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Preface

Why I wrote this book

The first rigorous formulation of quantum mechanics (QM) was proposed by Hei-
senberg and Schrödinger about 80 years ago. Since then, the field has experienced
enormous evolution. Initially aimed at explaining atomic spectra, quantum mecha-
nics has now entered the foundation of virtually all branches of physics. Accor-
dingly, QM is an inseparable part of every physics student’s training: whatever field
future physicists choose after graduation, they will almost certainly need quantum
mechanics in their work.

Yet our way of teaching QM to students has not changed much over the years.
We begin with the notion of the wavefunction, and write the time-independent, and
then the time-dependent Schrödinger equation in the position representation. We de-
termine the energy spectra and the corresponding wavefunctions of simple potential
wells, and evolution of wavepackets incident on potential barriers. Finally, we in-
troduce the angular momentum operator and calculate the spectrum of the hydrogen
atom. For the last 60 years, this has been, with minor variations, the first semester
undergraduate quantum mechanics course program.

This tradition has many advantages. It works with a physical system that a stu-
dent has already dealt with in classical physics classes, and it is one that they can
easily imagine. It allows one to see differences between the behaviors of a classical
and a quantum particle, and brings to light several fundamental phenomena that are
characteristic of quantumness: tunneling, quantization and the uncertainty principle.
It provides a student with the toolbox to solve experimentally relevant problems that
cannot be solved classically: after calculating the hydrogen spectrum in the class-
room, a student goes to a lab and measures it!

Yet this approach is imperfect. It gives a student an algorithm to analyze a spe-
cific physical system, but it does not reveal the inner workings of quantum physics
and the logic behind it. We teach our students multiple facts and computational
approaches related to wavefunctions, operators, and measurements, but we do not
construct a rigorous logical connection among them and do not explain which of
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vi Preface

these facts are the postulates and which their consequences, and in which logical
sequence these consequences are derived.

As a result, the student — at least a thinking student — ends up being immen-
sely confused. Why does simply placing hats on top of letters turn a classical ex-
pression into a valid quantum one? Why is the momentum operator’s action on the
wave function equivalent to taking the derivative? Why do we never see momentum
eigenstates (and Schrödinger cats) in practice? Why do de Broglie waves have a
normalization factor of 1/

√
2π h̄? Why do we observe atoms transitioning between

energy eigenstates, but not other states? How is a projective measurement related
to measuring an observable? Why are some states described by wavefunctions and
some by columns of numbers? If all states have norm 1, why don’t we normalize the
de Broglie wave? If observables are matrices, what is the matrix of the momentum
observable?

On top of that there is the most dreaded question. If quantum physics is suppo-
sed to be more general than classical, why must one resort to classical notions to
understand the concept of measurement? Why is the measurement, in contrast to all
other physical processes, not described by unitary evolution? If quantum systems
do become classical at some point during the measurement, where exactly is that
point?

The fundamental way of thinking we are trying so hard to instill in our students
through the years of training in science is “Question everything!”. In quantum clas-
ses our message seems to be just the opposite: “Shut up and calculate!”1

Having been a quantum mechanics student myself, I have eventually found ans-
wers to these questions, but in many cases not until long after my PhD. When I
asked them as a student, there was no one around, not only to give me the answers,
but even to help me state these questions properly.

My quest while writing this book is to address this issue. I attempted to build a
clear logical structure, containing as few loopholes as possible. One that would al-
low the reader to trace each statement down the logical chain back to first principles.
One that would leave no question unanswered.

So, in a sense, I wrote this book for myself. Not for today’s myself, but for myself
twenty-five years ago. A kind of book that I would have been grateful to have while
a third-year student, and one that would have saved me years of agonizing search
for the truth.

It is natural to ask: How realistic is my aspiration? Some of the questions I asked
earlier sound quite advanced. Perhaps one does need a doctoral degree to answer
them?

