
Appendix S3
Solutions to Chapter 3 exercises

Solution to Exercise 3.1.

a) We calculate the right-hand side of Eq. (3.4) using decomposition (3.2):

〈x| ψ〉=
+∞∫
−∞

ψ(x′)
〈
x
∣∣ x′
〉

dx′
(3.1a)
=

+∞∫
−∞

ψ(x′)δ (x− x′)dx′
(D.5)
= ψ(x). (S3.1)

b) Let us act with operator Î =
+∞∫
−∞

|x〉〈x|dx upon an arbitrary state |ψ〉. We have, according to the properties of

the outer product,

Î |ψ〉=
+∞∫
−∞

|x〉〈x| ψ〉dx
(3.4)
=

+∞∫
−∞

|x〉ψ(x)dx
(3.2)
= |ψ〉 .

The operator Î acting on any state returns the same state, i.e. it is the identity operator.
c) We insert the identity operator (3.5) into 〈ψ1| ψ2〉:

〈ψ1| ψ2〉 =

〈
ψ1

∣∣∣∣∣∣
 +∞∫
−∞

|x〉〈x|dx

∣∣∣∣∣∣ ψ2

〉

=

+∞∫
−∞

〈ψ1| x〉〈x| ψ2〉dx

=

+∞∫
−∞

ψ
∗
1 (x)ψ2(x)dx.

Solution to Exercise 3.2. Applying Eq. (3.6), we find that
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〈ψ| ψ〉=
+∞∫
−∞

|ψ(x)|2dx.

The left-hand side of this equation is 1 because |ψ〉 is a physical state.

Solution to Exercise 3.3.

a) Integrating the squared absolute value of the wavefunction over the real axis we have

+∞∫
−∞

|ψ(x)|2dx = A2
b∫

a

dx = A2(b−a),

and thus
A =

1√
b−a

.

b) using Eq. (B.17) and assuming A real we find

+∞∫
−∞

|ψ(x)|2dx = A2
+∞∫
−∞

e−
x2

d2 dx = A2√
πd,

so
A =

1
π1/4
√

d
.

Solution to Exercise 3.4. According to Eq. (3.4), the wavefunction of the state |x0〉 is

〈x| x0〉= δ (x− x0).

Solution to Exercise 3.5. In accordance with the continuous-variable observable definition (3.11),

x̂ |x〉=

 +∞∫
−∞

x′
∣∣x′〉〈x′∣∣dx′

 |x〉= +∞∫
−∞

x′
∣∣x′〉〈x′∣∣ x

〉
dx′ =

+∞∫
−∞

x′
∣∣x′〉δ (x′− x)dx′ = x |x〉 .

Solution to Exercise 3.6.

a) We insert the identity operator (3.5) at both sides of Â:
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Â = 1̂Â1̂

=

 +∞∫
−∞

|x〉〈x|dx

 Â

 +∞∫
−∞

∣∣x′〉〈x′∣∣dx′


=

+∞∫
−∞

+∞∫
−∞

|x〉
〈
x
∣∣ Â
∣∣ x′
〉〈

x′
∣∣dxdx′

(3.13)
=

+∞∫
−∞

+∞∫
−∞

A(x,x′) |x〉
〈
x′
∣∣dxdx′.

b) Using the continuous-basis operator function definition (3.12), we find

〈ψ| f (x̂) |ψ〉 =
+∞∫
−∞

f (x)〈ψ| x〉〈x| ψ〉dx

=

+∞∫
−∞

ψ
∗(x) f (x)ψ(x)dx

=

+∞∫
−∞

|ψ(x)|2 f (x)dx.

c) Using Eq. (3.14), we find

〈φ | Â |ψ〉 =
+∞∫
−∞

+∞∫
−∞

〈φ | x〉A(x,x′)
〈
x′
∣∣ ψ
〉

dxdx′

=

+∞∫
−∞

+∞∫
−∞

φ
∗(x)A(x,x′)ψ(x′)dxdx′.

d)

〈x| Â |ψ〉 = 〈x| Â

 +∞∫
−∞

∣∣x′〉〈x′∣∣dx′

 |ψ〉
=

+∞∫
−∞

〈
x
∣∣ Â
∣∣ x′
〉〈

x′
∣∣ ψ
〉

dx′

=

+∞∫
−∞

A(x,x′)ψ(x′)dx′.

e) Similarly,
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〈ψ| Â |x〉 = 〈ψ|

 +∞∫
−∞

∣∣x′〉〈x′∣∣dx′

 Â |x〉

=

+∞∫
−∞

〈
ψ
∣∣ x′
〉〈

x′
∣∣ Â
∣∣ x
〉

dx′

=

+∞∫
−∞

ψ
∗(x′)A(x′,x)dx′.

f) According to the properties of adjoint operators (see Ex. A.59),

(A†)(x,x′) =
〈
x
∣∣ Â†∣∣ x′

〉
=
〈
x′
∣∣ Â
∣∣ x
〉∗

= A∗(x′,x).

g) Inserting the identity operator between Â and B̂, we find

〈x| ÂB̂
∣∣x′〉 = 〈x| Â

 +∞∫
−∞

∣∣x′′〉〈x′′∣∣dx′′

 B̂
∣∣x′〉

=

+∞∫
−∞

〈
x
∣∣ Â
∣∣ x′′
〉〈

x′′
∣∣ B̂
∣∣ x′
〉

dx′′

=

+∞∫
−∞

A(x,x′′)B(x′′,x′)dx′′.

Solution to Exercise 3.7. Using Eq. (3.15) for f (x)≡ x, we find

〈ψ| x̂ |ψ〉 =

+∞∫
−∞

x |ψ(x)|2 dx

(3.22)
=

+∞∫
−∞

xpr(x)dx,

where pr(x) is the probability density. The latter expression gives the mean of a continuous observable according
to Eq. (B.13).

