Appendix S5
Solutions to Chapter |5 exercises
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Solution to Exercisen 5.2, For each component | ;) of ensemble (5.1)), the probability to observe [vy,) is pr,,; =
| (V| i) |2 <vm| V;) (Y| vin). Since each |y;) occurs with probability p;, the probability to observe |v,,) in
ensemble (3.1)) is

(IH)+[V))

N —

7

Prm = ZPiPrm\i = Zpi Vil Wi} (Wil vin) = (V| <Zpi |‘Vl><ll’z|> Vi) = (V| B[ vin) -
i i i
Here we used Eq. (B.6) for the sum of conditional probabilities.

Solution to Exercnse l Writing the density matrix in the canonical basis as p ~ (p HH PHY ) , we find, using

PvH Pvv
Eq. (5.2):
a)
N 1
pra = 01 p1 1) = (10) (217 ) (0 — p
o 0
pry = (811 )= (0 1) (2P ) () — s
b)
pry = (+| Al +) :1(1 1) (pHH pHV> <1> = l(/91111+[)HVJrPVHJrPVV);
+ 2 PvH Pvv 1 2
A 1 PHH PRV 1 1
= (— —_) = — 171 = — — — :
pr_=(—=|p|—-) 2( )<PVH va) (_1) 2(PHH pPuv — Pve +Ppvv);
c)
—(rlalRy = L PHH PHV _
prg = (R| p| R) = 3 (1 (PVH PVV) < ) —(puH +ipuv —ipva +pvv);
PrL:<L|FA’|L>:1(1 l) <pHH pHV) ( ! > (PHH*IPHv+lPVH+pVV)
2 PvH Pvv
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Solution to Exercise As defined in Sec. an unnormalized state |y;) corresponds to the physical state
lo:) = |w;) /|| |wi) || existing with the probability p; = || |y;) ||>. Using the density operator definition (5.1J), we

find |
p= Zpllfp, ol = ZIII% IIZH"(;,V‘TZ Y i (il

Solution to Exercise

|H ><H|+ V)V~
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Solution to Exercise[5.6} Suppose the ensemble (5.1) represents some pure state [y) (i.e. it is equal to [y) (y]).
Let us measure this ensemble in an orthonormal basis containing |y) as one of its elements. The probability to
observe |y) then equals

= (vl plv) =Y il (wlwi)*.

For all i, | y;) are normalized, so | (y| ;) |? < 1 thanks to the Cauchy-Schwarz inequality. Furthermore, because
not all | ;) are equal, this inequality is strict (| (y| y;) |> < 1) for at least one i. Hence

2
Y pilwlw) P <Y pi=1,
i i
which means that pr,, < 1. This contradicts our initial assumption.

Solution to Exercise[5.7} Using the result of Ex.[5.6] we see that states (a) and (b) are pure while (c) and (d) are
not.

Solution to Exercise|5.8, For any measurement basis {|v,x) }, we have pr,, = (vy| (i/N )| vm) =1/N.

Solution to Exercise 5.9, As we found when solving Ex. [5.5] all these states have the same density matrix

% <(1) (1)> , which corresponds to the fully mixed state.

Solution to Exercise[5.10} Using the result of Ex. we find
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e e V2 1
= 1fme=1]= 2| V2 | (1V21) =2 v2 2 V2 ;
1 1 V21
1 1 1 1 0-1
|mx:O><mx:0\:§ 0 (10—1)27 000 |;
-1 —-10 1
| 1 | 1 -2 1
|mx:—1><mx:—1\:z -2 (l—ﬂl)zz V2 2 V2
1 I -2 1
The mixture of these three states has matrix
1 100
§(|mx=1>(mx:l|+|mx:0><mx:0\+|mx=—1><mX:—l\)=§ 010 |,
001

which corresponds to the fully mixed state.

Solution to Exercise This result follows from Ex. However, it can also be proven mathematically.
Using the definition (5.1)) of the density matrix, we find for its diagonal elements in the basis {|v,,)}:

Pmm = <Vm| Pl Vm> = Zpi| <Vm| ‘Vi> |2- (85.1)

Because Vi p; > 0, we have p,,,, > 0. Furthermore, because each |y;) is normalized, ¥; | (v,,| w;)|> = 1. Hence
Yo =Xoi (LI 0nl i) =L pi= 1.
m i m i

Solution to Exercise[5.12}
a) The off-diagonal element

Prn = (Vin| P| va) = Zpi Vil i) (il va)

can be seen as an inner product (d, B) of the vector{]

a= (\/pT<Vrn‘ V’l)a\/172<"m| W2>’)

and
b= (y/P1 (val Y1), /P2 (val ¥2) ...

The diagonal elements Py, = Y pil (V| Wi} |? and pn, = X pil (va| W) |* are then equal to the absolute
values |a\2 and \b|2 of these vectors, squared. By applying the Cauchy-Schwarz inequality, we obtain the
desired result.

| 2

1 Of course, these vectors represent just sets of numbers, not quantum states.
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b) For a pure state |y), off-diagonal elements equal p,,, = (vin| W) (W] v,,), while the diagonal ones are p,,,, =
| (vim| W) > and ppn = | (va| W) |*. Substituting these expressions into inequality (5.3)), we see that its left-
and right-hand sides become equal to each other.

To prove the converse statement, suppose P is a mixed ensemble of states including at least two unequal
elements, which we denote |y;) and |y»). The decompositions of these elements into the basis {|v;)} must
be different, which means that there exists a pair of basis elements |v,,) and |v,) such that

(| y1) , (val ¥1)
(vl w2) © (va| v2)

This implies, in turn, that vectors @ and b are non-collinear, so the Cauchy-Schwarz inequality cannot saturate

(Ex.[A26).

Solution to Exercise Using the density matrix definition (5.1) we write for any of its elements
Pk = Y, pi (vl W2) (Wil vie) = Y i i W)™ (Wil vin) ™ = P
i i

so the density operator is Hermitian.

Solution to Exercise[5.16} The possibility of spectral decomposition (5.4) follows from the fact that the density
operator is Hermitian [see Ex. [A.60]. The results };¢; = 1 and ¢; > 0 follow from the diagonal elements’ be-
ing the probabilities of measurement outcomes for the orthogonal basis in which the density matrix is written

(Ex.[5.2).

Solution to Exercise

a) |H)(H| (pure state);

b) (x|H)+y|V))(x* (H|+y* (V|) (pure state);

c) 1| +45°)(+45° + L [-45°)(—45°| = L(|H)(H|+|V)(V]) (fully mixed state);

d) Solving the characteristic equation, we find the eigenvalues 3/4 and 1/4 and the corresponding eigenstates

1 1
~ L VN~ L . .
|+) ~ 7 (1) and |—) ~ 7 (1 ) . Therefore the density operator is

3 1 (1/21/4
2+ -i-1= (Ve 1)

Solution to Exercise A pure state |y)’s density matrix is diagonal in any orthonormal basis that contains
|w) as one of its elements. In that basis,
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0
with the only nonzero element of the matrix corresponding to the basis element |y).

Solution to Exercise According to Ex.[5.16] all eigenvalues of the (Hermitian) density operator are non-
negative, which means that the density operator is also non-negative as per Ex.

Solution to Exercise

a) In the Fock basis:
aa* ab* 0 ...

ba* bb* 0 ...
(@l0) +b[1)(@ 0+ (1)~ ] 0 0 0...

b) In the position basis, using wavefunctions y(X) and y; (X) of the first two Fock states, given by Egs.
and (3:108)), respectively, we find:

PX,X') = [ayo(X)+byr (X)][a g (X) + 5"y (X')]
=112 XD 4 pX /2] [a* + b X'V/2).