My answer is twofold. First, there is a pedagogical issue: mechanics, with its Hil-
bert space of infinite dimension, does not seem to be the best venue for conveying
quantum principles. Many of the above questions can be addressed by exemplifying
QM with a simpler physical system; I will further elaborate on this below. Second,
most of the inconsistencies and paradoxes can be eliminated by properly introdu-
cing the notion of entanglement. This notion underlies two essential, mutually rela-

1 More on this slogan, incorrectly ascribed to Feynman, in Sec. 2.4.
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ted concepts: the von Neumann measurement and decoherence. The first provides a
way to avoid making measurement an exception in the domain of quantum physics,
thereby eliminating the Klein bottle logic characteristic of the Copenhagen inter-
pretation. The second describes “inadvertent” measurements that occur naturally,
making the quantum world appear to macroscopic observers such as ourselves in
the way that is familiar to us under the name of classical physics.

These concepts are not excessively complicated. Mathematically, they are much
simpler than many elements of the traditional quantum course, such as the afore-
mentioned hydrogen atom or scattering theory. The main challenge in understan-
ding entanglement is not the challenge to a student’s mathematical skills; it rather
concerns their imagination. And developing a strong imagination is inherent to be-
coming a good physicist; as Einstein said, imagination is in fact more important than
knowledge.

Quantum mechanics or quantum optics?

The name of our discipline — quantum mechanics – implies that we are studying the
applications of quantum principles to the laws of motion. But in fact the framework
of quantum theory is not limited to mechanics; it actually applies to all fields of
physics. If our aim is to study the general principles of quantum physics, is it wise
to choose mechanics as the physical system for illustrating these principles?

Faced with this question, we are compelled to admit that the answer is negative.
Mechanics is there mainly due to tradition, because historically, the first successful
application of these principles in their modern form was in mechanics. But educatio-
nally speaking, using the example of mechanics to explain basic quantum principles
is a recipe for disaster. The Hilbert space associated with this system is of infinite di-
mension; moreover, its basis has the cardinality of the continuum. The student must
deal with the unfamiliar, enormously complicated, and not always rigorous mathe-
matical background which includes generalized functions, Fourier transformations,
and functional analysis. As a result, instead of concentrating our students’ efforts on
understanding the physical concepts, we force them to struggle with mathematics,
and this often leads to confusion between the end and the means. It is unrealistic to
expect any kind of deep understanding to result from this experience. The student
simply won’t see the forest behind the trees.

If we are to choose the physical system to illustrate quantum physics, we should
pick one whose Hilbert space has the lowest nontrivial dimension: two. There is
a variety of such systems that are currently studied in the context of quantum in-
formation technology as quantum bits. Among them, one stands out as the most
thoroughly studied and intuitive: the polarization of the photon. Optical wave pola-
rization would normally already have been studied by the student entering a quan-
tum class. The Jones polarization vectors directly translate into photon polarization
state vectors, and the matrices describing the transformation of these vectors by wa-
veplates translate into operators. It is straightforward to argument the measurement
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postulate from the classical polarization measurement picture, taking into account
the discrete nature of the photon. In this way, the quantum fundamentals arise from
classical polarization optics (and the students’ laboratory experience with the same)
in the most straightforward and natural fashion.

Photon polarization is of further benefit when we go on to study entanglement.
A vast body of proof-of-principle experiments in quantum information have been
performed using this system as the carrier of the quantum bit. Some of these ex-
periments, such as those on quantum cryptography, teleportation and noonlocality,
relate directly to the concepts covered in this book. By illustrating the theoretical
material with these experiments, right from the start, this book will take students
straight into the very heart of quantum physics using examples from today’s hot-
test research topics. And what could make learning an academic discipline more
exciting than fresh results from a research lab?

Talking about labs, the student’s experience does not have to be limited by rea-
ding about experiments done by somebody else. A great advantage of the polariza-
tion qubit as the example system is that it is perfectly realistic to augment the course
with a laboratory component. Almost all the material of the first chapter is illus-
trated by a classical polarization experiment containing a laser, a few waveplates,
a polarizing beam splitter and two detectors. The material on entanglement can be
visualized by a series of labs on single-photon interference remote state preparation
and Bell nonlocality. Such experiments are more difficult to set up, but fully within
the capabilities of an average physics department, as evidenced by the experience
of many colleges around the world, including my home, the University of Calgary.
More details on possible educational labs can be found at the book’s web site.