Solution to Exercise 3.8. We need to show that function (3.25) is periodic with period λdB. This is indeed so,
because

〈x+λdB| p〉= 1√
2π h̄

ei p(x+2π h̄/p)
h̄ =

1√
2π h̄

ei( px
h̄ +2π) =

1√
2π h̄

ei px
h̄ = 〈x| p〉 .

Solution to Exercise 3.9.
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a) If a 1000-kg car is moving at a velocity of 20 m/s (72 km/h), its momentum is p = 2× 104 kg·m/s. Using
the tabulated value of 2π h̄ = 6.6×10−34 m2·kg/s, we find the de Broglie wavelength to equal λ = 2π h̄/p =
3.3×10−38 m.

b) The average translational velocity of molecules of a gas is v =
√

3kBT/M, and the momentum is p =√
3kBT m, where kB = 1.38×10−23 J/K is the Boltzmann constant, T = 300 K is the room temperature and

M = Mair/NA = 4.7× 10−26 kg is the average molecular mass (where Mair = 0.028 kg/mol is the molar
mass of air and NA = 6× 1023 is the Avogadro number). We find p = 2.4× 10−23 kg·m/s and hence λ =
2.7×10−11 m.

c) The kinetic energy of the electron is p2/2M = eU , where M = 9.1× 10−31 kg is the electron mass, e =
1.6×10−19 Col is the electron charge and U = 105 V is the accelerating voltage. We find p = 1.9×10−22

kg·m/s and λ = 3.5×10−12 m. Because the de Broglie wavelength of the electron is much smaller than the
wavelength of light, the electron microscope achieves much higher resolution than optical.

d) By analogy with part (b), we find the mass of rubidium atoms as m= 0.087/(6×1023) kg=1.5×10−25 kg and
their momentum p =

√
3kBT m = 7.9×10−28 kg·m/s. The de Broglie wavelength is 8.3×10−7 m=0.83 µm.

This wavelength is comparable to the distance between atoms in the condensate, which leads to quantum
effects in interaction between atoms.

Solution to Exercise 3.10. Using the resolution of the identity, we write

|p〉=
+∞∫
−∞

|x〉〈x| p〉dx
(3.25)
=

1√
2π h̄

+∞∫
−∞

ei px
h̄ |x〉dx.

Equation (3.27b) is proven similarly.

Solution to Exercise 3.11. According to Eq. (3.6),

〈
p
∣∣ p′
〉 (3.27a)

=
1

2π h̄

+∞∫∫
−∞

ei p′x′−px
h̄
〈
x
∣∣ x′
〉︸ ︷︷ ︸

δ (x−x′)

dxdx′ =
+∞∫
−∞

ei (p′−p)x
h̄ dx

(D.19)
=

1
2π h̄

2πδ

(
p′− p

h̄

)
(D.6)
= δ (p′− p).

Solution to Exercise 3.13. To convert between the position and momentum bases, we apply our usual trick of
inserting the resolution of the identity:

ψ(x) = 〈x| ψ〉

= 〈x|

 +∞∫
−∞

|p〉〈p| dp

 |ψ〉
=

+∞∫
−∞

〈x| p〉〈p| ψ〉 dp

(3.25)
=

1√
2π h̄

+∞∫
−∞

ei px
h̄ ψ(p)dp;
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ψ(p) = 〈p| ψ〉

= 〈p|

 +∞∫
−∞

|x〉〈x| dx

 |ψ〉
=

+∞∫
−∞

〈p| x〉〈x| ψ〉 dx

(3.25)
=

1√
2π h̄

+∞∫
−∞

e−i px
h̄ ψ(x)dx.

Solution to Exercise 3.15.

+∞∫
−∞

ψ̃
∗(p)ϕ̃(p)dp =

1
2π h̄

+∞∫
−∞

+∞∫
−∞

+∞∫
−∞

ei px
h̄ ψ
∗(x)e−i px′

h̄ ϕ(x′)dxdx′dp

=
1

2π h̄

+∞∫
−∞

+∞∫
−∞

 +∞∫
−∞

ei p(x−x′)
h̄ dp

ψ
∗(x)ϕ(x′)dxdx′

(D.19)
=

1
2π h̄

+∞∫
−∞

+∞∫
−∞

[
2πδ

(
x− x′

h̄

)]
ψ
∗(x)ϕ(x′)dxdx′

=

+∞∫
−∞

ψ
∗(x)ϕ(x)dx.

Solution to Exercise 3.16. We recall that the probability to detect a certain value of momentum is

pr(p) = 〈p| ψ〉= |ψ̃(p)|2,

where the wavefunction ψ̃(p) in the momentum basis is the Fourier transform of the wavefunction ψ(x) in the
position basis. Because the latter is real, ψ̃(p) = ψ̃∗(−p) [Ex. D.5(b)] and thus pr(p) = pr(−p).

The expectation value of the momentum observable, given by

〈p〉=
+∞∫
−∞

ppr(p)dp = 0,

vanishes because ppr(p) is an odd function.

Solution to Exercise 3.17. Using the definition (3.25) of the de Broglie wave, we find
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A(p, p′) =
〈

p
∣∣ Â
∣∣ p′
〉

(3.5)
=

+∞∫∫
−∞

〈p| x〉〈x| Â
∣∣x′〉〈x′∣∣ p′

〉
dxdx′

=
1

2π h̄

+∞∫∫
−∞

A(x,x′)e−
ipx
h̄ e

ip′x′
h̄ dxdx′.

Solution to Exercise 3.18.

a) Since the potential is a function of the position observable, we have

V (x̂) =
+∞∫
−∞

V (y) |y〉〈y|dy (S3.2)

(where y is the integration variable). Hence

V (x,x′) =
〈
x
∣∣V (x̂)

∣∣ x′
〉

=

+∞∫
−∞

V (y)〈x| y〉
〈
y
∣∣ x′
〉

dy

=

+∞∫
−∞

V (y)δ (y− x)δ (y− x′)dy

=V (x)δ (x− x′).