Solution to Exercise

a) When diagonalized, all elements of unitary operator have absolute value 1 according to Ex.[A.83] On the
other hand, as we found in Ex. the diagonal elements of the density operator are positive and add up to
1. These two conditions are incompatible for any Hilbert space of dimension greater than one.

b) If p = |w) (| is a pure state, then p? = |y) (w| ¥) (w| = |w){y| = p. To prove the converse statement, let
p = Y qi|vi) (vi| be the spectral decomposition of p. Then p? = ¥, ¢? |v;)(v;|. Equality p = p? implies that
either g; = 0 or ¢; = 1 for any i. Because };g; = 1 for a normalized state, only one of the g;’s is equal to 1
while others are 0. This means that p is a pure state.

Solution to Exercise

a) Let us decompose each element p; of the ensemble in a form analogous to (5.1)):
pi =Y pij|wij)(wij| (85.2)
J

with }°; p;; = 1. Then the ensemble in which each p; occurs with the probability p; is equivalent to a mixture

of pure states |lyi j> that occur, respectively, with probabilities p;p;;. This ensemble is described by the
density operator
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p =Y pipij |Wi) (Wi,
ij

which is the same as Eq. (5.6).

b) Let one of the components of p be non-pure. Then its density matrix in any basis must contain at least two
nonzero diagonal elements. Because all diagonal elements are non-negative for each p; [Ex. [5.11{a)], the
matrix of p must then also contain at least two nonzero diagonal elements. But, as we found in Ex.
if p were pure, there would exist a basis in which its density matrix contained only one element. We have
arrived at a contradiction.

Solution to Exercise

a) Using the representation of the density operator as a statistical ensemble (5.1)), and using the Schrodinger
equation (1.31) we have

SZI‘,pz% Vil
= 2 pi(lw) (il + |yi) (vl

Z_ pi (31wl + v il £
— - Lap-ph)

Liap

b) Using Egs. (1.29) and (T.30), we find

where U (r) = e~ #"" is the evolution operator.

Solution to Exercise
a) Since |y(0)) = (|E1) +|E2))/V/2, and because |E;) and |E,) are eigenstates of the Hamiltonian, we have

W(0)) = e 1 |y(0)) = (e #E1 Ey) + e 75 |E)) V2,
and thus

p(1) = ly(@)(w(r)| = %(IE1><E1 |+ e HEED By (By| + ¢ h BB | By) (B4 | + |Es ) {Ea).
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b) Using Eq. (3.8),
p(e) = e i p(0)er™

1 i i i i
= = (e #FV|E ) (E | e™V + e 15 |y ) (Ep| e ™)

2
1
= 5(\E1><E1|+|Ez><52|)
— p(0).
Solution to Exercise[5.25
a) The Hamiltonian is A = — %.QLGX, where Q7 = yB is the Larmor frequency. The evolution operator for this

Hamiltonian has been found in Exercise ¢). Specializing to 6y = /2, we have

Ar <cos(QLt/2) isin(.Q]_t/2)>
— \isin(Qpt/2) cos(Qpt/2) )’

e

St~

Hence
—ifr iy o [ cos(Lut/2) )
e M ~ <isin(QLt/2 ’
—imrypy o isin(€e1/2)
e M) = (cos(.QLt/Z)
Accordingly,

3 _ip i 7 1 ip i 7
p(r) = Se i |1) Adjoint (e*ﬁm |¢>) + 3¢ 1711 Adjoint (e*z”’ |¢>)
%4— %COSZ(.QLI/Z) —£cos(9.1/2)sin(L.1/2)
{cos(Qpt/2)sin(Q1/2) 3 — Jcos?(Qt/2)
b) The initial density matrix is

3
p0) =34 i1+ 1/41000= (§ 7).

Applying the evolution operator directly to the density matrix according to Eq. (5.8)), we obtain the same
result:
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p(r) = e i p(0)er™

cos(2,1/2) isin(.QLt/Z)) cos(Qt/2) —isin(Q;t/2)

1
O-Nw
A= O

isin(Qpt/2) cos(£21t/2)
cos(Qt/2) isin(Qt/2)

—isin(Qrt/2) cos(Qrt/2)
4cos (Qr1/2) —%isin(.QLt/Z)

isin(Qpt/2) cos(£21t/2) —Zzsm (Qr1/2) %cos(QLt/2)
T+ Jcos?(Qut/2)  —icos(Qut/2)sin(Q.t/2)

L cos(Qp1/2)sin(Q.1/2) 3 Lcos(Q1/2)

c) We write Eq. li for the density matrix p ~ (p it P N) and the Hamiltonian A ~ —% (0 1):
Pit P 10

O-‘Q,

p =

(1, 5] ~ i (Prr = PR PL= P
n 2

—LIA,p]~
Pt = PuL Pt = Pir

This translates into a system of differential equations

Pt = ZQTL(PH PiL)
Pur = ik (P — Pu)
TS

It can be simplified by setting x = p — py and y = py| — p}+. By subtracting the fourth equation from the
first, and the third from the second, we find

X = 7i.QLy
y B —i_QLx ’

The general solution of this system is as follows:

x=AcosQt+ Bsin; ¢t
y=—iAsinQyt+iBcosQt

We find from the initial density matrix that py(0) = p;+(0) = 0 and hence B = 0. Subsequently, using
p+1(0) —p(0) = % we obtain A = % and hence x = pyp —py| = %cos Qyr. Combining this with with the
rule py +pyy = 1 [from Ex. [5.TT|b)], we find

+ —cos &y t;

Pt =

N\'—‘N\'—‘
-l>\>—-l>\>—~

pLL= cosQt.
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Next, we look for the off-diagonal elements of p(r). Because pj; = i (p;| — pt) [from Eq. (S5.3)], we

find )
P+ = %Sil’l.QLl‘—‘r‘C

with C = 0 from the initial density matrix. Finally,
Py = piT = _Z sin€;t.

To summarize, the density matrix is

1 1 i
Bt = i—&'—zcosQLt —ZstLt .
IsinQut  §—jcosQ
i I 5 — z €08 Lt

Using the trigonometric identities cos(£2;¢/2) sin(Q.#/2) = % sinQ;t and cos®(Q1/2) = 4 + 1

find our result to be identical to that of parts (a) and (b).

(S5.4)

cosQt, we

Solution to Exercise Let {|v;)} and {]w )} be two different bases in V. Then the trace of the matrix in

basis {|v;)} is

ZA,, = Z vilA|v;)

i

Inserting identity operators, we see

Tr(A) = Y (il 1A1|v;)

i

=Y (il wj) (wil Alwi) (we vi)

ik

= Z (w vi <Vl| w;) <WJ|A‘W/C
ik

= ¥ md (Zlv ) ) (1A i)
s .

=Y (wel D fwy) (wy| Alw
Jik

= Z jk <WJ’A W)
J.k

=Y (il A ),

J

w;lA

hence the trace is basis-independent.
Solution to Exercise This statement is the same as that of Ex. b).

Solution to Exercise

(S5.5)
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a) This follows from Ex.[5.28]
b) This follows from part (a) if we denote A .. .Ak_l =A and Ak =B.

