Appendix S4
Solutions to Chapter 4] exercises

Solution to Exercise 4.1l

a) Taking the inner product of the right hand side of Eq. (4.4) with an arbitrary position eigenstate [7), we have
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so Eq. (.3) holds.
b) Substituting Eq. (4.4) for |y) and its analogue for |@) into (y| @), we find
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Solution to Exercise[d.2] According to the definition of the inner product for tensor product spaces,
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(7 B) = (x| px) (¥| py) (2l p2)

623 1 o# (XPxtypytap:)

(27h)3/2
= 71 g%?'

(2mh)3/2

ST

Solution to Exercise 4.3l The statement of the Exercise follows from Ex. and the definition of the momen-
tum vector eigenstate as |p) = |py) ® ] Py) ®|B-). However, we can also prove it explicitly by writing, in analogy

to Eq. @.2),
I N Sy
P|P) = pi|p); (S4.1)
P 15) =Py |P);
p215) =P 1)
Hence (p; + py + p3) |P) = (p3 +py + p2) 1 P)-
Solution to Exercise[d.4} The potential is separable:

_ Mo?*r? _ Mw?x? M(x)zy2 Mw?7?
o2 2 2 2 7

v(7)

so the condition of Ex.[2.26/holds. Hence the energy eigenstate basis for the three-dimsnsional harmonic oscilla-
tor consists of states ’nx,ny, nz>, where |nx_,y7z> are the number states of the harmonic oscillators associated with
the individual axes. The energy of the state |ny,ny,n;) is, according to Ex.[2.26]

1 1 1 3
En nyn, = ho [(ner 2) + (ny+ 2> + (anr 2)] =ho [nx+ny+nz+ 2} .

Possible energy eigenvalues are therefore h@[n + %] where 7 is any nonnegative integer. These eigenvalues
are degenerate for n > 1. For example, for n = 1, the degeneracy is triple: states |1,0,0), |0,1,0), |0,0,1) have
the same energy %hw.

The degeneracy of an energy level with a given 7 is the total number of combinations (ny,ny,n;) such that
n = ny+ny+n;. Let us find this number. The value of n, can be any integer from O to n. For a given n,, the value
of ny can then be any integer from 0 to n —n, (a total of n+ 1 — n, options). Finally, once both n, and n, are
chosen, there is only one value that n; can take, n, = n — n, — n,. Accordingly, the degeneracy is

néo(nJrlnx) (n+1)2— n(n;—l) = (n—|—1)2(n+2).

Solution to Exercise

a) The statement is quite obvious in view of Eq. (3.44), but if we try to prove it rigorously, the derivation will
be quite lengthy. First, let us assume | ) to be a separable state: |y) = |y, ® | V) @ |y;). Then, specializing
to the x component of the momentum, and using Eqs. (2.4)) as well as (2.7), we have
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(F pxlw) = (x| @ (¥ @ D (P @12 1) (we) @ | wy) @ [yr))
= <x| ﬁx| l//x> <y| W)> <Z| V’z>

B _in 2t ys) o ws) el v

., 0
= —ih——(( ® (@ ) (lw) @ [wy) @ |we))
d
= —ih—y(7).
ih=—y(7)
If state | y) is not separable, we recall that any element of the tensor product space can be written as a linear
combination |y) = Y |y;), where each | ;) is a separable state. The linearity of the momentum operator and
i
the inner product lets us write

i oA v 9 L d
eIy = 0 pali) = ~i0 ¥ 5 wi(F) = —ih S w )

1

b) Using the result of part (a), we have

(7151w = ((F1px W), 7l by W) (71 B2 W)

Lf(d . d . d
——in( 5. 5w, v ).
which can be abbreviated as —inV (7).

¢) The Hamiltonian is the sum of kinetic and potential energies:

P+ p2+p?
2M

H= + V(7).
Using the result of Ex. we find, by analogy with part (a), that in the position basis

S A2 _ ziz —
757 ) =~ Sy ().

Writing the time-independent Schrodinger equation H |w) = E |y) in the position basis and substituting the
above result, we obtain Eq. (£.9).

Solution to Exercise[.6] Using the relation {.1Ta) between the Cartesian and spherical coordinates, we find
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sinBcos¢ rcosBcos@ —rsinb sin¢@

= |sinB@sin¢ rcosOsing rsinOcos¢

cos —rsin@ 0

= 12 cos” O sin O cos’ o+ r?sin® 6 sin’ o+ r? cos” 0 sin 6 sin’ o+ r?sin® 6 cos’ ¢

= r2cos?Osin O + 2 sin’ O

=r2sin6.

Solution to Exercise

b) We need to prove that, for any two pairs of states |R} ») and |} 2) in V, and Y, respectively, the inner product
of states |R1) ®1Y}) and |R;) ®|Y>) equals the algebraic product of inner products (R;| R,) and (Y;| Y») given
by Egs. Because the wavefunctions of states |Ry ) ® |1 2) are given by products Ry 2(r)Y12(0,¢), we

use Eq. (4.13)) to write
(<R1|®<YID(|R2>®\Y2>)=///RT(r)Yl*(B,q))Rz(r)Yz(G,¢)r2sin6drd6d¢.
000

This expression is the same as the product of the right-hand sides of the two equations 4.1

Solution to Exercise For example, the x component of the angular momentum is defined as L, = $p. — ZDy-
The position and momentum observables are Hermitian; in addition, we have [§, p,] = [Z, p,] = O because the
operators associated with the x and y dimensions live in different Hilbert spaces. We can thus write for the
Hermitian conjugate of L,
~+ Ex. .
Ly 7 =""p

tat  atat _ an

5t —piet =9p. —2py = L.

Solution to Exercise d.10} Both the left- and right-hand sides of Eq. depend on four indices k,I,m,n. In
addition, the left-hand side contains a dummy (summation) index j. Looking at the left-hand side, we notice that
in order for both €;; and &;y,, to be nonzero at the same time, we must have k # [ and m # n and that sets {k, [}
and {m,n} must contain the same elements — that is, either (k,l) = (m,n) or (k,I) = (n,m). For example, if
m =2 and n = 3, nonvanishing &’s must have j = 1 and hence either (k,) = (2,3) or (k,I) = (3,2). This is what
gives rise to the Kronecker symbols in the right-hand side. If (k,I) = (m,n) then €y = €jyun, SO 8y Oy cOmes
with a positive sign. On the other hand, if (k,l) = (n,m) then €5y = — &, SO Ok, Oy has a negative sign.

Solution to Exercise .11}

a) We use I:j = €jnfmPn and |7}, px| = ihdj; to write
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(L, %) = [€jinF1Pns i)
= Ejinf1[Pn, i) (&j1n and 7 commute with 7y, so we factor them out)
= &jinf1(—ih)Ouk
= (—ih)&juf

= ih€jfy. (&jx is an antisymmetric tensor, so € = —&;k)

b) Similarly,
(L;, Pk] = [€jmiPmP1s Pr] = €jmi[Fm, PPt = Ejmi (i) O p1 = ThEji P

c)

[Lja[:k] = [gjmnfmp,\nagquflﬁq}
= ejmngqu[fmﬁna’clﬁq]

EH

&jmneiiq (Fm[Pn> 1l Pg + F1lFm, Pyl Pn)

&jmneiiq ((—ih) 8uifmPq + (i) SugFiPn)
—INEjmiEk1gFmPq + INE jmnEkimF1 Pn

—ih€; jim€gkFmPq + NEmn jEmkiT1Pn

(81Ot — SitBg) PPy + (0551 — S 83)Fu
—ihfpj+ ih5jk?,nﬁm +ih?pr — ih«i,-kflﬁl

g o

—ihf’kﬁj + ihfjﬁk.

On the other hand,

ih€ji Ly = M€k EmnfmPn
= ihgljkglmnfmﬁn

ih(ﬁjm 5kn - 5jn5km)f'mﬁn
ih? ;P — ihip ;.

Comparing the two expressions above, we obtain the desired result: [i i I:k] = ihe jkll:l-
d) Here we use the fact that the square of a vector is its inner product with itself: 72 = #,,7,,. Therefore,

~ ~ ~

o~ q (BA4) ~ ~ 1~ Ex. ) A A n
[Lj,rkrk] = rk[Lj,rk]—F[Lj,rk}rk x@a Zlthk[rkr[

This expression vanishes because of the following argument. If we exchange the dummy indices k and [ in
it, we obtain
Zithklfkf[ = 2l'h8jlkflfk = Zih&‘jlkfkf[.