The connection between quantum physics and optics in this book is not limited
to using the photon to illustrate the discipline’s primary concepts. It also manifests
itself in the many optical examples scattered throughout the book, as well as the set
of subjects chosen for more advanced sections (deep study of the harmonic oscil-
lator, Heisenberg picture, squeezing, density matrices, two-level systems, quantum
tomography). These subjects are particularly relevant for those who are interested
in quantum optics in particular and quantum information in general.

Structure of the course

The book contains material that can be taught during a two-semester undergraduate
quantum mechanics course. In the first chapter, the main principles and postulates
of QM are introduced and illustrated by the photon polarization qubit. The reader
may wish to study this chapter in parallel with Appendix A, which covers the basic
linear algebra that is relevant to QM, as summarized in the following table.
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Linear algebra concept
(Appendix A) Quantum concept Physical illustration

Linear space, basis, dimension,
inner product Quantum state, Hilbert space Polarization of the photon

(Appendix C)

Orthonormal basis Projective measurement,
quantum tomography

Polarization measurements,
polarization state tomography,
quantum cryptography

Linear operator,
Hermitian operator

Observable,
uncertainty principle

Pauli matrices as observables
in the polarization space

Unitary operator,
functions of operators Schrödinger evolution Evolution of the photon in a bi-

refringent medium

The second chapter is entirely dedicated to entanglement, its consequences and
applications. I first introduce the tensor product space mathematically, then explain
partial quantum measurements, remote state preparation, and the nonlocality para-
dox (both the Bell and Greenberger-Horne-Zeilinger forms of it), illustrating the
theory with experiments on entangled photons. Nonlocality is arguably the primary
paradox of quantum mechanics, and it is natural to follow up with a discussion of
the mechanism of quantum measurements, their natural counterpart (decoherence),
and the interpretations of quantum mechanics. This section (Sec. 2.4) is where we
find out when and why a quantum system becomes classical during a measurement,
and why we don’t see Schrödinger cats walking around town. Subsequently, I talk
in a fairly rigorous fashion about applications of entanglement, such as quantum
computation, teleportation and repeaters. When this material is presented in a class-
room setting, it is useful to ask two or three students to give presentations on recent
experimental research on the subject.

The third and fourth chapters are, to some extent, a tribute to the “mainstream”
undergraduate quantum mechanics of a particle in a potential field. Here we have
to deal with the Hilbert space whose basis is a continuum, so the third chapter is
accompanied by a tutorial on Dirac delta functions and the Fourier transform (Ap-
pendix D). It is my hope that at this point, when students have already internalized
the primary tenets of QM, they will be able to face the technical issues associated
with continuous-variable Hilbert spaces without losing sight of the physical prin-
ciples. As an introduction to continuous-variable systems, I explain how and why
some of the normalization rules are affected. Then I present the usual scenarios of
potential wells, potential barriers, tunneling, and the harmonic oscillator. This is the
point where I envision the first semester to be concluded.

The third chapter goes on to explain the Heisenberg picture and how it is con-
sistent with the Schrödinger picture, illustrating with many examples relating to
the physics of the harmonic oscillator (and demonstrated in quantum optics experi-
ments): displacement, phase shift, as well as single- and dual-mode squeezing. With
the help of the latter, I present the original version of the Einstein-Podolsky-Rosen
paradox.

In the fourth chapter, I introduce the three-dimensional geometric space (as a
tensor product of three one-dimensional spaces) and explain the angular momentum,
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spin, and, finally, the hydrogen atom. Then I discuss the behavior of a spin in a
magnetic field and magnetic resonance, covering the phenomena of spin echo and
Ramsey spectroscopy.

The fifth chapter revisits the fundamental principles of QM, now presenting them
in the language of density operators, which is of primary significance for all ap-
plications of quantum physics. To demonstrate the utility of this language, I apply
it to give a formal description of decoherence and relaxation in nuclear magnetic
resonance. I then cover the topics that are relevant to modern quantum information
science: generalized measurements (POVMs) as well as quantum state, process and
detector tomography.