Solution to Exercise For Pauli matrices, we have

A A A i0
oxcy61<0i>

PPN —i 0
6,6:6, = < 0 —i)'

In the first case the trace equals 2i, in the second case —2i.

and

Solution to Exercise Using Ex. [5.28]and the resolution of identity, we have

Te(A@)(W]) = Y (va| A vin) (vl (|@)(W]) [v2)

mn

= ;W\ V) (Vi A| vin) (vl @)
= (Z bl ) A (E om0l ) )

= (v[4] ).
Solution to Exercise If p = |y)(y| is a pure state, then p> = p, so Tr(p?) = 1. If the state is non-pure,
the diagonalized form of its density matrix p ~ diag(pi1,...,Pnn) has at least two nonzero elements. Because
Trp = 1, we have p;; < 1 for any i, and hence p3 < p;;. Therefore
Te(p*) =Y pii <Y pi=Tip =1,

For the inequality Trp2 > 1/N, let us consider the scalar product of the vectors @ = (pi1,...,pny) and b =
(1,...,1). According to the Cauchy-Schwarz inequality,

or

The left-hand side of the above inequality is (Trp)? = 1. Therefore Tr(p?) = ¥; pZ > 1/N, with the inequality
saturating for @ o< b, i.e. for the fully mixed state p ~ diag(1/N,...,1/N).

Solution to Exercise[5.33|
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a) Let us once again recall that the density matrix is an expression (3.1)) for the statistical ensemble of pure
states. As we found in Sec. [L.9.1] upon detection of basis element |v,,) in a measurement, each component
of the ensemble transforms according to |y;) — I, |y;). The whole ensemble will therefore transform as
follows:

ﬁZZPiWiHW - Zpiﬁm|‘l’i><‘l’i|ﬁm:ﬁmﬁﬁm- (55.6)
i i
Here we used the Hermitian nature of the projection operator.

b) For each component |y;) of the ensemble, the probability of detecting [vyn) is pr,,; = | (vi| ¥i) %, so the
probability of detecting |v,,) for the full density matrix is, according to the theorem of total probability (see

Ex.[B.6),
P1,, = Zpiprmh
i
Zpi| (V| wi) ‘2
i

ZPi Vil i) (il vin)

B 1y, )
- n

Solution to Exercise The projector onto |+45°) is

=t =511 ):

Accordingly, using the density matrices from Ex. we find

a)
oo 1 /10) 1
Tr[IL p] = zTr(l 0) X
consistent with | (+| H) |> = %§
b)
T p] = L Tv < |WH|§+‘I’§‘VV Wi Yy + "”Vz> R R P S AR
2 \lwul>+viww vy + |yl 2 ' ? |
consistent with | (++[ (y |H) +wy [V))[* = |%(<H| + (V) (yu [H) +yy [V))]* = %WH"_W‘/F;
c)
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d)
33
A 8 8 3
TI'[H+[3] =Tr =
3 4
8

3
8
consistent with p1| (4| +)|* 4 pa| (+| H) |> + p3| (+| V) |> = %4— % + % = %.
Solution to Exercise We know from Ex. that the unnormalized state after the measurement, if the
result |v,,) is obtained, is given by

Pm = ﬁmﬁﬁ = (Vin| Bl vin) [Vin) (V| -

If the measurement result is unknown, the states {p,,} comprise a statistical ensemble. To find the corresponding
density matrices we have to sum over all m’s:

Isafter = Zﬁm = Z <Vm| 15| Vm> |Vm><vm| . (85.7)

m

Note that we do not explicitly include the probabilities in the sum because the states p,, are unnormalized, so
their probabilities of existence are included in their density matrices (see Ex.[5.4). Expression (5.13) is the matrix
of the operator in the basis {|v;;)}.

Solution to Exercise The initial state |+) has the density operator |+ ){+

% < i i ) in the canonical basis and ( (1) 8) in the diagonal basis. After the measurement in the canonical basis,

the state becomes fully mixed, i.e. 3 ( (1) ?), in both bases. We see that the effect of the measurement on the

density matrix written in the canonical basis corresponds to the stripping of the off-diagonal elements. However,
if the density matrix is written in the diagonal basis (i.e. not in the measurement basis), the measurement changes
the diagonal elements.

Solution to Exerc1seu Writing the definition (T.12)) of observable operator in the form V =Y,,, v, [Vu) (V| =
Yo vam, we have

vaTr @ vapr ED y (Vy,
where pr,, = Tr(I1,,p) is the probability of projecting p onto the eigenstate |v,,) of V.

Solution to Exercise Using the differential equation (5.7) for the evolution of the density matrix in the
Schrodinger picture, we write

d dp _ i I
a (Vy="Tr (dt > hTr([H,p]V) (S5.8)

We now use the chain rule for the trace [Ex.[5.29b)] to write
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—ﬁTr([ﬂ,ﬁ]V) =5 Ir (ApV —pAV)
= Te(pVA -~ pAY)
= LT (pIA, V)
&0 - (0.0

Solution to Exercise

a) We write pap =Y, p:|¥) in accordance with the density operator definition (3.1)), with |¥) being bipartite
states (pure, but not necessarily separable). As we found in Chapter 2] [see Eq. (2.22)], Alice’s measurement
of the state |¥), which results in observation of element |v,,) of her measurement basis, transforms |¥) into
the unnormalized state IQIAJ,, |¥). Accordingly, the full density matrix becomes

PaBm — ZpiﬁA,m ) (P T4
i

My m (Zpi %) <w,-|) g Y
i

= ﬁA,mﬁABﬁA,m
= [Vin) (Vin| @ (V| PaB| Vi) - (S5.9)

Bob’s portion of this bipartite state is g m = (Vin| PaB| Vin)-
b) If Alice’s measurement result is unknown, Bob has a probabilistic ensemble of pgp ,, for different m’s, so its
density operator is the sum of unnormalized individual density matrices as per Ex.

Pp= Z<Vm| Pag| vm) = Tra(Pas).

m

Solution to Exercise |S.40)
For the state of Ex.[2.43(a).

a) The ensemble description of Bob’s photon found in the solution to Ex. [2.45]for Alice’s measurement in the
canonical basis is “either |H) with probability 1/5 or |V) with probability 4/5”. This corresponds to the

. A /50
density matrix pp ~ 0 4/5)"

If Alice measures in the diagonal basis, Bob’s ensemble becomes “either /1/5|H) + /4/5|V) or
\/1/5|H) — \/4/5|V) with probabilities 1/2”. The corresponding density matrix,

1/1/52/5 +l 1/5 =2/5\ _[(1/5 0
2\2/54/5 2\ =2/5 4/5 ]\ 0 4/5)°
is the same.
b) Using partial trace,
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ps = Tra [P) (P
AH|(|HH) +2|VV))((HH|+2(VV|)|H),

This is consistent with part (a).

For the state of Ex.[2.43(D).
a) The verbal descriptions of Bob’s photon found in the solution to Ex. are “either |[+) with probability 2/3
or |V') with probability 1/3” and “either \/1/5|H) + /4/5|V) with probability 5/6 or |H) with probability
1/6”. These ensembles correspond to the same density matrices

s(ia) 3 (00)=(13203)

and
(25375) 5 00) = (132/3):
b)

P =Tia [¥) (¥
= %<H‘A (IHH) +|HV) +[VV))((HH|+ (HV[+(VV]) |H),

J(HH|+ (HV[+(VV])[V),

~

1
+§(V|A(|HH>—HHV>+|VV

V) (V|

W | =

1
=7 (H) + V) ({H]+(V]) +
(1/31/3
—\1/32/3 )’
which is also the same as in part (a).

Solution to Exercise For the Bell state @),
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by =Toa |0 ) ("]

= %<H|A(|HH>+|VV>)(<HH|+<VVD|H>A (85.10)

1
+ 5 (VL (HE) +[VV))(HH|+(VV]) V)4
1 1
=—|H)H|+Z|V)(V
S [ (| + 5 V) v,
i.e. the fully mixed state. For the three other Bell states, the calculation is analogous and the result is the same.