But €j;; = —¢€;;;. Hence the above expression is equal to its opposite, so it must be zero.
e) The argument is analogous to part (d):

[L;, pebr) = PelLj, pe] + [Lj, Pl px = 2ihej prpr = 0

f) Again,
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[ﬁj,ikik] = i,k [Z:j,i,k] + [ﬁj,ik]ﬁk = Zihsjkllzklt, =0

Solution to Exercised.12} The definition (4.19) of the angular momentum can be rewritten as

a

L; = €juipr = —€jifePr = —EjuPit-

We commuted the position and momentum in the last step above because €;;; does not vanish only if k # [. The
position and momentum related to different Hilbert spaces do commute with each other.
The expression —&;;; p; 7k is identical to that for the jth component of vector —p x 7.

Solution to Exercise

a) For a centrally symmetric potential, we can write Hamiltonian (4.7) as a sum of functions of observables p*

and 7 21
. 132

Each component of the angular momentum, as well as its square, commutes with both 5> and 7 as per
Ex. [£.17] and hence it must commute with each of the two terms of the Hamiltonian because these are

functions of p* and #2.
b) The Heisenberg equation (3.129) for an angular momentum vector component is

d. i s
aLi(l‘) = ﬁ[H»Li(t)]'

As per part (a), the commutator in the right-hand side vanishes.

Solution to Exercise [d.14
a) We use Eq. (4.21) to write

a

L2

LiL;

= (gjklfkﬁl)(gjmnf'mﬁn)

= (8kmOtn — SknOim )Pk P1PmPr

FeDPifiPi — FrbifiPr

Pe(Frpr — ihog ) pr — P pr(Pafy + ihdy)
Kk P1P1 — Frpipify — 2ihi prSu

= FiPxp1p1 — FrPrpift — 2iF ki

Fxpipr — Frpr(Fipr — 3ih) — 2ihiy py

>

:f‘k

7
= (7))~ B+ )

Here we wrote p;7; = 7, p; + 3ih because p;7; = pX+ p,J+ p.2. Commuting the position and momentum in
each of the three terms gives 3i7.
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S119

In the classical version of this calculation, only the first two terms are present; the third one, arising due
to the non-commuting observables, vanishes. In the classical case, this relation is obvious from geometry
because |L| = [F x p| = |r||p|sina and |F- p| = |r||p|cos &, where « is the angle between 7 and p, and hence

7% B> + |7 Bl = |r*|pl*. X
b) Multiplying both sides of Eq. (4.8) by 72, we have

202352

2M

Now substituting #?p> = L? + (7:’ ;—;’)2 — ihF- 1‘3’ from part (a) of this exercise, we obtain Eq. l)

Solution to Exercise 4.15

’p+%vwﬂwﬁv=%Ewﬁ»

(S4.2)

a) Our goal is to rewrite the Cartesian expressions (4.20) for the components of the angular momentum in the
position basis in spherical coordinates. To that end, we use the chain rule from multivariate calculus:

d ddr 9 dJd0  J J¢
9x arox 90 x 3¢ ox’
d ddr ddJO J Io
dy ~aray 969y 39 ay’
d ddr d 30 d d¢
%" 9r0: a0 a: Tagac

Solving Egs. we express the spherical coordinates in terms of Cartesian ones:

r=xr4+y?+2%

0 = arccos (%) ;
¢ = arctan (;) :

(S4.32)

(S4.3b)

(S4.3¢c)

(S4.4a)
(S4.4b)

(S4.4¢c)

To derive Eqs. (4.24), we must not only differentiate Eqs. (S4.4), but also express the results in spherical

coordinates. We find:

d d 1
—r:sinecosq), —ezfcosecosd),
dx dx r
—r:sinGSinq), a—Gzlcosesin(j),
dy dy r
ar a0 1.
a—z—cose7 a—z——;sme,

Now substituting these derivatives into Egs. (S4.3)), we obtain the desired set of derivatives (4.24).
b) Equations are obtained by substituting the result from part (a) into (4.20). For example:

d¢ _ lsing.
dx  rsin@’
87¢ B lcosd).
dy rsin@’
9
a—Z—O.

(S4.52)

(S4.5b)

(S4.5¢)
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. . d 0
L.~ —ih ya—z fz&—y

. . . Jd 1 d
= —ifi |rsin@sin¢ <cos@8r — 51n989>

—rcos 6 (s.m@sm(i)(;9 + - ! cosGsm(])% + %Z?jg ;:bﬂ

2l d cosBcosp d
A Y 345}

¢) For the squares of individual angular momentum components we use Eq. (#.25) to determine that
[? ~ —h? |sin q)——l—cot 6 cos® ¢—+sm¢ cothosq) 4—cot6c0st])i sin(])i ;
A 8 62 29?2 a0 ¢ ¢ 20/’

92 d d d
.y = _ ind-—— 2.
A {cos ¢8 5 + cot? O sin? ¢8(])2 cos(f)ae (cot@sm(j)a‘p) cot951n¢a¢ <cos¢ae>} ;
92
_#2
n 307
Adding the three together, we obtain

2
~ —}? [a+(cot 0+1)=— J +cotf—— J (S4.6)

06?2 092 a0 }
To see that this result is equivalent to Eq. (4.26)), we notice that its second term

cos? 0 +sin 6 1

2
cot“0+1= =
sin2 0 sin 6

is the same as the second term in Eq. {#.26). Also, the first term in Eq. (4.26)) can be rewritten as

1 0 S,n98 9? +cos(~) )
- 2 (snel V= 2L PP 9
sin6 90 20 062  sin6 00’
which is the same as the sum of the first and third terms in Eq. (S4.6)
d) We observe that, in the position basis,

d d 0 d
BB~ R — — B2 e ey
inf-p~h rjirj /1 <x5x+y3y+z9z>'

To calculate this expression, we rewrite Eq. (.24) as
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J x 8 Xz d y

0
i rar T2+y2ﬁ_r( 7 )%, (S4.7a)
Jd yod X d
» ot Wﬂ ae 2 1) 90" (54.70)
d zd x2+y? 0
F i F R T] (54.7¢)
and hence we find that
d d 0 0
and therefore P
ihF- P~ hPr—. (S4.9)
or
Accordingly,
0 d 02 0
o VN L T RS 207 g
(F-p)” ~ lhrar ( lhr&r> h <r 5,2 +rar> . (S4.10)

Solution to Exercise [4.16] Substituting Egs. (4.27), (.28) and (#.29) into the Schrodinger equation (#.23), we
find in the position basis

2
{_( 832 e §)+2§t4+’" vir )] R(1Y3(8.9) = *ER(r)Y,(6,9). (S4.11)

Using

(29N 2P 3
ar<’ ar) PR P

and canceling Y (0, ¢) on both sides, we obtain Eq. (4.44).

Solution to Exerc1se“ Suppose the set of eigenvalues {A;} of [? is non-degenerate. We know from Ex. m
that 2 commutes with both L and Ly [which, according to Eq. l| are local operators within Y]. According to

Ex.|1.36] this means that there exists an orthonormal basis, which we denote { ‘l i > }, in which both observables

[? and L, diagonalize simultaneously, as well as an orthonormal basis {‘l J(y >>} in which both observables 1.2

and ﬁy diagonalize simultaneously. Therefore we have

A —%m@;@

_;/1,»‘/1;>’)></1}”’.

> ’l > so the two bases must be the same. However,

L and Ly do not commute with each other, SO they cannot diagonalize in the same basis. We have arrived at a
contradiction.
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Solution to Exercise 4.18

a) The angular momentum components are Hermitian operators, so L\ = L, and (iI:y)‘L = fiiy. Therefore,
B = (fytily) =Ly —ily =1
b) Using the result of Ex. we find

Solution to Exercise [4.19]

a) In order to verify if the state L, [Au) is an eigenstate of £? and L., let us subject this state to the action of
these operators. Because 12 commutes with L, we have

Lo ) = B2 |AR) = LA Ay = ALy ).

In other words, L, |A 1) is an eigenstate of L.> with eigenvalue A.
To perform a similar calculation for L., we rewrite the expression for the commutator of £, and L, obtained
in Ex.[4.18]as follows:
Bbe =00 +hiy,
and thus
LLi\ap) = (LyLo4+nLy) [Ap) = (uLy +1Ly) |Ap) = (u+R)Ly [Ap).