In the latter equality above, we used identity (D.5), with a = x and f (y) =V (y)δ (y− x′). This is somewhat
frivolous because Eq. (D.5) requires a smooth function f (·). To make this argument rigorous, we could, for
example, replace δ (y− x′) by a Gaussian function Gb(y− x′), as defined in Eq. (D.1), and take the limit
b→ 0.

b) Using Eq. (S3.2), as well as the definition (3.25) of the de Broglie wave, we find

V (p, p′) =
〈

p
∣∣V (x̂)

∣∣ p′
〉

=

+∞∫
−∞

V (x)〈p| x〉
〈
x
∣∣ p′
〉

dx

=
1

2π h̄

+∞∫
−∞

V (x)e−
ipx
h̄ e

ip′x
h̄ dx,

which is the same as Eq. (3.41).
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Solution to Exercise 3.19. Writing the momentum observable as p̂ =
+∞∫
−∞

p |p〉〈p|dp, we find

〈
x
∣∣ p̂
∣∣ x′
〉
=

+∞∫
−∞

p〈x| p〉
〈

p
∣∣ x′
〉

dp =
1

2π h̄

+∞∫
−∞

pei p
h̄ (x−x′)dp.

To calculate this integral, we express pei p
h̄ (x−x′) =−ih̄ d

dx ei p
h̄ (x−x′). Hence

〈
x
∣∣ p̂
∣∣ x′
〉

=
1

2π h̄
(−ih̄)

d
dx

+∞∫
−∞

ei p
h̄ (x−x′)dp

(D.19)
=

1
2π h̄

(−ih̄)
d
dx

(2π h̄)δ (x− x′)

= −ih̄
d
dx

δ (x− x′).

Solution to Exercise 3.20. Inserting the identity operator after the momentum and using the result of the Ex. 3.19,
we find

〈x| p̂| ψ〉 = 〈x| p̂

 +∞∫
−∞

∣∣x′〉〈x′∣∣ dx′

 |ψ〉
=

+∞∫
−∞

〈
x
∣∣ p̂
∣∣ x′
〉〈

x′
∣∣ ψ
〉

dx′

= −ih̄
+∞∫
−∞

[
d
dx

δ (x− x′)
]

ψ(x′)dx′

= −ih̄
d
dx

 +∞∫
−∞

δ (x− x′)ψ(x′)dx′


= −ih̄

d
dx

ψ(x)

Solution to Exercise 3.22. Using the results of Ex. 3.19 and 3.20,
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〈
x
∣∣ p̂2∣∣ ψ

〉
= 〈x| p̂

 +∞∫
−∞

∣∣x′〉〈x′∣∣ dx′

 p̂ |ψ〉

=

+∞∫
−∞

〈
x
∣∣ p̂
∣∣ x′
〉〈

x′
∣∣ p̂
∣∣ ψ
〉

dx′

= −ih̄
+∞∫
−∞

[
d
dx

δ (x− x′)
][
−ih̄

d
dx′

ψ(x′)
]

dx′

= (−ih̄)2 d
dx

 +∞∫
−∞

δ (x− x′)
d

dx′
ψ(x′)dx′


= −h̄2 d

dx

[
d
dx

ψ(x)
]

= −h̄2 d2

dx2 ψ(x).

Solution to Exercise 3.23.

a) Since 〈x| x̂ = x〈x|,
〈x| x̂ p̂| ψ〉= x〈x| p̂| ψ〉 (3.44)

= −ih̄x
d
dx

ψ(x).

b) Let us denote x̂ |ψ〉= |φ〉; then the wavefunction of this state is φ(x) = 〈x| x̂| ψ〉= xψ(x). Therefore

〈x| p̂x̂| ψ〉= 〈x| p̂| φ〉=−ih̄
d
dx

φ(x) =−ih̄
d
dx

[xψ(x)] =−ih̄ψ(x)− ih̄x
d
dx

ψ(x).

Note that the above relation can also be found using the resolution of the identity. The reader can try this
independently.

c) Using the two results above, we find

〈x| [x̂, p̂]| ψ〉= 〈x| x̂ p̂| ψ〉−〈x| p̂x̂| ψ〉= ih̄ψ(x).

Therefore, applying the operator [x̂, p̂] to any |ψ〉 is equivalent to multiplying this state by ih̄. We conclude
that [x̂, p̂] = ih̄1̂.

Solution to Exercise 3.24. Writing the uncertainty principle (1.21) for any normalized state |ψ〉, we find:

〈
ψ
∣∣ ∆ x̂2∣∣ ψ

〉〈
ψ
∣∣ ∆ p̂2∣∣ ψ

〉
≥ 1

4

∣∣〈ψ∣∣ ih̄1̂
∣∣ ψ
〉∣∣2

=
1
4

h̄2| 〈ψ| ψ〉 |2

=
1
4

h̄2.
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Solution to Exercise 3.25.

a) The probability density corresponding to the wavefunction (3.51) is

|ψ(x)|2 = 1
d
√

π
e−

(x−a)2

d2 . (S3.3)

This is identical to the Gaussian probability density (B.15), whose normalization we verified in Ex. B.18.
b) To reduce the bookkeeping, let us first convert from the position basis into the wavenumber (rather than

momentum) basis. We apply the direct Fourier transform as per Eq. (3.38).