Solution to Exercise[5.42} The proof is analogous to that in Ex.[5.26

Solution to Exercise Let us calculate the trace of Pap in the basis {|vy) ® |wy)}, where {|v,)} {|w,)} are
orthonormal bases in Alice’s and Bob’s spaces, respectively. We find

TrﬁAB = Z(<V’"| & <Wn|)([)AB)(‘Vm> Y |Wn>)

mn

= X ol (L mlpn o)) o)
n m
= TI‘(TI‘AﬁAB).
If the left-hand side of the above equation is 1, so must be its right-hand side.

Solution to Exercise

a) If Ppap = |9)(¢| ® |w){y]| (where states |¢) and |y) live, respectively, in Alice’s and Bob’s Hilbert spaces),
then for any element |v,,) of Alice’s basis we have (v, | pag [Vin) = | (viu| @) |? W) (w]| and hence

Tea(pas) = (ZI (vl ) F) (.

which is a pure state. The argument for tracing over Bob’s space is analogous.

b) Let us first assume the entangled bipartite state to be pure: pap = |¥)(¥|. We can decompose this state as
we did in Sec. |¥) =Y, Nil |vi) ®|b;), where {|v;)} is an orthonormal basis in Alice’s space and {|b;) }
is a set of normalized vectors in Bob’s space. Tracing this over Alice’s Hilbert space, we have

R 1
P =Tra |¥)(¥| = Zﬁ |bi){bil -

1

If |¥) is entangled, at least two of the |b;)’s are different, so Pg is mixed.
For a non-pure Pag = Y, pi |¥) (¥|, we have Tra(Pap) = ¥, piTra ) (F|. This is a statistical mixture of
mixed states, which, as we have shown in Ex. cannot be pure.

Solution to Exercise m Suppose the system is in the initial state ps = };; pi;j \vi><v j‘ while the initial den-
sity matrix of the apparatus is |w;){w;|. The von Neumann measurement transforms the system and apparatus

according (o |v;)gygiem @ [W1) apparatus — [Vi) system @ [Wi) apparatus» and hence it will produce the state
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ﬁSA = Zpij(|vi><Vj|)system & (|Wi><Wj‘)apparatus
ij

Tracing over the apparatus in the basis {|wy)]}, we find

ps = X pij (i) (v [)system (wel wi) (wj| wie)
ik
= Zpij(|Vi><Vj|)system5ik6jk
ijk

= Zpkk(‘\/k> <Vk‘)system,
k

which corresponds to a diagonal density matrix in the basis {|vk)]}.

Solution to Exercise For p =Y, pi |vi) (|, the expectation value of the Pauli observable & is
~ A A ~ ~ Ex. c)
(60 B 1e(p6) = ¥ pie(u (il 6) &0 Y pi (wil 6 wi) =T L i
i i i

The arguments for the y and z components of the Bloch vector are analogous.

Solution to Exercise

a) An ensemble average Ry = Y p,fé,» of unequal geometric vectors of length 1 has length less than 1. To prove
this rigorously, we find for the length of the Bloch vector

. s
[Rp|” =Ry - R
=) pipjRi-R;
7
< Y pipjlRilIR;|
i7

= (;pilRiO2
o)

We have used the Cauchy-Schwarz inequality. It is strict because at least two of the Ri’s correspond to
unequal states and are hence non-collinear. We also used the fact that |R;| = 1 for a pure state.

b) The fully mixed state is an equal mixture of the states |1) and ||.). The Bloch vector of state |1) points along
the positive z axis while that of state ||} along the negative z axis. Both these vectors have length 1, so their
sum is zero.

Solution to Exercise From the definition (5.20) of the Bloch vector of an ensemble, it follows that
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Ry = Yr R'!Zp,yR x B =Ry x B.
l l

Solution to Exercise The density matrix found in Ex. is

1,1 i
o >+ zcosQt —+sinQyt
~ (27112 q
(1) < 78inQpt %f }Lcos.QLt) ' (S5.11)

The components of the Bloch vector associated with this state are

Ri(1) = Te(p6y) = 0;

1
Ry(t) =Tr(p6y) = = sinQyt;

N =

R.(t) =Tr(p6;) = = cos Qrt;

The corresponding trajectory of the Bloch vector is a circle of radius % in the y-z plane, which corresponds to the
precession around the x axis.

Solution to Exercise Given the spectral decomposition
p=rplv)(vil+ (1= p)v2) (v, (S5.12)

we find
p* = p*vi) (1| + (1= p)*[v2) (ma]
and hence
Tip? = p* + (1 —p)> =2p* —2p+ 1. (85.13)

To find the length of the Bloch vector corresponding to state (S5.12), we notice that the Bloch vectors of orthog-
onal pure states |v1) and |v,) are opposite (Ex. 4.51)) and have length 1. The geometric sum of these vectors with
weights p and 1 — p gives a vector of length

IRp| =|p—(1—p)|=2p—1]. (S5.14)
Combining Egs. (S5.13)) and (S5.14), we obtain Eq. (5.23).

Solution to Exercise Let us consider an arbitrary vector R of length 0 < |R| < 1. Following the logic of
the previous exercise, in order for a normalized state p to have R as its Bloch vector, it must have the spectral
decomposition

p=pvi)vi|+(1—p)|v2){va]. (S5.15)

Here |v;) and |v;) are orthogonal pure states such that their Bloch vectors, R; and R, satisfy

R=pR,+(1—-p)R, (S5.16)
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with p > 1/2. The vectors R; and R, have length 1 and are opposite in direction. Therefore, in order to satisfy
Eq. 1i these vectors must be collinear with I_é, and hence Eq. has a unique solution; I_él =R /|R|,
Ro = —R; and p = (1 + |R|)/2. These vectors uniquely define the corresponding states |v;) and |v;), which, in
turn, uniquely define the density operator (S3.13) whose Bloch vector is R.

Solution to Exercise[5.53] Suppose at a given time # the spin state is given by

5(0) ~ [ Pr(®) Pr(t)
plt) = (,w) pw)) '

After a short interval At, it will decohere, i.e. become

n (ppn(t) O
Puec () —( TB PJ,l(t)>

with probability Az/T5, and remain the same with probability 1 — Az/T>. Accordingly, the density matrix at the
moment ¢ + At is

Plt+A1) = (1= At/ )P (1) + (At To)pcc()

- ( (1) (1 —At/Tz)Pw(l)>
T\ (1=At/T)pi4(1) Py (1) '

The change of the off-diagonal elements during the time At can hence be written as
Apij(t) = —(At/T2)p;;(¢).
Dividing both sides of this equation by Az, we obtain Eq. (5.24) in the limit Az — 0.

Solution to Exercise If the dc field has been turned on for a long enough time for the spins to thermalize,
the ratio of their probabilities will be determined by Boltzmann’s law:

r B B
Pl exp (J’M) € ., (- gehBo ) A exp (—1.1 x 10*5) ~1—1.1x1075,
pry kT 2M,kT

where the mass and Landé factor of the proton are found in Table Because this ratio is close to unity, both
probabilities are close to 0.5 so pr| — pry ~ —0.55 X 1075,

Solution to Exercise Solving the system of equations

By
PLio/Prto=€ ®
piotpPro=1

we find
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e

_ e

Prto = YhBy  YhBy
e 2kT +4-e 2kT

Pilo= YhBy  yhBg
e T +¢ 2T

According to Eq. (5.20), this corresponds to a Bloch vector of the length

YhBg YhBgy
e UT — e 2T h yhBO
YhBg yhBy tan 2%T

eumT +e UT

pointing straight up.