We see that the action of the operator L, on the state L, |[Au) is equivalent to multiplying this state by
(u+h), so L, |Au) is an eigenstate of L, with the eigenvalue (u + 7).
b) Similarly, because
LI =L L —nL_,
we have
Ll |Ap)=(L-L.—nL )| Ap)= (L —nL_)|Ap) = (n—R)L-|Au),

so L_|Au) is an eigenstate of L, with eigenvalue y — 7.

Solution to Exercise Let |y) = L, |Au). From the previous exercise, we know that |y) is an eigenstate
of L, with the eigenvalue 71(u + %), i.e. |y) = A |4, u + %), where A is some constant. We need to find A. To this
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end, we notice that (y| = (4 ,u|li = (Au|L_ and calculate
PN Ex. ) o N N
(wl v = (At LB ap) "B (| 22— 12 Rl | Ap) = A — @® — ph
(in the last equality, we used the fact that |A ) is an eigenstate of both L? and L;). But on the other hand,
(Wl W) = AP (A, +7] A, u+7) = AP, (S4.13)

because the eigenstates of the angular momentum operator are normalized. Hence we find A =

¢'®\/A — u(u+h), where o is an arbitrary real number.
Similarly, for the lowering operator, we have |¢) = L [Au) = B|A, u — h). Then, on the one hand,

(0| 9) = (Au|LiL | Ap) = (Ap|L* —L2+nl.| Ap) =24 — > +pn

and on the other hand

(01 ¢) = BI* (A, p—h| A, pp—n) = |BP. (S4.14)
Therefore, B = ¢'®\/A — u(u —h).

Solution to Exercise Consider the operator L2 — 2. State |[Au) is an eigenstate of this operator with
eigenvalue A — u?. But this operator equals £.2 —|—L§ and is therefore non-negative (Ex. ) so all its eigenvalues
must be non-negative as well (Ex.[A.72).

Solution to Exercise We know from Ex. Mthat the existence of the state |A i) implies, through repeated
application of the raising operator, the existence of a chain of states |4, L 4 jfi), where j is a nonnegative integer.
But this means that at some point (i + ji)? will exceed A, which as we found in Ex. is impossible. The
chain is broken only if there exists a value of j, which we denote as jo, such that L, |A, u + joh) = 0. According
to Eq. (4.32), this happens if A = [ + joh][u + (jo+ 1)A].

Similarly, the chain of states generated by the lowering operator, |A, it — ki), is broken only if there exists a
non-negative integer ko such that A = [u — ko] [t — (ko + 1)A]. Satisfying both chain breaking conditions at the
same time implies that

[k o[k + (o +1)A] = [t — koR] [ — (ko + 1)A].
Denoting pt + jofi = x and i — (ko + 1) =y, we rewrite the above equation as
x(x+h)=y(y+hn).
Because we must have x > y, this equation has only one solution: y = —(x+ /). This means
p—=(ko+ 1A= —p—(jo+ 1)h,
or

_ ko — Jjo

Sh (S4.15)

This implies, in turn, that

, , ko -+ jo { ko + i
A = [+ jor] [+ (jo+ 1)) = OZJO (02”+1)h2.
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Defining [ = k"%jo, we see that A = /%[(/ 4 1) and [ must be a nonnegative half-integer.
We can now rewrite Eq. (S4.15)) as 1 = (I — jo)i = (—1+ko)#h. This means that, for a given /, t = mh, where
m can only take values from —/ to [ in steps of 1.

Solution to Exercise Since |I'm') is an eigenstate of 1> with the eigenvalue A = #?I'(I' + 1) and L, com-
mutes with 7.2, state L, |I'm') is an eigenstate of I? with the same eigenvalue. Indeed, we have

L ‘l/ / L2|l/ /> (hz l—|—1 ‘l/ /> hzl(l+1)(1:x|l/ml>).

Since eigenstates of > comprise an orthonormal basis, L, |/'m’) must be orthogonal to eigenstates of > with
other eigenvalues.
The same argument applies to all other matrix elements.

Solution to Exercise Because the state |In) is an eigenstate of both .2 and L, we have
(Im| 2| U'my = 120 ('+ 1) (Im| U'm") = B*1(1 + 1)) 8y s (84.16)
(Im| L.| U'm") = nm! (Lm| U'\m") = hm&yp 8, . (S4.17)

The action of the raising and lowering operators on states |Am) is known from Ex.

{

I'm'y =n\/U'(I m' £ 1) (Im| I',m’ £1) (S4.18)
=n/I'(I' + /11)5, 1 O 41

Finally, the x- and y-components of the angular momentum can be written as linear combinations of the
raising and lowering operators according to the definition (4.31) of the latter:

. Li+L_
f= e (S4.19)
2

. L, —L_
Ly="—— $4.20
? 2i ( )

and hence

(Im| Ly| I'm") = [\/1' '+ 1) —m (m' +1)8) Sy 1 +/I'(I' +1) — (m’—1)5,7,/5m_’m/,1}; (S4.21)

<lm| i‘)’| l/m/> = Z {\/1/(1/ + 1) —m’(m/ + 1)61,1’5m,m’+1 - \/l/(l/ + 1) _m/(m/ - 1)6l,l’6m,m’—1:| .

Solution to Exercise

a) According to the Measurement Postulate, the possible values that a measurement of an observable can yield
are the eigenvalues of that observable. Finding the eigenvalues of matrices (@#.34) and @#33) for L, and L,
we obtain sets (i) {#/2,—h/2} and (ii) {h,0,—F}, respectively.

b) The corresponding normalized eigenstates are

i)
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1 1 1 1 1 1 .
mX2>N2<1>; mx2>~2(_1)foer, (S84.22a)
1 1 1 1 1 1 n
ii)
! 1 (! 11
me=1~- V2 |;m=0~—| 0 |:|m=—-1)~=| —v2 | forL,, (S4.23a)
2 2 2
1 -1 1
1 1 1 1 1 1
lmy=1)~ | V2i |;|my=0)~—1{0];|my=—-1)~-| —V2i | forL, (S4.23b)
2\ 4 2\ 2\
Solution to Exercise [4.28]

a) The coordinates of the vector qu, are [see Eq. 1| (sinBcos @, sin Osin,cos 0). Accordingly, we need
to look for the eigenvalues and eigenvectors of the matrix

N . . N h
Lgy =sinBcos¢L,+sin@sin¢L, +cos 0L, @ - (

5 (S4.24)

cosf sinfe ?
sin@e® —cos® )

Using the standard method, we find the eigenvalues {//2,—h/2} (c¢f. Ex.|A.93) and corresponding normal-

ized eigenvectors
0 oy
cos 5 sin 5
{[To9)|Lo9)} = { <sing§i¢ ) : (_COS 8o > } (S4.25)

b) Using trigonometric identities for the cosine and sine of a double angle, we find
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(Tog | Le| Tog ) = g (cosd sinfe ) ((1) (1)) (S;OE,EM,)
= gcosgsing(eiq’Jre_id’)
:gsinecosq&;

(oo |1 100 )= (cos g smge) (1) (o2, )
= Zcosgsing(ﬂ'e"p +ie %)
:gsinesinq);

(Too | L:| Too ) = g (cos 3 singe*) ((1) _01> <S;0§§i¢>

h 0 7]
= 3 (cos2 7 sin® 2)

h
= Ecose,

s0 ((Ly),(Ly),(L:)) = 2Ry in the state |4 ). The proof for |Lg¢ ) is similar.

Solution to Exercise[d.29} According to Egs. (S4.18)and (S4.19) we find
(Im| Ly| Im) = (Im| L,| Im) =0

and

(AL2) = (Im| £2] Im) = % (Im| L2 + L L+ L Ly +1% |Im)

2
&0 %[21(1+1)—m(m+1)*’"(’"* D]
hZ

3[1(1+1)—m2].

The same uncertainty is obtained for the y component of the angular momentum:
2 n’ 2
<ALy> = ?[l(l—k 1) —m].

Since, according to Ex. [Ly,Ly] = ihL, the uncertainty principle (I-21) takes the form
2 oy I 2
(a2t = "

Substituting the above found uncertainties, as well as <lm| f,z| lm> = mii, we obtain
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%4[1(1+ 1) —m?* > h—z(mh)z

or simply
[1(14+1) —m?)? > m?.
This relation directly follows from the fact that [ > |m|. The inequality saturates for m = £/, in which case

(AL2) = (AL%) =11)2.