ψ̃(k) =
1

(πd2)1/4 F [eik0xe−
(x−a)2

2d2 ](k) (where k0 =
p0

h̄
)

(D.14)
=

1
(πd2)1/4 F [e−

(x−a)2

2d2 ](k− k0)

(D.13)
=

1
(πd2)1/4 e−i(k−k0)aF [e−

x2

2d2 ](k− k0)

(D.16)
=

1
(πd2)1/4 e−i(k−k0)ade−(k−k0)

2d2/2

=

√
d

π1/4 e−i(k−k0)ae−(k−k0)
2d2/2. (S3.4)

Now we can rewrite this result in the momentum basis using Eq. (3.39):

ψ̃(p) =

√
d

π1/4
√

h̄
e−i(p−p0)a/h̄e−(p−p0)

2d2/2h̄2
. (S3.5)

c) In the position basis, the probability density

pr(x) = |ψ(x)|2 = 1√
πd

e−
(x−a)2

d2

is a Gaussian curve centered around x = a with width d. Using the results of Ex. B.18, we find that 〈x〉= a
and

〈
∆x2

〉
= d2/2.

For the momentum basis, pr(p) = d√
π h̄ e−

d2(p−p0)
2

h̄2 . Hence 〈p〉= p0 and
〈
∆ p2

〉
= h̄2/2d2. The product of the

uncertainties is

〈∆x2〉〈∆ p2〉= h̄2

4
,

which is the minimum allowed by the uncertainty principle.

Solution to Exercise 3.27.

a) The wavefunction in the momentum representation (for convenience, we use the physically identical
wavenumber representation) can be found using the standard conversion formula (3.38). The Fourier trans-
formation has to be applied to both xA and xB.
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Ψ̃(kA,kb) =
1

2π

+∞∫
−∞

+∞∫
−∞

Ψ(xA,xB)e−ikAxAe−ikBxB dxAdxB

=
1

2π

+∞∫
−∞

+∞∫
−∞

δ (xA− xB)e−ikAxA−ikBxBdxAdxB

=
1

2π

+∞∫
−∞

e−i(kA+kB)xA dxA

(D.19)
=

1
2π

2πδ (kA + kB)

= δ (kA + kB).

b) The wavefunction Ψ(xA,xB) = δ (xA− xB) of the system in the position basis implies that the positions of
Alice’s and Bob’s particles must be identical. If Alice detects her particle at a position x0, Bob’s particle will
be remotely prepared in a state with the same position, i.e. |x0〉.

c) Similarly, because Ψ̃(kA,kb) = δ (kA + kB), Alice’s detection of wavenumber k0 (or momentum p0 = h̄k0)
will project Bob’s state onto |−k0〉 (or |−p0〉).

Solution to Exercise 3.28. In the absence of potential, the Hamiltonian is a function of the momentum: Ĥ =
p̂2/2M. An eigenstate |p〉 of the momentum is therefore automatically an energy eigenstate with the eigenvalue
E = p2/2M. According to the general solution (1.29) of the Schrödinger equation, this state evolves as follows:

|p〉 → e−
i
h̄ Et |p〉= e−i p2

2Mh̄ t |p〉 .

Assuming that the wavefunction of the momentum eigenstate at the moment t = 0 is given by the de Broglie
wave (3.25), its evolution can be written in the position basis as

ψ|p〉(x, t) =
〈

x
∣∣∣ e−

i
h̄ Et
∣∣∣ p
〉
=

1√
2π h̄

ei px
h̄ −i p2

2Mh̄ t .

Solution to Exercise 3.29.

a) We found the wavenumber basis decomposition (S3.4) of the initial wavepacket in Ex. 3.25. Let us rewrite
it as follows:

|ψ(0)〉=
√

d
π1/4

+∞∫
−∞

e−iκae−
κ2d2

2 |k0 +κ〉dκ, (S3.6)

where we defined κ = k− k0. Since each wavenumber eigenstate is also an eigenstate of the Hamiltonian
with the eigenvalue h̄2(k0 +κ)2/2M, we have for the evolution of state |ψ〉
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|ψ(t)〉=
√

d
π1/4

+∞∫
−∞

e−iκae−
κ2d2

2 e−i h̄(k0+κ)2t
2M |k0 +κ〉dκ. (S3.7)

b) We rewrite the above equation as

|ψ(t)〉=
√

d
π1/4 e−i

h̄k2
0t

2M

+∞∫
−∞

e−iκ
(

a+ h̄k0t
M

)
e−κ2

(
d2
2 +i h̄t

2M

)
|k0 +κ〉dκ. (S3.8)

Let us now write this result back in the position basis. We have

ψ(x, t) = 〈x| ψ(t)〉=
√

d
π1/4 e−i

h̄k2
0t

2M

+∞∫
−∞

e−iκ
(

a+ h̄k0t
M

)
e−κ2

(
d2
2 +i h̄t

2M

)
〈x| k0 +κ〉dκ

=

√
d

π1/4 e−i
h̄k2

0t
2M

 1√
2π

+∞∫
−∞

e−iκ
(

a+ h̄k0t
M

)
e−κ2

(
d2
2 +i h̄t

2M

)
ei(k0+κ)xdκ

 .
The expression in brackets is an inverse Fourier transform, which is not surprising because we are transition-
ing from the wavenumber to the position basis. The first exponential in the above integral is a linear phase
factor, which after the Fourier transform translates, according to Eq. (D.14), into the shift of the position
by a+ h̄k0t/M — the movement of the wavepacket. The second one is a Gaussian function, whose Fourier
image is also a Gaussian. The resulting wavefunction is therefore

ψ(x, t) =

√
d

π1/4 e−i
h̄k2

0t
2M

(
d2 + i

h̄t
M

)−1/2

eik0xe
−
(

x−a− h̄k0t
M

)2
/

2(d2+i h̄t
M )

, (S3.9)

c) We first calculate the probability density taking into account the complexity of the Gaussian exponent in
Eq. (S3.9). We find

pr(x) = ψ
∗(x, t)ψ(x, t)

=
d√
π

(
d4 +

h̄2t2

M2

)−1/2

e
−d2

(
x−a− h̄k0t

M

)2
/(

d4+ h̄2t2

M2

)