Solution to Exercise[5.57] The first term in Eq. (5.32) is due to regular Schrédinger evolution, see Ex.[5.49] The
additional term emerging due to the relaxation can be calculated according to

d. - . p\ s
iy —nyB+TrKP> c]. (S5.17)
dr dt relax

We bring together Egs. (3.24) and (3.30) to write

dp,,) :{—[Pii(f)—Pii,o]/Th i=j
( &t ) P50/ T2, i#j’ (55.18)
or, explicitly,
(Cll5> ~ <—[PT¢(I)—PT¢,0]/T1 —p1(1)/ T ) ($5.19)
A/ retax —pi()/T2 =Py (t) = pyyol/Th

From this result, we can calculate the second term of Eq. (S5.17) for each Pauli operator:
b ]
| (F) &=l +puoy/m;

- d,\ A_ .
Tr (d’;) 6 = —ilpy (1) = ppy ()] / T2

T|(F) &) =—lpn)=putl/ni+ prsol)—puiat]/

Relating the components of the Bloch vector to the density matrix elements according to Eq. (5.22)), we obtain

Eq. (3:33).

Solution to Exercise 5.58, We can start by rewriting Eq. (5.33) explicitly for each component of the Bloch
vector:

Ry (1) = Y(RyB. — R:By) — Ry(1) / Ts;
Ry(t) = Y(R:B. — R:B;) — Ry(1)/T»; (S5.20)
Rz(t) = Y(RxBy _RyBx) - [RZ(I) _ROVTlv
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In the absence of the rf field, the fictitious magnetic field (4.87) has only the z component which is determined
by the detuning: B, = —A /7. Differential equations (S5.20) therefore simplify to

R (t) = —AR, —R\(1)/T»;
Ry(t) = AR —Ry(1)/Ta; (S5.21)
R.(t) = —[R(t) = Ro] /Th,

One can verify by direct substitution that Egs. (5.34) solve these equations.

Solution to Exercise Let us work in the rotating frame. Because no rf field is present, we can choose
the frequency of the rotating basis equal to the Larmor frequency, so the detuning A vanishes. Then the time
derivative of the Bloch vector is determined only by the relaxation terms of Eq. (S5.21).

Polar coordinates (6,0) of the initial Bloch vector correspond to Cartesian coordinates R(0) =
(sin0,0,cos 0). The time derivative of the Bloch vector length is then given by

d - . . .
SIROP| = 2(RRA R +RR)
=0
221 —ZLH26 +2c05971 —cosd
T 1
_ _2sin26 +2cos@ _2c0s26’
T2 Tl Tl

where we set Ry = (0,0,1) at the absolute zero temperature. Approximating sin? 0 ~ 62, cosO ~ 1 — 92/2,
cos2 0 ~ 1 — 62 for small 6, we obtain

d - 02 6% 62 0% 62
— RO ~—2—+-——42—=-2—+

This derivative cannot be positive because the length of the Bloch vector is already at the maximum possible
value of 1 at 7 = 0. This means that —2/75 +1/T1 <0 or T, < 2T.

Solution to Exercise[5.61] Let us first track the evolution of the Bloch vector associated with a specific detuning
A akin to what we did when solving Ex. Applying a /2 pulse to the spin-up state will transform it into
the state with the spin pointing along the y axis, so R(0) = (0,1,0). The subsequent evolution is governed by

Eqgs. (5.34):

—

R(t) = (—sinAte*’/Tz,cosAte*t/Tz, 1— e*’/Tl) .
The 7 pulse at t = 1, rotates the spin by 180° around the x axis, resulting in
R(ty) = (—sinAtge /T2 —cos Atge 0/ —1 4 ¢70/Th),

Subsequent evolution yields
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R(r) = [(—sinAtgcos A(t — 1) +cos AtgsinA(t —1o) e /™2,
(—sinAfysinA(t —tg) — cos Atgcos A(t —tg) e 0/ T2
14+ [-2 470/ (t=0)/T1]
= (sinA (1 —219)e /", —cos A (1 —2p)e /T2, 1 = 2~ 70N/ Th 4 o70/Th),

Now integrating the components of that vector over all detunings, we find, by analogy with Ex.

0;
hy 202
2 e

=1 =2 t=10)/Ty +e*l/T1_

N

(M

e*[/T2;

Py
~
I

1y

NS

(g

Solution to Exercise The thermal state is characterized by Bloch vector Ro (0,0,Ry;), where Ry, =

B R
¢~ 71" The initial 7 pulse will flip this vector so that R(0) = (0,0, —Ry,). The subsequent evolution according
to Egs. (5.34) is as follows:

R(t) = (0,0,Ro + [R-(0) — Role "/T1) = (0,0,R0(1 —2¢"/T1)).
We see that R(r) = 0 when e~"/Ti = 1/2 or t = T} In2.

Solution to Exercise|5.63} gy =3/4, uyy = 1/4, ugy = 1/3, wyy =2/3.

Solution to Exercise[@ Y ; Wij is the sum of the probabilities for all possible output states given the ith output
of the quantum measurement. Because one and only one of the output states is displayed for each measurement,
this sum is equal to one.

Solution to Exercise [5.65] Suppose n photons are incident on the detector. Each of these photons will generate
an avalanche with probability 1. The “no click™ state will occur if none of the photons generate an avalanche,

which happens with probability (1 —1)". Hence fino click,n = (1 —1)". Since Uno click,n + Helick,n = 1 (Ex.[5.64),
we have Helick,n = 1- (1 - n)n

Solution to Exercise The Hermitian nature of POVM elements follows from the fact that any projection
operator IT; = (v;| v;) (where |v;) is the corresponding basis vector) is Hermitian and all uj; are real.
To show non-negativity, we write for an arbitrary non-zero vector |y):

(v| | v)= <w Y will;

W> = Z,Uji<llff IAL‘} lI/> ZZ#M (| vi) \2~

The right-hand side of this expression is non-negative because each [L; is a probability. This implies that F jis
non-negative according to Defn.

Solution to Exercise
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a) Using the result of Ex.[5.63]and summing over all possible outcomes of the quantum mesaurement according

to Eq. (5.36), we find
3/4 0
Fir a1+ e = (091
1/4 0
F =y it a1+ e = (1801,

b) Similarly, using the result of Ex.[5.65] we obtain

Fno click = Z.uno click,n |n> <n‘ = Z(l - n)n |n> <n 5 (85.22)
Fetick = Y Hetiek n 1) (n] = Y [1 = (1 =m)"][n){n] . (S5.23)

Solution to Exercise

N
ﬁi#z‘j EX':RZ]Z T;

Mz
Mx
M=

1 1i

Il
—_
Il
—_

~.
Il

J
In the last equality, we used the resolution of the identity (A.26).

Solution to Exercise|S.69
a) Using the theorem of total probability (Ex.[B.6)), we find

pr; = Zﬂijpfi ED ZMz‘jTr( Tp) = Tf(Z_Hijﬁiﬁ) =Te(Fjp),

b) Similarly,
prj =) HijPs.i ED Y i Tea(Iipag) = Tra(Fjpas),

where pp; is Bob’s state in the event Alice detected |v;).

Solution to Exercise
Method 1: using the pure state and projective measurement formalism

a) We use the model of Fig. i.e. assume that Alice’s detector consists of a pure quantum polarization mea-
surement device followed by a scrambler. There are four possibilities that may result in Alice’s observation
of H in the output of her detector.

e The initial state is |¥]) and Alice’s quantum polarization measurement detects |H). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = (|[H) +|V))/+/6. The probability that Alice’s scrambler
will map her result onto output state H is 3/4.

e The initial state is |¥]) and Alice’s quantum polarization measurement detects |V). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = 2|V) /v/6. The probability that Alice’s scrambler will
map her result onto output state H is 1/3.
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e The initial state is |¥) and Alice’s quantum polarization measurement detects |[H). In this case, the
unnormalized state of Bob’s photon is (H| ¥) = |V). The probability that Alice’s scrambler will map her
result onto output state H is 3/4.

o The initial state is |¥) and Alice’s quantum polarization measurement detects |V). In this case, the state
of Bob’s photon is (H| ¥) = 0.