Solution to Exercise If Y (8,¢) is the wavefunction of an eigenstate of operator L, with eigenvalue m, we
use Eq. to write

ih;(pY(G,(p) =mY(6,9). (84.26)

The solution of this equation is ¢ multiplied by any function that does not depend on ¢, i.e. it is given by

Eq. @.37).
Solution to Exercise [4.32|

a) For m =1, Eq. (:39) becomes
Y/ (6,9) = A7\/(20)!sin’ 67, (S4.27)

Applying the raising operator (#.38a)) to this wavefunction we find

Lo |l ~ne' A7\/(21)! [886 +icot9;¢] sin’ fe'l?

= he'® A/ (20)! [1 cos Bsin' ! 9e® — [ cot O sin’ ee"’ﬂ

=0.
b) To verify the normalization, we evaluate the inner product {@.135Db)) of the state |//) with itself. In the calcula-
tion below, we replace the integration variable according to x = cos 8, hence dx = —sin 6d9:
2n ®
i // 1¥/(6. ) sin 6d6dg
0

T
— 27 A42(21)! / sin? 6 sin 06

0

-1

- —27r</1{2(21)!/(1 — ) dx
1
22[+1(l!)2
Q2+1)!
221(”)2
(21+1)

€057 42001

=4n.A}?
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Setting (/I| 1l) = 1, we obtain Eq. (4.40).
¢) Applying operator (#26) to Eq. (S4.27) we find
(1 9 0 92
72 2 1 1
L2 |11y ~ =1 A7/ (20)! 0696 (smeaesm e) e +sin' 6 —— 29 Fre "P}

19 .
= 1247/ (20)! (lsm ecose) ’l¢—lzsin1296’l¢]

smG 20
2 /7
= AV |sin®

= 1247/ (20)! {12 sin'2 0 cos? @ — [sin' @ — 12 sin' 2 9} eilt

<12 sin’~! 6 cos? 6 — [sin'*! 6) —Psin'? 9] P

Nl lzsinl_zesinze—lsinle} o1

Jﬁ/ﬁ[ (1+1)sin 9}

= 1U(1+ 1)¥/(6,9).

d) We need to calculate
- @38y . J
L ~ L Y
|im) he ( ae—i—lcotead)) 7"(6,9)

) ! [=m )
dZ%-gbhff”p«/% (L m)! < a—l—lcotea) {sin’”e(d sin? 0™ | .

(I-m)!\ 26 20 d(cos0)i—m
Since

i 0 dcos@ — —sin®

20  dcos® dO dcos0O’
we have

l+m B l m+1 2 .
ae Y/"(6,9) = —mcot0Y;"(6,0) + .4 gy n~"6( —s1n6)d( os Gy S ™.

On the other hand,

d
1cot6% "(0,0) = —mcot0Y"(6,9).

Putting these results together, we obtain

dl m+1

COS 6)1 m+1

=ny" (0 ¢ (I+m)(I—m+1).

[ .
L y"™6,¢)=ns n"tlg sin? g¢im—1)9

This is consistent with Eq. (#.33D).
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Solution to Exercise[d.35} For the first term in the left-hand side of Eq. (4.44), we have
10 d 14 U
e {”ZREI(”)} = [ 214 )]

r2dr | or 2or| or r
10 [ (Va0 Vsl
r2 or r 2
10
:rfzg[rUél(r) Ug(r)]
1 / " /
— [Ug(r) + rUg(r) — Ug, (r)]
:ng(r)
r b

where primes denote derivatives. Substituting this result into into Eq. @44), we obtain Eq. (#.46).

Solution to Exercise 4.36, At r — 0, the dominating terms in Eq. (#.46) are those of the lowest power of r,
which are the first and second terms in the brackets. The equation becomes

0* Il + 1

aTUEl(r) ) ———Ur(r), (54.28)
,

whose solutions are either Ug;(r) o< 7! or Ug;(r) o r'*1. The first option results in a discontinuous wavefunction

at r = 0 and must be rejected.

To find the behavior in the limit r — oo, we write, according to Eq. #.47),

82 n
%UEl(r): Y Al =2k (= ) e (S4.29)
j=I+1

Now the highest power of r dominates, so Eq. (#.46) becomes

h2

—ﬁAnkzi’neixr = EA,,r"efKr.

This is satisfied for k = \/—2ME /h.

Solution to Exercise Substituting Eq. (S4.29) into Eq. (4.46), multiplying both sides by 5 and expressing

E=— we obtain

2M’

=2k Y AT+ Y G- DA?

j=l+1 j=it1
> . IMe* & d ;
H+1) Y Al 2= Y A =2 YA (S4.30)
=T dmeoh® [, i

Collecting similar terms, we rewrite this as
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oo MeZ ) . e .
2kj— —— JA;P T+ L(I+1)—j(j— DA 2 =0.
j=21;11 ( 2megh? ) j=Zl:'rl !

We now change the summation index in the second term according to j' = j — 1 to obtain

oo M 2 X e .
) <2Kj— 62> AP Y I+ 1) = (T + DA T =0 (S4.31)
j=l+1 2meoh =1

and notice that because, for ;' =1, I(I+1) — j'(j/+ 1) = 0, the lower summation limit in the second term can be
changed to j/ =1+1.

The polynomial expression in the left-hand side of Eq. (S4.3T) is constant zero for all values of 7 only if the
coefficient for each power of r vanishes. This leads us to the desired recursive relation (#.49)

Solution to Exercisem Forn=1and [ =0, k = Me? /4meyh® = 1/a as per Eq. (4.51). Because the index
J of coefficients A; must be between [ + 1 and n, there is only one non-vanishing coefficient, A;. Accordingly,
using Eq. (4.51), and recalling that R,;(r) = U,;(r)/r, we obtain

RIO(V) =A167r/a.

To normalize this radial function, we write integral @.15a)):

=)

[Ro()Prrar=1.
0
This integral is calculated using Eq. (4.52):

o

o X 3
/|R10(r)|2r2dr:A%/rze_z’/“dr =2! (g) Al = %A%,
0 0

s0 Ay =2a3/2.

Forn =2, k = 1/2a. Let us start with / = 0. The non-vanishing coefficients are A; and A, and they are related
by Eq. (4.49), which in this case takes the form

2
[ZK—:|A1 —24, =0,
a

s0 Ay = —A;/2a and
r —r/ia
RQ()(V)ZAl (1_72a>e /2 .

Normalizing this radial function yields
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oo

= 3 4
225 42 2 T r —r
/\Rzo(r)\ r dr_A1/<r _a+402>e Jady
0 0

= A3 (2! -31441/4)
=243 =1,

s0A; = (2a%)71/2.
Finally, for n =2 and / = 1, we only have A, and the radial wavefunction is

Ry (r) = Azre—r/Za'

The normalization equation is then as follows:

oo =

/|R21(r)|2r2dr :A%/r“e*r/“dr = 41A%a° =1,
0 0

50 Ay = (24a°)71/2.

Solution to Exercise For a given n, [ can take on any integer value from O to n — 1. Each of the / values is,
in turn, degenerate with respect to the magnetic quantum number m; the degree of degeneracy is, as we know,
2]+ 1. Additional degeneracy comes from the spin degree of freedom of the electron: the spin quantum number
for the electron can take two values, i%. The total degeneracy associated with a particular value of n is therefore

n—1
2y (@i+1)=2n" (S4.32)
=0

Solution to Exercise[d.40} From Eq.[#.59| we find for the energy of the photon

1

ho = |E, — 5
ny  ny

1

Enl =1 +M,/M,
Using the fact that the optical frequency and wavelength are related via @ = %, we obtain Eq. .

According to Eq. , the Lyman series has photon energies from (1 — %)Ry to Ry, Balmer from (% —
é)Ry to %Ry, Pashen from (% — 1—16)Ry to éRy. Given that the energy of the photon is related to its wavelength
according to iw = 27hc/ A, we find that the wavelengths range from 91 to 122 nm for the Lyman series, 365
nm to 656 nm for the Balmer series, and 820 to 1875 nm for the Paschen series (taking into account the reduced
mass correction). Only the Balmer series is within the visible range.