How to use this book (a message to the student)

I have been involved in education, on both sides of the podium, for most of my
conscious life. This experience taught me one truth: it is almost impossible to learn
anything by passively listening to a lecturer or reading a book. Learning requires
active engagement. In the case of theoretical physics, this means that you should
perform the derivations yourself rather than observing them performed by somebody
else on the blackboard or in the textbook.

With this in mind, I tried to write this text using the Socratic approach: the stu-
dent comes to the truth by answering the teacher’s questions. My own experience
with this method comes from high school. I was fortunate enough to attend one
of the best Russian science high schools, which has a unique approach to teaching
mathematics. Instead of explanations, we were provided with assignments consis-
ting of only of definitions, axioms, and problems. After solving them, we discussed
our solution with a tutor, whose task was to ensure that we understood the material
correctly.

This book works in the same fashion. You will notice that it contains an unusually
large number of exercises. Some of them are conceptual theorems; others are there
just for practice; quite a few are both. The idea is that, by solving them one-by-one,
you yourself will construct QM with as little help from me as possible. Accordingly,
it is not advisable to skip the exercises. This is equivalent to skipping a page or two
from a regular textbook: you will not be able to follow what comes next.

Almost all of the exercises have solutions, which are available for download
from my website, accessible via https://www.springer.com/gp/book/
9783662565827. However, please do not look at the solution until you have at le-
ast tried to solve the exercise independently. Even if you fail to arrive at the answer
yourself, you will be conscious of the point where you are stuck, so the solution will
be there as an answer to your existing question. In this way, the seed will fall onto
soil that is already fertilized.

On the other hand, I advise that you do have a quick look at the solution even if
you have found your own. In this way you will become aware of the errors you (or I)
may have made, or of a possible alternative approach to solving the same problem.

https://www.springer.com/gp/book/9783662565827
https://www.springer.com/gp/book/9783662565827
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Those exercises I consider more difficult are marked with asterisks (∗). Unfortu-
nately, many of them contain statements that are essential for subsequent material.
Therefore, while it may be acceptable to defer solving (or studying the solutions
of) these exercises to the future, you should at least make sure you understand the
statements contained therein.

Similarly, sections labeled with asterisks contain more advanced material. You
can safely skip these sections without fear to compromise your ability to understand
the subsequent content.

Some of the exercises (marked with the symbol §) are not provided with solu-
tions. Usually this is the done when I believe that the problem is relatively simple;
in these cases I generally provide an answer immediately after the exercise. Very
rarely, there will be an exercise that is marked by both an asterisk and a paragraph
sign. These constitute independent research projects that may be worth looking at
in your free time.

What knowledge do I expect you to have before you open this textbook?

• You should be familiar with trigonometry (e.g. how to expand cos(α + β ) or
cosα cosβ into a sum of terms).

• You should be able to work with complex numbers, being familiar with the
notions of conjugation, complex phase, and complex exponent (e.g. simplify
|1+ eiφ |2).

• You should be reasonably comfortable with probability theory. To help you, Ap-
pendix B contains some rudiments of this field.

• The same applies to the physics of optical wave polarization: Appendix C briefly
covers the necessary knowledge, but would not be a good replacement for a
proper textbook.

• Calculus and ordinary differential equations are essential throughout book, es-
pecially Chap. 3 (quantum physics of continuous-variable systems); this require-
ment extends to multivariate calculus (Jacobian determinant, etc.) for Chap. 4.
There is no appendix on calculus, but Appendix D covers the Dirac delta function
as well as the direct and inverse Fourier transforms, so pre-existing knowledge
of mathematical physics is not required.

• Of primary importance to quantum physics is linear algebra, including the no-
tions of linear spaces, basis, dimension, inner product, orthonormal basis, linear
operators and matrices, spectral theorem, functions of operators, and so on. These
are covered in Appendix A. However, basic matrix manipulation techniques, such
as matrix multiplication, finding eigenvectors and eigenvalues, do not feature in
this appendix and should be familiar to you before you start the course.
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