The overall unnormalized Bob’s density matrix is therefore

i~ 3[RV (H (V] 121V)271]
"Tslve e i ve e

|H><H\+ |H><V|ﬂL \V><H\+

|V>< |

2SI,
b) Proceeding similarly for Alice’s observing V, we find the following ensemble:
e The initial state is |¥]) and Alice’s quantum polarization measurement detects |H). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = (|H) +|V))/+/6. The probability that Alice’s scrambler
will map her result onto output state V is 1/4.
e The initial state is |¥]) and Alice’s quantum polarization measurement detects |V). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = 2|V) /+/6. The probability that Alice’s scrambler will
map her result onto output state H is 2/3.
e The initial state is |¥) and Alice’s quantum polarization measurement detects |H). In this case, the
unnormalized state of Bob’s photon is (H| ¥) = |V). The probability that Alice’s scrambler will map her
result onto output state H is 1/4.
e The initial state is |¥) and Alice’s quantum polarization measurement detects |V). In this case, the state
of Bob’s photon is (H| ¥5) =
The overall unnormalized Bob’s density matrix is therefore

L[H)+|V) (H][+ (V] 22|V> <|

v=z213 +3 2w
20 VI 25 IV 4+ 20 (VYL 2L V) (V).
c) State |¥;), which occurs with probability 3/5, can be written as
H) +[V) 2|v)
Y)=H)Q—F——+|V)® —.

If Alice’s measurement result is unknown, this is equivalent to the situation when her photon is lost, so Bob’s
[H)+V) 2‘V> . On the other hand, if Alice’s photon is lost

while the ensemble is in state |¥5) (whose probability is 2/ 5) Bob’s photon is in the state |V).
This ensemble corresponds to density operator

photon is in a mixture of unnormalized states and

ppy = 2 [HLEVY HI+ V] 2]V) 2(V]
Sl Ve Ve VG

\H><H|+ |H><V|+ |V><H|+ oIVIVI.

vy
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Method 2: using the density matrix and generalized measurement formalism
a) The initial state’s density operator is
5 3|HH)+|HV)+2|VV) <HH|+<HV\+2<VV|
AB = =
°Ts V6 V6

Alice’s detector POVM element corresponding to output state H is, as found in Ex. Fy = % |H) 4 A(H|+
1IV)4 4(V|. Hence

z |HV> (HV|. (S5.24)

33|HH) + 3 [HV) + 3 x2|VV) (HH| + (HV|+2(VV|
5 V6 V6

3 3 3 3

= — |HH)(HH|+ — |[HH)(HV |+ — |HH —_|HV)(HH|+ — |HV)(H

= VHH)(HH| 4 2 [HH)HV| 4 S5 [HE)VV| 4+ [HV)HH] + o [HV) V]

+,, \HV)(HV|

Fpap =

+—|HV)Y{VV|+ > |VVY(HH|+ > [VVY(HV|+ 2 [VVY{(VV|+ > |HV)(HV|
0 20 20 15 10 '
Now taking the trace over Alice’s photon we find the density matrix of Bob’s photon.

PBH = TrA [Frpas] =A<H| Fupag| H} +4(V| FHﬁAB\ Vi

|H><H|ﬂL \H><V\+*IV><H|+m|V>< E

b) Alice’s detector POVM element is in this case Fy = § [H), ,(H|+ % [V)4 A(V|. Hence
3 HH)+ 1 |HV) +3 x2|VV) (HH| + (HV|+2 vl
5 \/5 V6

1
= El H)(HH| t20 |HH)(HV| 35 \HH)(VV| t20 \HV}(HH\ +E |HV)(HV|

FyPag = IHV><HV|

+—|[HV}{(VV |+ — \VV><HH| +— \VV><HV| + = |VV> (VV]+ L |HV)Y{HV |
0 15 15 15 10 '

Tracing over Alice’s photon we find:

PBH = TrA [FrpaB) =A<H| Fripas| H} +4(V| FHﬁAB\ Vi

|H><H|+ \H><V\+ |V><H|+120|V><|

¢) Tracing the bipartite density matrix (S5.24) over Alice’s photon, we find

pB:mmB:i| H)H| + 1 V] + o v><H+(1 15+ 3) ]

10 10 10

|H><H|+ |H><V|+ |V><H|+ oIVIVI.
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We see that the results from both methods are consistent with each other and the density matrix of part (c) is
the sum of those from parts (a) and (b), as expected. Furthermore, the trace of the density matrix from part (c),
which gives the state of Bob’s photon independently of Alice’s measurement result, equals one as expected.

Solution to Exercise 5. 71}

a) In the event of the measurement result |v;), the unnormalized density operator of the system becomes ITpIT;
(Ex. [5.33). For the event that the measurement result |v;) occurred and the scrambler pointed to output
state j, the unnormalized density operator is L; jH PIT;. Summing over all i’s, we find the density matrix
corresponding to the event of observing output state j:

pj= Zﬂjiﬁiﬁﬁr
i

b) Using the above equation, for p = % (

} i > , we find for the unnormalized measurement outputs:
. 3. .4 1~
Py = Iyplly + - Iy pIly

3120\ L/00Y _ (3801,

Z 2\ 00)"3\012)7\ 0 1/6)°
1. 2. . 1(1/20),2/0 0\ (1/8 0
pv ZHHPHH+ IlypIly _4< 0 0)+3<01/2)_( 0 1/3)

The traces of these density matrices’ give the probabilities of occurrence for each of the detector output
states. Their sum equals unity, which is consistent with the fact that one of the outputs must occur with

1

w

W |

certainty.

On the other hand, using the POVM found in Ex. we have
. 9/32 1/8
FHPFH_( 1/8 1/18)’

s an (1/321/12
FVPFV_(I/IZ 2/9)'

Solution to Exercise[5.72} Normalizing the first result of Ex.[5.71|(b), we obtain

ou= ¥ ol = 2 <3(/)8 1(/)6> _ <9/013 4/013).

Repeating the measurement produces the following unnormalized matrices:
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R 3. a1 | A
PH—H :ZHHN[PH]HH + gHVN[PH]HV

L3 (9130 170 0
4 0 0 3\04/13
C(27/52 0 .
~\ 0 4/39)°
A ara g 2oa i
Pr—v =—IyN[py Iy + gHVN[pH]HV
L L(9/130Y 20 0
4 0 0 3\04/13
_(9/52 0
~\ o0 8/39)

The probabilities of each result are equal to the traces Trpy_g = 97/156, Trpy_y = 59/156.

A=

Solution to Exercise

a) The photon incident on the first beam splitter has equal probability to be transmitted and reflected: pr, =

pr, = % Let us consider these cases separately.

e If the photon is transmitted, it is measured in the canonical basis. Then the probability to obtain outputs
1 and 2 are, respectively,

Pry = (H| p| H) = pun;
pro = (V| P V) =pvv.

o If the photon is reflected, it is measured in the diagonal basis. Then the probability to obtain outputs 1
and 2 are, respectively,

N 1
pryj, = (+| Pl +) = E(pHHJFPHV +pva +pvv);
N 1
pry, = ([Pl —) = E(pHH — PV — pva +Pvv).
Now using the theorem of total probabilities (B.6), we find
B 3 1 1 1
Pry = PUPry| + PrrPTy, = 3 PHE T 5 PHY + 3 PVH + 5 PYYs

1 1 1 3
Pry = Pr,pry + pripry, = ZPHH - ZPHV - ZPVH + vav.

b) Let the POVM element for the jth detector output be I:“J ~ (FjHH Firv ) . Then we have
Fivu Fivy

pr; 2 iHHPHH + Finvpva + Fivapuv + Fiyvpvy.