Solution to Exercise[d.41] A classical electron in a circular orbit of radius r at velocity v experiences centripetal
acceleration v? /r which is known to be caused by the electrostatic attraction by the nucleus, whose force is

&2

N 47'[807‘2 '
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Writing the second Newton’s law F = Mv? /r, we find

&2

= AmegM’

On the other hand, we can rewrite Eq. (4.58)) as
Mvr = nh.
Solving the last two equations for r and v, we obtain

_ e 1
"= 4mey nh

and )o
4rey nh
= —_ S4.33
2 ( )
For n = 1, the result for r is consistent with the definition (¢.50) of the Bohr radius.
The kinetic and potential energies of the electron in the orbit are, respectively,

Mv2_ &2 2 M
2 \dney ) 2m2h?

1 ¢ B 2\ M
drcey r B 4mey n2h?
(the former being a negative one-half of the latter in agreement with the virial theorem). The full energy is
therefore consistent with Eq. (#.56).

and

Solution to Exercise The de Broglie wavelength (3.26) is A5 = % so Bohr’s condition @.38) pr = nh

is equivalent to 27tr = nAyp, i.e. that the orbit contains an integer number of de Broglie waves. The remainder of
the solution is identical to that of the previous exercise.

Solution to Exercise

a) Following the same logic as in Ex. kK = 1/na and Uy(r) has only one nonvanishing coefficient, A,,.
The radial wavefunction is
Ryn—1(r) = A, e/,
The normalization equation is

=

/‘Rn,nil(r)|2r2dr:A%/’,Zneer/nadr — 272na2n+1n2n+2(2n_ 1)'A£ =1,
0 0

12\ a
A== = S
Z(an) 2n—1)!

SO
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b) For the mean radius, we have

7 1
<l’> _ / |Rn,n71 (r)|2r3dr _ 2—2n—2a2n+2n2n+2(2n + 1) !Al% —=an (n+ 2) .
0

¢) Equation (S§4.33) for the radius of Bohr’s orbit can be written [with the help of Eq. (4.50)] as r = an?. For
large values of n, this is close to the above result for (r) obtained by quantum treatment.
Solution to Exercise[d.44] State [100) has the wavefunction

w100(r,97¢) :RIO(V)Y(?(G,(P) = \/%efr/“.

For the expectation value of z = rcos 8, we have

(@)= [ vioo(?)Pdsdydz = 0

because Yo (7) is an isotropic function and z is an odd function of 7.
The mean square of z is given by

<Z2> = /Z2|ll/100(7)\2dXdde

oo T

1
= —327r/r4e_2r/“dr/coszesin 6do
Ta
0 0
833 2 |, (2)5 2
a3 2 3
= az’

so the root mean square uncertainty is equal to the Bohr radius a.
Because the wavefunction of state [100) is isotropic, we expect the same result for observables x and y.

Solution to Exercise Using (#.37), the matrix elements of interest are given by

2

(nim| r,-‘n/l’m’>:///R,,l(r)[Yl’”(&(p)]*rj(e,¢)Rn/l/(r)Y,5”/(9,¢)rzsin9drd9d¢7 (S4.34)
000

where 7;(0,¢) = rsinfcos ¢, rsinOsing, rcos 6 for x,y,z, respectively. We can notice from Ex. that all
spherical harmonics Y{"(0,¢) are odd functions, i.e. they take on opposite values for the points (6,¢) and (7 —
0,7+ ¢). The same is true for all 7;(0, ¢). Spherical harmonic Y?(6, ) is a constant, i.e. an even function. This
tells us that the integrand in Eq. is an odd function for / = I’, which means that the integral corresponding
to (1,0,0| 7 ]2,0,0) vanishes when the integration is performed over the entire space.

For the matrix elements (1,0,0| #; |2, 1,m), we notice that the spherical harmonics Y, ﬁl (6, ¢) contain the factor
e while Y2(6,¢) does not depend on ¢. Additionally, we have x = rsin@cos¢ = rsin0(e’ +¢?)/2 and
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y = rsin@sing = rsin(e'® —e~')/2i. This means that the integrands for (1,0,0|£]2,1,0) (1,0,0[92,1,0)
and (1,0,0|2|2,1,41) contain only terms that are proportional to either ¢/® or e~
integration over all values of ¢ is performed.

The only matrix elements that may not vanish are therefore (1,0,0/%|2,1,£1) (1,0,0|$|2,1,£1) and
(1,0,0/212,1,0).

, so they vanish when the

Solution to Exercise[d.46] The position matrix elements for the hydrogen atom are

o x o ) rsin @ cos ¢
\n’l’m’>=/0 rszl(r)an/(r)dr/O sin6do [ doY}"(9.0) 1" (6.6) | rsin6sing

rcos9

(nlml|

IS NN

=L(n, 1,0, I\ L,(I,m,I",m")
where I(n,1,n',I') and I,(I,m,l',;m’) denote, respectively, the radial and angular parts of the integral:
Lol 1) = [ PR (R (1)
0
- o ) sin 6 cos ¢
L(l,m, ') = / singde [ dev(0,0)°v (8,9) | sin@sing
0 0 cos @

Specializing to the states of interest, we write

* 2 o0 1 28%° 1 256
101,0.2.1) = [ PR (PR (r)dr = / 4,-3r/ag, _ _
(1,0.2,1) /o Rl R(ndr =T Jy = a3 T e w1

for the radial part and

x o sin O cos @
Ia(0,0,l,O):/ sin0do [ doY(6,9) Y (6,¢) | sin@sing
0 0 cos 6
-2
sin“ @ cos 8 cos @
3 [r 2
::11/ sin@cos @ | dO sing | do
T 70 \sin@cos? 6 0 1
0 0
3
= ;[ 0 0
T \2/3) \on
V3
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- o sin 0 cos @
Q@QLU:/sm%B d9Y2(0,6)'Y, (8,9) | sin6sing
0 0 cos @
3 sin® @ or (€9 cosd
i3 i
=- sin’ 0 dG/ ¢’smq) do
4mv/2 Jo sin® @ cos 6
4/3 T
__ V3 43| |in
47[\/2 0 0
R
32 0
o sin 6 cos ¢
Ia(0,0,l,—l):/ sin6do [~ dpY§(6.0)¥",(0.0) | sinbsing
0 cos @
sini@ o e_‘;‘p cos¢
= sin” d6/ e?sing | do
4mv/2 Jo sin” @ cos 0 70 P
4/3 T
3
_ V3 4/3 | | —in
4m\/2 0 0
vl
32 0
for the angular part. Accordingly,
27
(1,0,0] £| 2,1,£1) = F35%
27
(1,0,0] 9| 2,1,£1) = q:i3—5a;
A 2'V2
(1,0,0] 2] 2,1,0) = 5 @

Solution to Exercise The ground state of the hydrogen atom has the principal quantum number n = 1
and the energy that is approximately equal to the negative Rydberg constant according to Eq. @.59). It is twice
degenerate as per Ex. The first excited state has n = 2, so it is eight times degenerate and has an energy of
about —Ry /4. The ratio of the probabilities for the atom to be in one of the states with n =2 and in one of the

states with n = 1 is
D2 *Ryf y/4
— =e

P1

~7x 107180,
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With such a minuscule ratio it is fair to approximate p; ~ 1. Given that the degeneracy of the first excited level is
four times that of the ground level, the probability to find the atom in a state with n = 2 is 4py /p; ~ 3 x 10717°,

Solution to Exercise [4.48
a) Solving Egs. for 6 and ¢, we find

6 = 2arccos |y ; (S4.35a)
¢ = arg(y,/y7)- (84.35b)

This solution exists for any pair (W, y|) as long as |y;|> + |y |> = 1 and y; € R. This solution is unique
within the intervals 6 € [0, 7], ¢ € [0,27)
b) See the solution to Ex.[d.28(a).

¢) In Ex.}.28(b), we found that <Sx,y’z> = % <§9¢> . On the other hand, the Pauli operators and the compo-

XYz
nents of the spin for spin-% particles are related according to Sy, , = 5276,%1 (Ex. . Combining these two
results together, we find that (RG‘P)xyz = (Oyz).

Solution to Exercise d.49} A point on the Bloch sphere surface is defined by two real numbers. On the other
hand, subspaces with / > 1 have dimension of 2/ 4 1 > 3. This means that at least three complex numbers are
needed to define each element of such a subspace.

Solution to Exercise If point A on a sphere has polar coordinates (6, ¢ ), the opposite pointis at (Tt — 6,7+
). The corresponding quantum states according to Eq. (4.62)) are

Hence (y4| yg) =0.