=
1

d
√

π

(
1+

h̄2t2

M2d4

)−1/2

e
−
(

x−a− h̄k0t
M

)2
/

d2
(

1+ h̄2t2

M2d4

)

This is a Gaussian distribution centered at 〈x〉 = a+ h̄k0t
M = a+ p0t

M with the width b = d
√

1+ h̄2t2

M2d4 . To
determine the position variance, we use Ex. B.18 and find

〈∆x2〉= b2

2
=

d2

2

(
1+

h̄2t2

M2d4

)
. (S3.10)

Solution to Exercise 3.30.
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a) According to Eq. (S3.10), the width of the Gaussian wavepacket behaves for large t according to√
〈∆x2〉 ∼ h̄

Md
t. (S3.11)

We can rewrite this as t ∼
√
〈∆x2〉Md/h̄. Substituting

√
〈∆x2〉= 10−3 m, d = 10−10 m and M ≈ 10−30 kg

we find t ≈ 1 ns.
b) For M = 10−3 kg, t ≈ 1018 s, i.e. of the same magnitude as the age of the universe.
c) According to Eq. (S3.10), the required time satisfies h̄t/Md2 ≈ 1, so t ∼ 1 s.

Solution to Exercise 3.31. The condition that p0 greatly exceeds the momentum uncertainty of the initial
wavepacket means, in accordance with Ex. 3.25, that p0� h̄/d. This means that the traveled distance, p0t/M,
is much greater than h̄t/Md, i.e. it is much greater than

√
〈∆x2〉 in accordance with Eq. (S3.11).

Solution to Exercise 3.32. We rewrite the time-independent Schrödinger equation[
V (x̂)+

p̂2

2M

]
|ψ〉= E |ψ〉

in the position basis

〈x|V (x̂)| ψ〉−
〈

x
∣∣∣∣ p̂2

2M

∣∣∣∣ ψ

〉
= E 〈x| ψ〉 ,

and use the result of Ex. 3.22:

V (x)ψ(x)− h̄2

2M
d2ψ

dx2 ψ(x) = Eψ(x).

Solution to Exercise 3.33. We can rewrite the time-independent Schrödinger equation (3.60) as

h̄2

2M
d2

dx2 ψ(x) = (V0−E)ψ(x), (S3.12)

which can be simplified to
d2

dx2 ψ(x) = κ
2
ψ(x),

where κ =
√

2M(V0−E)/h̄ does not depend on x. This second-order differential equation has two linearly-
independent solutions:

ψ(x) = Aeκx +Be−κx. (S3.13)

Factor κ is real only if E < V0, i.e. the total energy is below the potential energy level. Otherwise, κ becomes
imaginary and the solution (S3.13) takes the form of the de Broglie wave:

ψ(x) = Aeikx +Be−ikx, (S3.14)

where k = iκ =
√

2M(E−V0)/h̄ is a real wavenumber.
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Solution to Exercise 3.34. Consider the operator Ĥ−Vmin, where Vmin is the minimum value of V (x). This oper-
ator the energy operator (3.55) is a sum of two nonnegative functions p̂2/2M and V (x̂)−Vmin of the momentum
and position, respectively, and hence a non-negative operator (Ex. A.73, A.87). Such an operator cannot have
negative eigenvalues (Ex. A.72). Hence the operator Ĥ cannot have eigenvalues below Vmin.

Solution to Exercise 3.35. Let us refer again to Eq. (S3.12). If both V (x) and ψ(x) are finite for all x, so is the
right-hand side of that equation. This means that d2ψ(x)/dx2 is finite for all x as well. This implies in turn that
the first derivative of the wavefunction is continuous for all x. Because dψ(x)/dx is continuous, it must be finite
for all x. Therefore, ψ(x) must be finite and continuous for all x, too.

Solution to Exercise 3.36. Suppose there exists a Hamiltonian eigenstate |ψ〉 with eigenvalue E which cannot
be expressed as a linear combination of eigenstates with real wavefunctions. Let us write its wavefunction as a
sum of real and imaginary parts: ψ(x) = ψ1(x)+ iψ2(x), where ψ1,2(x) ∈R. The time-independent Schrödinger
equation (3.60) then takes the form

h̄2

2M
d2

dx2 [ψ1(x)+ iψ2(x)] = [V (x)−E][ψ1(x)+ iψ2(x)].

This equation is satisfied because |ψ〉 is a Hamiltonian eigenstate with eigenvalue E. Taking the real and imag-
inary parts of both sides of this equation, we find that both ψ1(x) and ψ2(x) satisfy this equation, so the corre-
sponding states |ψ1〉 and |ψ2〉 are also eigenstates of Ĥ with eigenvalue E. Further, state |ψ〉 can be expressed
as a linear combination |ψ〉 = |ψ1〉+ i |ψ2〉 of energy eigenstates with real eigenvalues. We have arrived at a
contradiction.

Solution to Exercise 3.37. By the same logic, consider an energy eigenstate |ψ〉 with eigenvalue E and wave-
function ψ(x). If ψ(x) satisfies the time-independent Schrödinger equation with an even potential, so does
ψ(−x). To see this, we replace x→−x in the time-independent Schrödinger equation (3.60):

h̄2

2M
d2

d(−x)2 ψ(−x) = [V (−x)−E]ψ(−x).

Because the potential is even, V (−x) =V (x). Also the second derivative has the property d2

d(−x)2 =
d2

dx2 . Therefore
the above equation can be rewritten as

h̄2

2M
d2

dx2 ψ(−x) = [V (x)−E]ψ(−x),

so the state |ψ−〉 with the wavefunction ψ(−x) is also an eigenstate of the Hamiltonian.
This means that states |ψ1,2〉 = |ψ〉± |ψ−〉 are also eigenstates of the Hamiltonian with the same energy.