Comparing this with the result of part (a), we find
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s (3/41/4\ . A [ 1/4 —1/4
fr= (1/41/4) FZ(—1/4 3/4 )"

As expected, F+F= 1.

Solution to Exercise

a)

b)

c)

We rely on the fact that the probability (5.39) is a real number for any physical state p. Let us first set
P = |vi)(vi|, where {|v;)} is an arbitrary orthonormal basis of the Hilbert space. We then have

TH(F) = (nl F| ) € B,

which shows that all diagonal elements (Fj)y of the matrix of F are real. Next, let us prove that any
off-diagonal elements (F;)i; and (Fj); are complex conjugate of each other. Consider the states Pre im =

|llfre,im><llfre,imf with Ye = (Jv) + |vl>)/ﬂ and i = (\vk)_—l—z\vl))/f. For these states, (Dreim)kk =
(Prejim)it = (Pre)t = (Pre)ik = % (Pim)ut = — %, and (Pim )ik = . Hence

N 1
Tr[Fj [Wre) (Wrel] = 5[( ikt (Fju+ (Fju + (Fju] € R;
. 1 i
T i) Wiel] = 2 [ (El + 2 [Pt — (Fy)u] € B
Because, as we found out, both (Fj)x and (F;); are real, it follows from the above that

Im[(Fj)u + (Fj)u] =
Re[(Fj)u — (Fj)ul =

This means that Im (F}); = —Im (F});x and Re (Fj) = Re (Fj)i. i.e. (Fj)iu = (Fj)j-

Suppose a POVM element F is not non-negative, i.e. there exists a state |y) such that <l//| F; ]’ l//> < 0. But
this value, according to Eq. , equals the probability pr; = Tr(F |w)(y|) of observing the jth detector
output when measuring the state |l[/) Because negative probabilities are impossible, we have arrived at a
contradiction.

Suppose we perform a measurement on a physical state with the density matrix p. Because this measurement
will with certainty result in exactly one output state of the detector, we can write using Eq. (5.39):

s

0;
0.

Zpr = ZTr (Fip)=Tr(Xp) =1, (S5.25)

where we denoted Y ; F = X.

Because all ; are Hermitian operators, so is X. Hence there exists an orthonormal basis {|v)} in which X
diagonalizes (see Ex.[A.60). Setting p = |vi)(v| and substituting this state into Eq. (S5.25), we then have
for any k

(Xp <Vk|X|Vk>—l

Because the matrix of X is diagonal in basis {|v)}, it follows from the above relation that this matrix
corresponds to the identity operator.
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Solution to Exercise For any POVM element Fj, there exists an orthonormal basis {|v;)} in which F] diag-
onalizes. Substituting elements of this basis into Eq. (5.39), we find for the probability of the jth measurement
outcome

V,‘> .

The detector’s not being able to provide information about the input quantum system’s state means that p; is the
same for all input states, so <v,~| F]| v,~> is the same for all values of i. In other words, the matrix of £} in the basis
{|vi)} is diagonal with all diagonal elements equal to p;.

pr; = Te(Ej|vi) (vil) = (vi| F;

Solution to Exercise

a) The density matrix contains N2 elements, which implies that N> complex parameters suffice to fully describe
it. However, since the density operator is Hermitian, p;; = pj’-‘,-, so one pair of real numbers provides infor-
mation about both these matrix elements (and only one real number is required for each diagonal element).
Hence N? real parameters are in fact sufficient. Furthemore, physical density matrices have the unity trace
restriction, which means that if we know any N — 1 diagonal elements, we can calculate the Nth one. This
further reduces the number of needed real parameters to N2 — 1.

Note that physical density matrices are also restricted by condition (5.3). However, this condition is an
inequality and hence does not further reduce the number of required parameters.

b) Projective measurements in a given basis {|v ]>} yield N real probabilities pr; = <v j| ;5| v j> associated with
the N basis elements. However, because these probabilities add up to one, the information about them can
be contained in N — 1 real numbers.

Solution to Exercise[5.77} Using the results of Exercise[5.3] we find
Pvv = Pry;
pvv =pry;
puv +pvy = 2pr, —pry —pry =2pr, — I
prv — Py = —i(2ptg —pry —pry) = —i(2prg — 1),

where we used pry + pry, = 1. The latter two equations give

. -1+
PHV = Ppry —Iprg + > ;
. —1—i
Pvi = Pry +Iprg+ —5—-

Solution to Exercise We look for the two photons’ density matrix in the canonical basis

PHHHH PHHHV PHHVH PHHVV
PHVHH PHVHV PHVVH PHVVV
PVHHH PVHHV PVHVH PVHVV
PvVHH PVVHV PVVVH Pvvvv

pet
12

where e.g. pyrrv = (HH| p| HV).
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e Measurements in Alice’s and Bob’s canonical bases yield the diagonal elements

pryy = (HH| p| HH) = punnn;
pryy = (HV|p| HV) = puvnv;
pryy = (VH|p| VH) = pyuvn;
pryy = (VV[ P VV) = pvyvy.

e Measurements in which Alice’s basis is canonical and Bob’s diagonal and circular yield

Pryy =

Prugr =

[(H| @ (H|+(V])]p[IH) (H)+|V))]
(PHEHH + PHHEHEV + PHVHH + PHVAV )}

[(H|@ (H|-i(V])]p[IH) @ (H)+i|V))]

— N RN =N =

3 (PaHHH +1PHHEYV — IPHVHH + PHVEV ),

from which, using the existing knowledge of pyrry and pyygy, we find pgrryv £ prver and, subsequently,
both pyypv and pyypy. Similarly, from pry,, and pryz we find pyyyy and pygyy.

e Measurements in which Bob’s basis is canonical and Alice’s diagonal and circular yield, by the same token,
PHHVH, PvHEH> PyvEy and pPryyy.

e The matrix elements that remain to be found are pypvy, pyvvam, Prvve and pyggy. We can calculate them
by from measurements in which Alice’s and Bob’s bases are diagonal and circular. In particular,

P = 5 [(H1+ V1) @ (H (VIR [(E) + V) ® (1) + V)]
= %(- <o+ PuBVY + Pvvan + PrvVE + PvERY + .. );

b = 5 [(HI+ (VD)@ (H] VD] [(H) + V) @ (1) +1v))]
= %("'JFZ.PHHVV —ipyvan — iPavVE +iPvERV + .- .);

b = 5 [((H]— 1V ]) @ (] + (VD [(1H) V) @ (1) + V)]
= %(“'JFI.PHHVV —ipyvan +ipuvve — ipvamy +...);

P = 5 [(H] — (V1) @ (|~ i V)] () +i1V)) @ (1) +iV))]
= i(-.—pHva—pWHHerHWH +pvany + .,

where the ellipses stand for those density matrix elements that are known from previous steps. The above four
equations can be readily solved to find the four remaining unknown matrix elements.
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Solution to Exercise As found in Ex. b), E(p) = UPUT. The matrix of E(p) in basis {|v;)} is
therefore simply the product of matrices U, p and U'. The matrix of U is known because we know the state
U ’vj>, i.e. the matrix element <v,~’ U| vj> for all i and j.

Solution to Exercise As we found in Ex.[5.22fa), state ap; + B is equivalent, in all its physical prop-
erties, to the ensemble in which state p; occurs with probability ¢, and state P, with probability . So we can,
without loss of generality, assume that it is the ensemble entering the “black box”. After passing through the
“black box”, states P » produce states E(p1 »), respectively. Therefore, the output has an ensemble in which the
state E(p;) occurs with probability o, and state E(p,) with probability . The density operator of this ensemble

is aE(p1) + BE(p2).