Solution to Exercise

a) According to Eq. (I.5a)), a half-wave plate with its optic axis oriented at angle o will transform the horizon-
—cos2o
—sin2a
this state to be quite similar to and reconciling this result with Eqs. (@.62)), we find the spherical angles of

tally polarized state |H) ~ (é) into — |2a) ~ . Removing the overall negative sign, we see
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Fig. S4.1 Solution to Exercise The loci on the Bloch sphere corresponding to the states
obtained from the horizontal polarization state by half- and quarter-wave plates oriented at different

angles.

the corresponding Bloch vector: 0 =4, ¢ = 0. So the locus of the resulting polarization states on the Bloch
sphere is the meridian crossing the x axis (Fig. |S4.1]/’

b) According to Eq.

1.5b

1Y .
, a quarter-wave plate operator transforms state \H )~ ( 0) 1nto

icos? o +sin’ &
(1—i)sinacosa /°

Aqwe |H) = (_

Applying Egs. (S4.33) to this result, we the obtain expressions for 8 and ¢. The corresponding locus on the
Bloch sphere is shown in Fig.[S4.1| For the values of oo = £7/4, it crosses the y axes, which corresponds to
the two circular polarizations.

! Strictly speaking, the solution for ¢ is indefinite if either Y, or y; vanish. However, these cases
still correspond to unique Bloch vectors pointing to the north and south poles of the Bloch sphere,
respectively.
2 This argument neglects the convention that the polar angle # must be in the interval between 0
and 7. If we wish to respect this convention, we must redefine the polar angles as follows. First, let

/
us denote 0’ = 4a mod 27. Then |2¢t) ~ (005206) ==+ <COS(6 /2) ) For 0 < 6’ < m, this state

sin2a sin(0'/2)

cos(e’/z)) _

. e , .
corresponds to a Bloch vector with 6 = 6',¢ = 0. For & < 6" < 27, we can write ( sin(6//2)

cos(m—6'/2) . . _ ;o
_ (—sin(ﬂ:— 0'2) ) which corresponds to a Bloch vector with 6 =27 — 6',¢ = . In both

cases, 0 € [0,7].
This more rigorous treatment yields the same locus on the Bloch sphere as the simplified treat-
ment above.
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Solution to Exercise As we found when solving Ex. , the eigenstates of the projection 3'94, of the spin
onto vector I_é9¢ are given by

6 0,

[T00) = cos = [1) +sinZ ¢ |1): (S4.36a)
0 0

[Loo) = sin = [) —cos e [1). (S4.36b)

Projecting Alice’s portion of state |~ ) onto each of these eigenstates, we find for Bob:

I 0 '
(Togatice | ¥7) = 7 <0082 ) —sin e |T>) ; (S4.37a)
1 6 0
(Yoo atice | ¥7) = 7 (Sin2 1) +cos e |T>) : (S4.37b)

Multiplying states (S4.37h,b) by the phase factors —e?, and ¢, respectively, we find these states to be physically
equivalent to % H9¢> and % ‘T9¢>, respectively. In other words, projecting Alice’s portion of the Bell state
|[¥~) onto any state will yield the state with the opposite Bloch vector with Bob. This is a consequence of the
isotropic nature of [¥~) (Ex.[2.9).

The factor of % implies that both events occur with probability %

Note also that some particular cases of this problem have been analyzed in Ex. and [2.38]

Solution to Exercise[d.54] Let o be the angular frequency of the particle’s orbital motion. The particle makes a
full circle during the period T = 27/ . Charge e passing through each point of the orbit during time 7 means
that the current associated with this motion is I = /T = e®/27. The area of the orbit is A = 772, where r is the
radius. Substituting these quantities into Eq. (4.64), we find for the magnetic moment

2
er
H 2

On the other hand, the mechanical angular momentum of the orbiting particle is L = m,r>. The magnetic

moment can thus be expressed as
e

M,

Both the angular momentum and the magnetic moment are actually vectors directed orthogonally out of the
plane of the orbit. Therefore, the above expression is also valid in its vector form.

p=_L

Solution to Exercise

a) Equation holds for all three components of the angular momentum; in particular, the z-component:

Mz =YL

The state with a definite magnetic quantum number m is an eigenstate of L, with the eigenvalue L, = fim.
We can thus write the z component of the magnetic moment in that state as

Mz = Yhm.
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b) Let us choose the direction of the z axis along B. According to Eq. , we then have
E = —u,B= —yhmB.
Solution to Exercise The state of the electron corresponds to the point (6,¢) on the Bloch sphere and
is decomposed into the canonical basis according to Eq. (4.62). Because the Stern-Gerlach procedure is a mea-

surement of the component of the spin component along the magnetic field — that is, the observable S, — we
have

)

pry = |yt [? =cos” 5 (S4.38)
.0

pry = |y, |> = sin’ 5 (54.39)

Solution to Exercise 4.58] Equation is derived under the assumption that the magnetic field is pointing
along the z axis. The projection of the spin vector onto that axis (i.e. the direction of the field) plays the role of
the observable that defines the measurement basis. The gradient, on the other hand, determines the direction of
the force.

Solution to Exercise m The subspace associated with s = 1 is 3-dimensional, so the operator S'y measured in
this setup has three eigenvalues. Hence the measurement can yield three possible outcomes. To find the splitting
proportion, we utilize the Measurement Postulate [Eq. (I.3)] and the result of Ex. to write, for the state
|v) = |m, = 0) being measured:

1
Pry =1 —|<m) = 1| mx—0>|2_ E’
prm :0:|<my20‘mx_0>|220,
1
P 1 = = 1| m=0) P =L

So although we generally expect to see three spots in a Stern-Gerlach experiment with spin-1 particles, in this
case the middle spot will have no events; the probabilities divide equally between the two spots corresponding
to my = *1.

Solution to Exercise The Stern-Gerlach measurement is that of the spin component § 7 with R characterized
by the polar angles (6, 0). The probabilities of possible measurement outcomes are given by the Measurement
Postulate of quantum mechanics: pr; = | (y| v;) |2, where | y) is the input state, whose canonical representation

is |y) ~ <(1)> , and |v;) are the eigenstates of S5 given by Eq. (S4.37). The associated detection probabilities are

therefore

Py, = | (Teo | V) |2 = 0052(60/2);
pry,, = {eo | W) |> =sin?(6y/2).
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Solution to Exercise[d.61] The evolution in the Heisenberg picture of the jth component of the angular momen-
tum under Hamiltonian (4.76)) is as follows

l A A
= %7[_L/BjaLk]

i PN
= _gyBj[Lj’Lk]
Ex.[iidfc) . o
= —%VBj(lhfjlel)
= yBjejul
:SkljilyBj-

The last line is equal to the kth component of yi x B, which is identical to the classical result (@.68).

Solution to Exercise [4.62.

a) The Hamiltonian associated with the magnetic field along the z axis is given by
N A A h
A 5, D 0,56 Py,

The evolution of the electron’s spin is governed by the Schrodinger equation

whose solution is . .
W (1)) = e 17 [y (0)) = 2% [y (0)).
This matrix exponent has already been calculated in Ex.[A.94}

i
_ify ezt
e h - 7LQ .
0 e 2%t

Applying this evolution to the eigenstate (#.62)) of the spin S 7 oriented along vector R characterized by polar
angles (6o, ¢p), we obtain

V) = Hy()
- ol 0 cos(6y/2)
= ( 0 e_é_QLt> (sin(90/2)ei¢o>

_ hou cos(6o/2)
sin(6p/2)e!( 921 | -



b)

¢)

S4 Solutions to Chapter [4]exercises S141

Comparing this result with Eq. (4.62)), we find that the state after the evolution is physically equivalent to an
eigenstate of the spin S & with R’ characterlzed by spherical angles (6, ¢o — £2;¢). In other words, the spin
precesses at frequency £2;, around the z axis.

The trajectory on the Bloch sphere corresponds to the parallel with the polar angleE] 6y [Fig. a)].