Further, |ψ1〉 has an even wavefunction and |ψ2〉 has an odd wavefunction. State |ψ〉 can then be expressed as a
linear combination of these:

|ψ〉= 1
2
(|ψ1〉+ |ψ2〉).

We have arrived at a contradiction.
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Solution to Exercise 3.38. As discussed in Ex. 3.33, energies E below a constant potential level V0 are associated
with eigenwavefunctions ψ(x) = Ae±κx, with κ =

√
2M(V0−E)/h̄. Because of the normalization condition, the

wavefunctions cannot have components that exponentially grow at infinity, and thus we must have

ψ(x)→
{

Ae−κx at x→+∞

A′eκx at x→−∞

In other words, ψ(x)→ 0 for |x| → ±∞, so we have a bound state.
Conversely, if the energy exceeds the potential at infinity, the eigenwavefunctions tend to ψ(x)→ Aeikx +

A′e−ikx, with k =
√

2M(E−V0)/h̄. If at least one of the factors A or A′ does not vanish, the state is not bound.

Solution to Exercise 3.39. We can write the generic solution to the time-independent Schrödinger equation in
this potential using the result of Ex. 3.33:

ψ(x) =

B1eκx +B2e−κx, x <−a/2
A1 coskx+A2 sinkx, −a/2≤ x≤ a/2
B3eκx +B4e−κx, x > a/2

(S3.15)

We can immediately eliminate the terms B2e−κx and B3eκx that are exponentially growing at x → ±∞ and
therefore unphysical.

Next, because the potential is an even function of x, it suffices to look for even and odd solutions of the
time-independent Schrödinger equation, as we found in Ex. 3.37. Let us consider these two cases separately.

We write a general odd solution as

ψ(x) =

−Beκx, x <−a/2
Asinkx, −a/2≤ x≤ a/2
Be−κx, x > a/2

(S3.16)

with real A and B and

k =

√
2ME
h̄

, (S3.17a)

κ =

√
2M(V0−E)

h̄
. (S3.17b)

Because the potential is finite, both the wavefunction ψ(x) and its derivative ψ ′(x) must be continuous. Writing
these conditions for the boundary of the box x = a/2, we find

Asinkx
∣∣
x=a/2 = Be−κx|x=a/2;

Ak coskx
∣∣
x=a/2 = −κBe−κx|x=a/2

or

Asin
ka
2

= Be−κa/2; (S3.18)

Ak cos
ka
2

= −κBe−κa/2. (S3.19)
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The continuity condition for x =−a/2 yields the same set of equations.
These equations restrict the set of energy values at which the time-independent Schrödinger equation has a

solution. To see this, let us divide Eqs. (S3.18) and (S3.19) by each other. We obtain

cot
ka
2

=−κ

k
. (S3.20)

This equation relates k and κ . Another relation between these quantities is due to Eqs. (S3.17), which can be
incorporated into our calculations as follows. Let us denote ka/2 = θ and κa/2 = θ1. From Eq. (S3.17) we then
have

θ
2 +θ

2
1 = θ

2
0 ,

where

θ0 =

√
2MV0

h̄
a
2
. (S3.21)

Equation (S3.20) now takes the form

cotθ =−θ1

θ
(S3.22)

or

− cotθ =

√
θ 2

0
θ 2 −1. (S3.23)

This equation contains only one unknown variable, θ , which is related to the energy eigenvalue. Unfortunately,
this equation is transcendental and cannot be solved in elementary functions.

2

4

6

8

10

q

q
0
2

2
1-

tanq

- cotq

0
7
2

q =

q3

2 2

p 7

2
p

3

2

p

0
3
2

q =

Fig. S3.1 Graphic solution to transcendental equations (S3.23) and (S3.27). The left-hand sides
are plotted with dashed lines, right-hand sides with solid lines. Values θ0 = 3/2 and θ0 = 7/2
correspond to V0 =

9
2

h̄2

Ma2 and V0 =
49
2

h̄2

Ma2 , respectively.

A generic even solution is given by
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ψ(x) =

Beκx, x <−a/2
Acoskx, −a/2≤ x≤ a/2
Be−κx, x > a/2

(S3.24)

Proceeding in a fashion similar to the odd case, we find the continuity conditions for the boundary of the well

Acos
ka
2

= Be−κa/2; (S3.25)

−Ak sin
ka
2

= −κBe−κa/2, (S3.26)

and the transcendental equation for θ

tanθ =

√
θ 2

0
θ 2 −1. (S3.27)

By plotting the left and right-hand sides of transcendental equations (S3.23) and (S3.27) as functions of θ ,
we obtain a graphic solution as shown in Fig. S3.1. The corresponding energies and example wavefunctions are
plotted in Fig. 3.2.

It remains to answer the question regarding the dependence of the number of bound states on V0. As evident
from Fig. S3.1, there are N solutions to both transcendental equations when (N − 1)π/2 < θ0 < Nπ/2. This
corresponds to

[π h̄(N−1)]2

2Ma2 <V0 <
(π h̄N)2

2Ma2 .

Solution to Exercise 3.40. When V0 is infinite, so is the right-hand side of Eqs. (S3.23) and (S3.27). The tangent
in the left-hand side of Eq. (S3.27) takes on a positive infinite value when θ = (2 j + 1)π/2, and the negative
cotangent in (S3.23) when θ = π j, where j is an arbitrary natural number. The general solution in the limit
V0→ ∞ can then be written as θ = nπ/2, with n being an arbitrary natural number: an even n = 2 j produces an
odd solution, and an odd n = 2 j+1 an even solution. Using θ = ka/2, we find wavenumber values kn = nπ/a,
which correspond to energy eigenvalues

En =
h̄2k2

2M
=

h̄2
π2n2

2Ma2 .

Substituting this result into Eqs. (S3.18) and (S3.25) we determine that the oscillating parts of the wavefunc-
tions, inside the box,

ψn(x) =

{
Asin

( nπx
a

)
, even n

Acos
( nπx

a

)
, odd n.