Solution to Exercise By construction, each element in Q (the set defined in the Hint to this Exercise)
corresponds to a physical state. The number of elements in Q is N>. According to Ex. all that needs to be
proven to demonstrate that Q is a basis is that it forms a spanning set in the space of linear operators.

To this end, we express the operator |vg)(v;|, for any k and [, through the elements of Q. For k = [, this
expression is trivial: |vg){(v;| = pg. For k # [ we write

A 1, A
Pret = 5 (Pre & Pu+ [vie) (val =+ [vi) (v );
A 1, A ,
Pim it = 5 (Putc+Pu— i vi) il +-i{vi) (vl ),
from which it follows that
A A I+i,, A
[vi) (vi| = Pret + iPimpr — > (Prk + Pur)s
A n 1—i A
i) (V| = Pret — 1Pim kI — > (Prk + Pur)-
Because the set {|v¢)(v;|} forms a basis in the space of linear operators (see Ex.[A.42)), so does Q.
Solution to Exercise The statement of this exercise is a direct generalization of Ex.

Solution to Exercise[5.83] Because the linear space of 2 x 2 matrices is 4-dimensional, and

N 10Y) . 00\ . I/11 R /1 —i

has four elements, it suffices to check that Q is a spanning set (Ex. [A.7). Decomposing an arbitrary matrix

p~ (g " g N) into the basis Q means finding the coefficients of the decomposition
1 PU

p = APt + APy + Ay Py + ArPR,
which we can rewrite in the matrix form as

(PTTPT¢>:<M+£(M+1R) 3 (A —ilg) )
PLt Py 3 (A +idg) - Ayt 5(As+ Ar)
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Solving the above equation for the A’s, we find

Ap =Pyt Pt
Ar = i(pry = put);
A =Pt — %Pu - %Pu?
Ay =py— %Pu - %Pu- (S5.27)
or
p = (PTT - %Pm - l;%) P (55.28)

n 14 1—i N
P ) Py ) pir )Py
+ (P +Pup) P+ (P, — Put)Pr-
We see that a decomposition into the elements of Q exists for every p, so Q is indeed a spanning set.

Solution to Exercise

a)
E(py) ~ <(1) 8) ; (55.29a)
E(p,) ~ (8 ?) : (S5.29b)
E(py) ~ % <e,1/rz e_tlm) ; (5.29¢)
E(pr) ~ 5 (ie_lt/rz ’61%) : ($5.29d)

b) Using decomposition (S5.28)), we find

) 1 4i 1—i ) 1+i 1—i )
E(p) ~ (PTT — 5P 2P¢¢> E(py)+ (Pu — 5P 2Pn> E(p))

+ (pry + Py )E(P+) +i(pry — pir)E(Pr).-

Substituting the equations from part (a), we obtain Eq. (5.43).

Solution to Exercise Any density operator is written in the basis {|v,)} as

p= Z val Pl vin) [Va) (Vi -

n,m
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Substituting Eq. into this decomposition, we have

p= Z.)vnmi <Vn| m Vm> pi (S5.30)
so that
E(p) = Z{lmni <Vn| [5| Vm>E([5i)
and hence

il BB vi) = X A (vi| B(Bi)| vie) (vl B] )

n,m,i

= Z lzlnmi Vil E(pi)] Vk>] (| | vin)

(the summation over m and n runs from 1 to N while the summation over i from 1 to N?). Comparing the above
equation with Eq. (5.46), we see that the expression in the brackets is E".

Solution to Exercise[5.86} Using decomposition (S3.28), we have

=g ) =
(] =~ (8‘1’) ~py;
M= (8(1)> ~ Py +ipr+ _lz_iﬁfr _12_if>¢;
= (19) = pe i = o+

Therefore
M =1 A =05 Ay =05 Ay =0;
A =0 A =1 A =05 A r=0; (531
M=M= s =1 Ay =1 '
Mgt = =5 Ay = =5 Ay = L Ay = —i.

Solution to Exercise 5.87) We can think of the process tensor (3.48) as a set of matrices E™" (where n,m €
{1,...,N}) each of which is given by

N2
E™ =Y LumiE(p1). (S5.32)
i=1

Using Eqs. (§5.29) and (S5.31)), we find
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R o N o 10
E™ = 11E(pr) + Ay E(Py) + Agp 4 E(P+) + AirE(Pr) = <o 0) ;

) ) . ) 00
EY = A 1E(py) + A E(P)) + A+ E(Ps) + Ay RE(Pr) =~ <o 1 ) :

EN = 244E(py) + A E(P)) + A+ E(P+) + A1 rE(Pr)

—1-i/10 —-1-i/00 1 1 et/ 1 1 —ie !/

=T (oo>+z (01)+2<ef/T2 1 )*’z(ierﬁz 1 )
Oeil/TZ .

“\o o )’

EY = 21 E(py) + A E(Py) + A E(P+) + AytrE(Pr)

—14i/10 —14+i /00 1 1 e'/D 1 1 —ie /D
= + +5 | -z —5\ -
2 00 2 01 2\e /2 2 \ie /2

0 O
“\e/Ro )

Solution to Exercise Following in the footsteps of Ex. we assume state «p; + 8P, to represent
the ensemble in which state p; occurs with probability o, and state P, with probability 8. Then, using condi-
tional probabilities [Eq. (B.6)], we can write the probability for the detector to display output state j after the
measurement as follows:

PTj = P, Prjjp, +Prp,PYjjp, = &Pt (P1) + Bpr;(p2).

Solution to Exercise|S.89, Using the result of the previous exercise, and since p = Zliﬁi, we find that

pr;(9) = Y Aipr ().

Solution to Exercise Using decomposition (§5.30), which applies to the present case, and the result of the
previous exercise, we find that

Prj(ﬁ) = Z [Zlnmiprj(ﬁi)l Val Bl Vi) - (85.33)

On the other hand, Eq. (5.39) can be rewritten in the form

Prj(ﬁ) = Z[Fi]mn Val Bl vim) -

n,m

Comparing these two equations, we see that the expression in the brackets in Eq. (S5.33)) is in fact the matrix of
the j’th POVM element, i.e.
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[Flmn = Y Aomipr (i) (S5.34)

Solution to Exercise

a) We calculate the probability pr;(p;) of the jth detector output for all p; € Q and j € {1,2} using the result
of Ex. We find

R 3 . 1
pry(Pu) = sz(P )= e
N 1 N 3
pry(pv) = 2’ pra(pv) = 7R
. 3 . 1
pri(py) = 1 pry(py) = R
N 1 1
pry(Pr) = ’ pra(Pr) = 5

b) We notice that our set of probe states is the same as (5.44)), except that now we work with a photon polar-
ization qubit rather than the spin qubit. Hence we can use the decomposition with the coefficients

given by Eq. (S5.31) (with states |1) and ||) replaced by |H) and |V), respectively). Now, using the result of
Ex. refPOVMgenEXx, we obtain

= [H)(H|(pry (Pr) Aunn +pry (Py) Aunv +pry (P+ ) Aum+ +pry (Pr) Aunr)
+ V)V (pry(pr)Avve +pri(pv ) Avvy +pry(P+ ) Avy 4 + pry (Pr) Avvr)
+|H)(V|(pry (Pur) Aver +pry (Pv) Avay +pry (P+)Avea+ + pry(Pr) AvER)
+[V)({H| (Pr1( HMHVH +pry(Pv) Auvy +pry(P+) Auv + +pri(Pr)Anvr)
= |H><H| 1 +|V><V| 1

3. —1+i 1 _—1+i 3 1

H = = =—=
+| ><V(4>< st I Xy Ty 21)

3. -1—i 1 _—1-i 3 1

H = - S+
+ ><V(4>< T t1X +4+21>

(b
Similarly,
he ()






