the loop due to the magnetic field, and indicate their
- - =
directions. 7]

Describe the forces acting on the loop due to the
magnetic field, and indicate their directions:

_ T
F=q-vxB F=1-a-B F
 Current (+e) clockwise 1 | F
» Force on these moving charges B SRR -
« Sideways forces cancel i i

« Remaining force has decelerating effect

21



If @ = 10cm and the wire has a diameter of 1 mm and is made of copper (resistivity =
1.7 x 107® Qm, density = 8960kg m™), and B = 0.3 Tesla, calculate the steady state
velocity, if this 1s reached while the upper arm of the loop 1s still in the magnetic field. 7]

FindR: a=10cm, D=1mm, p, =1.7-10°Qm

2 _17.10%0m. 204m

z D’ 2-10"m

. and the mass: =p,. -V with p_=8960—

~8.66-10°Q
kg
m

m = 8960k—%-0.4m-z-106m2 =2.814-10°kg
m

Calculate the steady state velocity, if this is reached while

the upper arm of the loop is still in the magnetic field.

F—-].9-B= B-a-v.a.B:m.g magnetic force =
R

gravitational force

R=p,-

mgBR = 0.0266 m/s 3
d

V=




3.4. Two parallel rails separated by a distance d lie along the direction of greatest
slope on an incline making an angle ¢ with the horizontal. A flat bar of mass m rests
horizontally across the rails at the top of the incline. Both the bar and the rails are good
conductors and the rails are joined by a large resistance R at the bottom of the incline.
A uniform, vertical magnetic field of flux density B exists throughout the region.

The bar is released from rest and slides freely down the rails, remaining always
horizontal (i.e. perpendicular to the rails). Find an expression for the induced current
and hence find the equation of motion of the bar.

dS

m
V
B
A4 A V
~ EE d
< >
I
side view top view

23
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d dA
Induced e.m.f. V= " IB -dS =B cosqjt

where A=d [

dl
=-Bcosgd =— =BcosOdv
Vemf q dt

Induced current: 1=V, /R

Equation of Motion - consider magnetic (Lorentz) force on
current-carrying bar: dF=/dl x B

—F,,,=1dBcos0 =V, /R dBcos = B>d’ cos’0v/R

Equation of Motion: m div =mg sind — B’ d? cos’0v/R
5

gravitational magnetic

. j v+ B2 d? cos20 /(mR) v = g sin®
{ \ )

!

k 24



Solving Equation of Motion: % v + kv =gsind

insert into EoM

try v=Aexp(—kt) +B » B=sind g/k

boundary condition: at¢t=0,v=0 — A=-B

— v=sinl g/k (I —exp(-kt)

Show that the bar will approach a constant speed and find an expression for this
speed.

for t=»c0, constant velocity: v, = sinf g/k

— v, _=gmRsind/ (B’ d’ cos?b)

25



3.5. In a particular experiment, a particle of mass m and charge 44 moves with speed
v along the r-axis towards increasing x. Between @ = 0 and = = b, there 1s a region
of uniform magnetic field B in the y-direction. Deduce the conditions under which the
particle will reach the region = > b. In the event that it does reach this region, find an
expression for the angle to the xr-axis at which 1t will enter it. [10]

Lorentz force acts perpendicular to v
v and B.

Particle 1s forced onto circular
path: F=qvB=mvr

r=mv/(qB)

The particle will reach the region x > b 1f b <r, so need:
b <mv/(qB)

If it reaches the region, it enters it at angle 6 with sin 0 =b/r

smnO=bqB/(mv) e



In a second experiment, the same particle 1s accelerated from rest by a constant
electric field E acting over a length d. The particle then encounters a region of constant
magnetic field B perpendicular to its velocity, as shown in the figure below. Deduce the
magnitude |B| such that the particle will re-enter the region of constant electric field
at a distance d from the point at which it left. Assuming this value of |B|, sketch the
particle’s trajectory in the region of constant magnetic field and derive an expression
for the time spent there. [10]

B9 Acceleration in E-field provides kinetic energy:
"T_E ________ T vymvi=qV=qEd
I v =(2qEd/m)”

Lorentz force acts as centripetal force in

charge ¢
mass m

r Be the second region (with B-field): q v B =mv?/r
TE If the particle 1s to re-enter the electric field at
h d a distance d from where it left, we need r=d/2:
charge q
mass m g ¥ B =2mv/(qd) = 2m (2qEd/m)”/(qd)
end starting yo .
point 4 point B =2 (ZmE/ (qd)) > 1S requlred .

" Time spent = [1/2 circumference] / [velocity] = wr/v



4 Electromagnetic Waves

4.1. By considering Ampere’s law applied to a parallel plate capacitor being charged by
a current [, explain why it is necessary to introduce a displacement current [y given
by
dE
Id = E[)fl— ,

where A 1s the area of the plates and E' 1s the electric field strength between the plates

Path around wire || Gauss inside capacitorm

O E I. . j5°d|=ﬂo| fE.dAzEAzgg0
dqQ dE

Path around capacitor I, = —=¢g,A—
dt dt

Show how Ampere’s law with the addition of the displacement current can be written
in differential form [5]

1B dl = 51 +241, =,uo[”JCdA+”JDdA]

Stokes: [ﬁB-dI :HVdeA

of the capacitor.

J Is the current density

- 28

VxB=puJd+ e E



Write down Maxwell’s equations for fields in a vacuum devoid of charges and currents.

Deduce from these equations the wave equation for E and the speed of these waves. 8]
Maxwell’s V-E=0 V-B=0
equations in free : :

Wave equation VxVxE ~VxB = — ¢k

from Maxwell ¢, v E V(V-E) _ V2E

equations: NI
=0

wave equation: V“E — yOgOE =0
Simplest form
e ,
isaplane  E=E; exp|i(wttkz)]: > + pys,0° =0
wave solution

(And similarly £ _ 4 L +c (speed of light)

for B) K L&,




4.2. State Maxwell’s equations appropriate to fields in a vacuum where there are charges
and currents. 4]

V-E=// V-B=0
&y

VxE=-B VXBZﬂO(JC+80E)

Show that Maxwell’s equations, in a vacuum devoid of charges and currents, lead to
wave equations for the electric and magnetic fields and deduce the speed of propagation
of the waves. [

ot
| S

Exactly as before, wave equation (for E and B fields):

from exp|i(ot+kz)|: —k*+ me0° =0

© _ 4 1 4c (speed of light)

K A /,UO&'O 30




Show that a plane wave solution may be obtained with field components £, and B,, with
all other components zero. Deduce the direction of propagation and find the relation
between the magnitudes of F, and B,. Draw a sketch showing the relative orientation
of the field components and the direction of propagation.

Plane wave solution with E

VxE=

/ y

oE

y

0z
0

.0

E, = E,(2) only, Is not a function of x

de, dB, dB, dz

dz dt

dz .dt

\

and B, only:

.

oB

X

ot

\
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Explicitly : direction of propagation

%exp[i (otFkz) |=Fikexp|i(wtFkz) ]|

a " e - = —
—exp|i(wtFkz)|= iwexp|i(wtFkz
—expli(ot¥ke)] i(tFke)]
dz _ @ . _
—= +— = Fc (Inavacuum)
dt K
_ for wave In positive z-direction “—"
E,= Fc-B, P
for wave In negative z-direction “+”
Can use Poynting vector: to 1

give direction of energy flow N = T -ExB

32



Sketch :

E

S

Or 1n the other direction ...
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That’s all folks !