; (S3.28)

vanish at x = ±a/2. This implies that B = 0 for both odd and even cases, and that the wavefunction vanishes
outside the box.

We can now find the normalization constant A. To this end, we integrate the square absolute value of the
wavefunction over the real axis. We find, for both even and odd solutions,
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+∞∫
−∞

|ψ(x)|2dx =

a/2∫
−a/2

|ψ(x)|2dx = |A|2 a
2
,

so A =
√

2/a.

Solution to Exercise 3.41. Because the potential is an even function of x, we can restrict to even and odd
wavefunctions. At x 6= 0, the potential is zero. The energy of a bound state must then be negative, so a generic
odd solution must be of the form

ψ(x) =
{
−Beκx, x < 0
Be−κx, x > 0 (S3.29)

with κ =
√

2M(−E)/h̄. Unless B = 0 (i.e. ψ(x)≡ 0), the odd wavefunction has a discontinuity at x = 0, i.e. is
unphysical.

The even solution is given by

ψ(x) =
{

Beκx, x < 0
Be−κx, x > 0 (S3.30)

The solution (S3.30) is valid for an arbitrary κ at all values of x except x = 0. At x = 0, its derivative has a
discontinuity:

∆ψ
′(x)
∣∣
x=0 =−2Bκ. (S3.31)

There is no contradiction with the wavefunction continuity condition (Ex. 3.35), because the potential is singular
at x = 0. However, the amplitude of the potential imposes a specific condition on the wavefunctions’ derivative
discontinuity, that is only satisfied for certain values of κ , as we see next.

Let us integrate both sides of the time-independent Schrödinger equation (3.60) over an infinitesimal interval
around x = 0:

−
+0∫
−0

h̄2

2M
d2

dx2 ψ(x) =
+0∫
−0

[E−V (x)]ψ(x). (S3.32)

Using the fundamental theorem of calculus as well as Eq. (D.9), we find

− h̄2

2M
∆ψ

′(x)
∣∣
x=0 =W0ψ(0). (S3.33)

Substituting ψ(0) = B as well as Eq. (S3.31) into the above, we find that κ =W0m/h̄2 and thus

E =− (h̄κ)2

2M
=−

mW 2
0

2h̄2 .

Let us now find the normalization coefficient. Because the well is infinitely narrow, we need to only take into
account the part of the wavefunction that is localized outside the well. Using Eq. (S3.30), we have

+∞∫
−∞

|ψ(x)2|dx = 2B2
∞∫

0

e−2κxdx = B2, (S3.34)
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so B =
√

κ .

Solution to Exercise 3.42. Since V0a =W0 we can rewrite Eq. (S3.21) as

θ0 =

√
2MW0

h̄

√
a

2
. (S3.35)

Because a tends to zero and W0 is a constant, θ0 also tends to zero. The solid curves in Fig. S3.1 shrink to a
vertical line just next to the vertical axis. Therefore we have only one, even, energy eigenstate, and we rewrite
Eq. (S3.27) using the fact that tanθ ≈ θ for small θ :

θ =

√
θ 2

0
θ 2 −1. (S3.36)

or
θ

4 +θ
2−θ

2
0 = 0. (S3.37)

Therefore

θ
2 =
−1±

√
1+4θ 2

0

2
.

We decompose the above solution into the Taylor series with respect to small parameter θ 2
0 to the second order

(the reason why we need this will become clear shortly):
√

1+4θ 2
0 ≈ 1+ 2θ 2

0 − 2θ 4
0 . Then the two roots of

Eq. (S3.37) can be rewritten as

θ
2 ≈

[
θ 2

0 −θ 4
0

−1−θ 2
0 +θ 4

0
. (S3.38)

Because we are looking for a bound solution, we expect θ to be real, so we choose the first root. Since θ0 =√
2MV0a/2h̄ and θ =

√
2MEa/2h̄, we see that

E =
2h̄2

Ma2 θ
2 =V0−

Ma2V 2
0

2h̄2 =V0−
MW 2

0

2h̄2 . (S3.39)

We see that the second-order Taylor expansion was necessary to obtain the critical second term in the above
equation.

Now, according to Eq. (S3.17b) we have

κ =

√
2M(V0−E)

h̄
=

MW0

h̄2 . (S3.40)

As we see, this coefficient is independent of a in the limit a→ 0 as long as V0a =W0 is kept constant, and is the
same as found in the previous exercise.

Solution to Exercise 3.43. The particle is initially prepared in the bound state of the original potential (see
Ex. 3.41):

ψ0(x) =
√

κ0

{
eκ0x, x < 0
e−κ0x, x > 0
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with κ0 =W0M/h̄2. After the sudden change of the potential, the bound state is given by another wavefunction,

ψ1(x) =
√

κ1

{
eκ1x, x < 0
e−κ1x, x > 0

with κ1 = 2W0M/h̄2. The probability that the particle will remain in the bound state of the new potential is given,
according to the Second Postulate, by the squared inner product

pr = |〈ψ0| ψ1〉|2

=

∣∣∣∣∣∣
+∞∫
−∞

ψ
∗
0 (x)ψ1(x)dx

∣∣∣∣∣∣
2

= κ0κ1

∣∣∣∣∣∣2
+∞∫
0

e−κ0xe−κ1xdx

∣∣∣∣∣∣
2

= κ0κ1

∣∣∣∣ 2
κ0 +κ1

∣∣∣∣2
=

8
9
.

Solution to Exercise 3.44. We start by following the logic of the solution to Ex. 3.41. The potential outside the
wells is zero, so general odd and even wavefunctions in these areas will be of the form

ψ(x) =

−Boeκox, x <−a
Ao(eκox− e−κox), −a < x < a
Boe−κox, x > a

(S3.41)

and

ψ(x) =

Beeκex, x <−a
Ae(eκex + e−κex), −a < x < a
Bee−κex, x > a

, (S3.42)

respectively, with κe,o =
√

2M(−Ee,o)/h̄ (subscripts e and o standing for “even” and “odd”, respectively) and
both A’s and B’s real and positive (Fig. S3.2). In contrast to the single well, we cannot exclude the odd solution
a priori.