The Stern-Gerlach procedure constitutes a measurement of S, in the state |y/(z )). We find the probability to
detect [ 1) as pry = | (1| w(1)) |* = cos? @ and the probability to detect |1) as pr, = | (.| y(r)) > = sin> L.
These probabilities are time-independent

Because the magnetic field is in the y direction, we can write

The initial state has the matrix

The solution of the Schrodinger equation in this case is

(1)) = e # |y (0)) = e2 %% y(0))

Referring, once again, to Ex.[A.94}

h s, _ ( cos(Q,t/2) sin(QLt/2)>
—sin(Qy1/2) cos(2.1/2)

we find the evolution of the spin:

w(t)) ~ cos(Qpt/2) sin(2pt/2) 1\ [ cos(Q.t/2)

VU= —sin(@pe/2) cos(@u2/2) ) \ 0 ) = \ —sin(Q.2/2) )
The spherical coordinates on the Bloch sphere are (6 = Q;¢,¢ = 0). Accordingly, the trajectory on the
Bloch sphere is the meridian crossing the x axis Flg [S4.2b)]. The Stern-Gerlach measurement will yield

the probabilities pr; = cos 2(Qgt/2) and pr, = sin 2(Q11/2).
We proceed along the lines of the previous problem’s solution, but the Hamiltonian is now

I .
B=-276B, (S4.40)

5»1

B

=l

A=—

where 6 = (6, 6y, 6;) is the “vector” consisting of Pauli operators. The evolution under this Hamiltonian is
then given by

711:11 5 AE L.QLCL}-V
e il — o3Y0B _ o3 ,

where V = (sin 6y, 0,cos 6p) is the unit length vector in the direction of the magnetic field.
Now we are in position to apply the result of Ex.[A.93] We find

3 This corresponds to the geographical latitude 7/2 — 6.
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Fig. S4.2 The trajectories on the Bloch sphere given by the three parts of Ex. The trajectory
for part (c) is calculated for 6y = 7/3.

e i1 = cos(Qut/2)1 + isin(Qut/2)7 - &

cos(1/2) (é ?) +isin(Qut/2) [sin 6 <? é) +cos 6o <é 0 )]
_ (cos(QLr/Z) +isin(;1/2) cos 6 isin(QLt/2)sin 6 )

12

isin(Qp¢/2) sin 6y cos(Qpt/2) —isin(Q.t/2) cos 6y
Applying this evolution operator to the initial state |y (0)) = < é) , we have

cos(2.1/2) +isin(2pt/2) cos Oy ) (S4.41)

lw(2)) = e HH1 ly(0)) ~ < isin(;1/2)sin 6y

The corresponding vector on the Bloch sphere has spherical angles

0 = 2arccos \/COSZ(.QLI/Z) +sin?(2rt/2) cos? 6p;

o —ar isin(Qy¢/2)sin 6y
- e cos(Qrt/2) +isin(Qrt/2)cos By )

When this state is subjected to the Stern-Gerlach measurement, the probability to detect the spin-up and
spin-down states are, respectively,

pry = | (1| y(1))|* = cos*(Q.1/2) + sin® (211 /2) cos” 6p; (S4.422)
pr, = | (| w(r))|*> = sin®(2.t/2) sin* 6. (S4.42b)

The corresponding trajectory is shown in Fig. [S4.2{c). It is a circle around the magnetic field vector that
includes the north pole (the original state).
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Solution to Exercise According to Table the operation that Bob needs to perform is, respectively, 6y,
6y, 6, or 1 dependent on whether Alice’s Bell measurement yields |®*), |®7), |¥*) or |¥~). To implement
these operations using spin precession in the magnetic field, we can use the result of Ex. which, for
0 = /2, becomes ¢76i = iéj, where j can be x, y, or z. Operator 36 corresponds to the evolution under the
Hamiltonian A = fz—”rhéj for time 7. Using Eq. lb we find that such a Hamiltonian is obtained when the
electron spin is acted upon by the magnetic field B = e in the direction j.

Solution to Exercise[4.64} By analogy with Ex. we write

B

=l

H=—

St
o
I
|
NSt
So
lc'lu

h . . h
—=Y(Bo6; + B6; cos of) =~ —

—Qy —YBscos ot
2 2 ’

—7YByscos ot Q0

To find the evolution of the spin vector matrix, we write the Schrodinger equation in the matrix form akin to

Eq. (1.32):
Lyi(t) __ih ( —Qy  —YBifcos ot l//¢(t))
S (t) 712 \ —yBcos ot Q v (1))
thereby obtaining Eq. (4.81).

Solution to Exercise A state |y(z)) with the matrix

vi()\ cos%

v (t) ) \singe?
in the stationary basis corresponds to the Bloch vector with the polar coordinates (6, ¢). In the rotating basis,
according to Egs. (4.83)), this state has the matrix

(0 _ ey
‘l//(l» - (‘IN’i(’)> - ( e%wzlm(t) > )

vy (t) _ cos &
eiwtllfi(t) - Singeiq&ﬂwt )

so the corresponding Bloch vector has the polar coordinates (6, ¢ + wr).

which is physically equivalent to

Solution to Exercise[d.66 Substituting Eqs. {#.83) into Eqs. {#.8T)), we find
Prer® 4 %w%e%“’f = %.Qo et + %Brflfqe’%“” cos f; (S4.43a)
e 1 — %m%e—%“” - —égolme—%“” n %’Brﬂme%w’ cos o1 (S4.43b)

Multiplying both sides of Eqgs. (S4.43p,b) respectively by eT29 and moving the second term in the left-hand
sides of both equations to the right-hand sides, we have
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- PR )
U = — EA U+ EBrfl/Qe cos 0t (S4.44a)
W= éA W+ %’Brfnme"w’ cos OF. (S4.44b)
Now expressing cos @f = (¢ +¢~'®") /2, we obtain Egs. ({#-84).
Solution to Exercise[d.67} Under the rotating-wave approximation, Egs. (#.84) become
B U A
U = ,EA%JFE_Q%; (S4.45a)
B U A
Y = EA ¥+ EQ U, (S4.45b)

where we substituted = yB,;/2. On the other hand, writing the Schrodinger equation in the matrix form akin

to Eq. (1.32) for the state |y(¢)) = ( ngg > and Hamiltonian ([#383), we obtain
i

(B =35 (L0 28) (3) =5 (0,500 )

which is the same as Egs. (S4.43).

o)

Solution to Exercise[d.68} The Hamiltonian associated with the field (.87) is calculated via Eq. (S4.40)as
N A = h - = h QA ni A —-Q
A=-fiB=-2y6 B=——y(6,——-6.= | ~= : S4.46
g 270 y<6 Y GW) 2(—9 —A> (5440
which is the same as Eq. (4.83).

Solution to Exercise [4.69} Referring to Fig. 4.10(a), the Bloch vector at the bottom point of the trajectory has
spherical coordinates (6 = 26y, ¢ = 0). The corresponding state is

cosg _{ cos By
singeid’ “ \sin6y /)’

B, @m  Q°
—<in20, — x 22
PI'jmax = Sin” 6o = B4 B = QT rAr

SO

Solution to Exercise This problem is equivalent to Ex. c) with Q; = yB =/ Q2 + A2. The state evolu-
tion is given by Eq. (S4.41) and the probabilities to observe the spin-up and spin-down states by Eqs. (S4.42)). The
highest value of pr| is observed when sin?(Q271/2) = 1 (i.e., when Q1 = 7,37, ...) and equals Pr |max = sin® 6y

in agreement with Ex. For example, for A = —-Q/ V3, 6 = % SO PI|max = %.

Solution to Exercise [d.71]
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a) Following the solution of Ex.|4.66| but using cos(@r + B) = (/@B 4 ¢=i@=iB) /2 \ye obtain the following
differential equations for the evolution in the rotating basis:

W = =340+ 52 (P + e TPy (S4.47a)
R 470

Neglecting the quickly oscillating terms, we determine the rotating-wave Hamiltonian and decompose it into
Pauli operators:

N h A —QeP
H; ~ — . 4.4
rRwa (B) 2 (—Qe‘ﬁ A > (54.48)
_h A —Qcosf —iQsinP
T2\ —QcosP+iNsinf —A
h
= E(Aé'Z — Q6 cos B+ Q6,sinP).
This Hamiltonian can be written as Hrwa (8) = —%yé - B with the corresponding fictitious magnetic field is
B=(Q/ycosf,—Q/ysinB,—A/y). (S4.49)

On resonance (A = 0), it is directed horizontally at angle —f3 to the x axis.
b) Hamiltonian (4.80) takes the form

ok . . _h —Q iyBiscos(wr + )
H= _EY[BOGZ + Bit6y COS((Dt"‘ﬁ)] =5 (-i}/BrfCOS((l)l—Fﬁ) Q s (84.50)

the evolution in the rotating basis
. ] 1 . L
W = —éA 5 QP e Py (S4.51a)
. ] 1 . L
W, = %A W, — EQ(e*l" + 2O iBy g (S4.51b)

and the rotating-wave Hamiltonian

. h A iQeP
Arwa(B) = 5 (—iQefB ) > (S4.52)
h A iQcosf —Qsinf
2\ —iQcosf —Qsinf —A
h
= E(A(ATZ —Q6,sinff —Q6,cosf).

The corresponding fictitious magnetic field is

B=(Q/ysinB,Q/ycosB,—A/y). (54.53)
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On resonance, it is directed horizontally at angle —f to the y axis, or £/2 — B to the x axis.

In both cases (a) and (b), the magnitude of the field is given by Eq. (4.86).
We see that changing the asimuthal angle and phase of the rf field amplitude has a similar effect in the rotating
basis: it changes the asimuthal angle of the fictitious magnetic field.

Solution to Exercise[d.72] In this case, Hamiltonian {.80) becomes diagonal:

_h . I [ Qo+ yBicos(wr + B) 0
H =Dyt Bycosone, ~ -1 ( . oy yBaesior By ) (54
so the differential equations for the evolution are
i
V= E(QO + YBycos 0t ) Yy (S4.55a)
W, =— % (Qo+ YBrrcos o)y, (S4.55b)

Such evolution can only change the quantum phases of the spin-up and spin-down components of the state, but
not their absolute values.

Solution to Exercise To determine the operator associated with a /2 pulse with an arbitrary phase 3, we
use the result of Ex. .71 with A = 0:

= Q5
.B=¢2 ,

Qb

e %ﬂRWA(ﬁ)l - _

Ol

14

NSt

where ¥ = (cos B, —sinf3,0) is a unit vector. Now using Ex.[A.93| we find

e ifRwA(B) cos(Qt/2)1 +isin(Q1/2)¥- 6

cos(Q1/2) ((1) ?) +isin(Qt/2) [cosﬁ <(1) (1)> —sinf <(l) Oiﬂ

B < cos(0t/2) isin(Q¢/2)(cos B +isinﬁ)>
~ \isin(Q¢/2)(cos B —isinfB) cos(Qr/2)

_ cos(Q1/2)  isin(Qr/2)eP
- (iSin(Qt/2)eiﬁ cos(Q1/2) )

Specializing to the /2 pulse (2t = 7/2), this becomes

N 1 1 ieP
On2(B) = 75 (l.e_,ﬁ “ ) . (54.56)

We are applying a sequence of two such pulses with phases 0 and f in the first and second pulses, respectively,
to a spin-up state. Accordingly:
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A A 1 1 i\ 1 (1i)/[1
00501 =55 (e ) 5 (1)) (o)

YRS
2 \ie 1 i
1 1—¢P

T2 \i(14+eB)

_; b sinf3 /2
et cosf/2)’

so the final probability of the spin-down state is pr| = cos? B /2. The case of B = 0 corresponds to two 7 /2 pulses

applied in an immediate sequence without any phase shift, making up a 7 pulse so the spin flips: pr| = cos?0=1.
In contrast, shifting the phase by 8 = & means that the fictitious magnetic field (S4.49) flips the direction between
the two pulses, so the precession during the first and second pulses will be in opposite direction. Hence the
particle will return to the spin-up state: pr| = cos’ /2 =0.

Solution to Exercise [4. 74

a)

b)

Applying a 7/2 pulse to the spin-up state will transform it into the state with the spin pointing along the
y axis. After the rf field has been turned off, the fictitious magnetic field (@.87) is parallel to the z axis.
Hence the Bloch vector precesses around that axis at the frequency —A, so its azimuthal angle at time ¢ iﬂ
/2 + At. This vector’s Cartesian coordinates are

R= (cos (g —|—At> ,sin (g —I—At) 70) = (—sinAt,cos At,0).

N

Since R = <c_}> (Ex.}4.48) and the magnetic moment is related to the spin according to ﬁ = y§ = %7 G, we

have " "

(n) = gﬁ = ?y(f sinAt,cos At,0).
As we know from Ex. [.63] the Bloch vectors in the stationary and rotating basis are related by a rotational
transformation by angle @t around the z axis. Since we found in part (a) that the Bloch vector in the rotating
basis precesses at frequency —A around that axis, the precession frequency in the stationary basis is —A +
® = Qy, so the azimuthal angle at time ¢ is /2 — Qot. Following the logic of part (a), we find for magnetic
moment vector

- hy .
(o) = g(sm.{zoucos[zot,O).

Solution to Exercise Using the result of Ex.[.74(a), we average over all the detunings to find

4 Mind the sign: B points along the negative z axis for positive A. This means that, for positive A,
the azimuthal angle of the Bloch vector increases with time. This is in contrast with e.g. Ex.[4.62]a),
where the field is in the positive z direction and the azimuthal angle of the Bloch vector decreases
with time.
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+oo o0
() = /p(A)<ux>dA :/ﬁe_(A/AO)Z%sinAtdA —0:
0

+o0 +oo
R S | (491)%
()= [ o) )aa = [ e o/ Feosaras = e

+oo
)= [ p(a) {ue) aa =o.

In the calculation of the integral for (u,) we used the fact that the integrand is an odd function. For < [.Ly>, we
used the result of Ex.[D.9|c).

Solution to Exercise[d.76] Let us first look at the dynamics of an individual spin’s Bloch vector following the line
of Ex.[4.74(a). At time 7, before the 7 pulse, this vector has the azimuthal angle ¢ (19) = 7/2+ Aty. The 7 pulse
rotates the spin by 180° around the x axis, resulting in a vector with the azimuthal angle ¢'(t0) = —7/2 — Atp.
This vector continues to precess with the frequency —A, meaning that its azimuthal angle for r > 7y is ¢ () =
—7m/2—Aty+A(t —ty) = —7/2 — 2Aty + At and the Cartesian coordinates

(1) = (cos [—g +A(r—21)] ,sin [—g +A(t—210)] ,0) = (sinA(t — 210), ~ cos A (1~ 21),0).

Now integrating the y component of that vector over all detunings, we find, by analogy with the previous exercise,

hy _ [Ag(—219)1?
() = 5S¢t

Solution to Exercise 4. 77

a) Applying a pulse of area 7/2 to the spin-up state will transform it into the state with the spin pointing
along the y axis, so the spherical coordinates of the Bloch vector are (6 = n/2,¢ = n/2). The f field is
then turned off, so the fictitious magnetic field points along the z axis. During time ¢, the Bloch vector will
precess around that field by angle Az, after which it will have the coordinates (68 = n/2,¢ = n/2+ At). That
is, the Bloch vector will be in the x—y plane, at the angle /2 + At to the x axis. The second /2 pulse will
rotate it by the right angle around the x axis towards the negative z axis, so the resulting Bloch vector will be
in the x—z plane, at the angle /2 + At to the x axis, or at the angle 7/2+ (n/2+ At) = w4 At with respect
to the positive z axis. Therefore the spherical coordinates of the final Bloch vector are (6 = m+ Az, ¢ = 0),

. . cos & —sin 4! . . .
corresponding to the spin state i 5= A2 . The corresponding probability of the spin-down
2

COS 5

state is pry = cos” 5.

b) We calculated the evolution operator associated with the /2 pulse in Ex. Specializing Eq. (S4.56) to

B = 0, this operator is U, /2(0) = % ( 1 i > . To find the evolution operator associated with the interval be-
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tween the pulses, we notice that in the absence of the rf field, the rotating-wave Hamiltonian becomes

N A0 . . . . . . .
Hrwa o = % ( 0 —A ) The evolution under this Hamiltonian for time # is associated with operator

. — LAt
~ _  —iArwaof _ e 2 0
Onel) = Moo — (€ 5 D).

Applying a set of operators corresponding to the Ramsey sequence to the spin-up state, we find
O (00D m(oy iy — L (1) (€734 0 i\ (1
71’/2( ) free(t> 77:/2( )|T> o\l 0 e%At il 0

IRYAN e 24
o\l jes At
1 e—%At _e%At
) i(e—%At_’_e‘j'At)
. —isin%
~ \icosdg )°

This is the same state as that found in part (a) up to an overall phase shift.