Let us look at the even solution in detail. The continuity condition at x=±a gives Ae(eκea+e−κea) =Bee−κea,
or Be = Ae(e2κea +1). The discontinuity of the derivative at this point is then

∆ψ
′(x)
∣∣
x=±a =−Aeκe(eκea− e−κea)−Beκee−κea

=−Aeκe(eκea− e−κea + eκea + e−κea)

=−2Aeκeeκea

Equation (S3.43) for our case takes the form
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a� a

Fig. S3.2 The double delta potential (Ex. 3.44) and the even and odd energy eigenstate wavefunc-
tions.

− h̄2

2M

(
∆ψ

′(x)
∣∣
x=±a

)
=W0ψ(±a), (S3.43)

so using ψ(±a) = Ae(eκea + e−κea) we find

κe = κ0(1+ e−2κea), (S3.44)

where κ0 =
W0M

h̄2 is the wavefunction falloff coefficient in the case of the single delta potential (denoted as κ in
Ex. 3.41). We see that in the limit of a→ ∞, this solution approaches that for a single well.

For a finite distance between the wells, Eq. (S3.44) is transcendental. Let us find the approximate solution for
the case κ0a� 1. We write κe = κ0(1+δ ). Then Eq. (S3.44) becomes

δ = e−2κ0a(1+δ ) = e−2κ0ae−2δκ0a,

from which we find that δ < e−2κ0a and hence 2δκ0a� 1. Therefore we can write in the first order e−2δκ0a = 1,
so δ = e−2κ0a and

κe = κ0(1+ e−2κ0a). (S3.45)

The corresponding energy is

Ee =−
(h̄κe)

2

2M
=− (h̄κ0)

2

2M
(1+δ )2 ≈−

W 2
0 M

2h̄2 (1+2δ ) =−
W 2

0 M
2h̄2 (1+2e−2κ0a). (S3.46)

The argument for the odd case is analogous, but in this case the energy shift is opposite:

Eo =−
W 2

0 M
2h̄2 (1−2e−2κ0a). (S3.47)

Solution to Exercise 3.45. Let ψsingle(x) be the wavefunction (3.71) corresponding to a single delta-function
well. Then, for κ0a� 1, the odd (S3.41) and even (S3.42) solutions to the double well problem can be approxi-
mated as

ψo(x) =
ψsingle(x−a)−ψsingle(x+a)√

2
and ψe(x) =

ψsingle(x−a)+ψsingle(x+a)√
2

(the factor of
√

2 due to normalization). We now express the localized states through the energy eigenstates as
follows:
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ψsingle(x−a) =
ψe(x)+ψo(x)√

2
and ψsingle(x+a) =

ψe(x)−ψo(x)√
2

.

These states are orthogonal to each other to a good approximation.
The initial state’s wavefunction is ψ(x,0) = ψsingle(x− a). Knowing the energies Ee,o = E0∓∆ of the even

and odd states, where

E0 =−
W 2

0 M
2h̄2 and ∆ =

W 2
0 M
h̄2 e−2κ0a

as found in Ex. 3.44, we write the evolution as

ψ(x, t) =
1√
2

[
ψe(x)exp

(
−i

Ee

h̄
t
)
+ψo(x)exp

(
−i

Eo

h̄
t
)]

=
1√
2

exp
(
−i

E0

h̄
t
)[

ψe(x)exp
(

i
∆

h̄
t
)
+ψo(x)exp

(
−i

∆

h̄
t
)]

=
1
2

exp
(
−i

E0

h̄
t
)[(

ψsingle(x−a)+ψsingle(x+a)
)

exp
(

i
∆

h̄
t
)

+
(
ψsingle(x−a)−ψsingle(x+a)

)
exp
(
−i

∆

h̄
t
)]

= exp
(
−i

E0

h̄
t
)[

ψsingle(x−a)cos
(

∆

h̄
t
)
+ iψsingle(x+a)sin

(
∆

h̄
t
)]

.

Hence the probability to find the system in the state with wavefunction ψsingle(x+a) equals sin2 (∆

h̄ t
)
.

Solution to Exercise 3.46. Suppose there are two bound states, |ψ1〉 and |ψ2〉, corresponding to the same energy
E. The time-independent Schrödinger equation (3.60) for both states is

h̄2

2M
ψ
′′
1 (x) = [V (x)−E]ψ1(x)

and
h̄2

2M
ψ
′′
2 (x) = [V (x)−E]ψ2(x).

Let us multiply the left-hand side of the first equation by the right-hand side of the second, and vice versa. At all
points where V (x)−E 6= 0, we have

ψ
′′
1 (x)ψ2(x) = ψ1(x)ψ ′′2 (x),

or
ψ
′′
1 (x)ψ2(x)−ψ1(x)ψ ′′2 (x) = 0.

This latter equality can be written as

d
dx

[
ψ
′
1(x)ψ2(x)−ψ1(x)ψ ′2(x)

]
= 0,

from which we conclude that [
ψ
′
1(x)ψ2(x)−ψ1(x)ψ ′2(x)

]
= const.
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The constant in the right-hand side of the above equation must be zero because it is known that the state is bound,
i.e. both wavefunctions and their derivatives vanish at x→±∞. Dividing both sides of the above equation by
ψ2

2 (x), we obtain
d
dx

[
ψ1(x)
ψ2(x)

]
= 0

at all points where ψ2(x) 6= 0, or
ψ1(x)
ψ2(x)

= const,

so the two wavefunctions are proportional to each other.
Admittedly, the above proof does not apply to points at which ψ2(x) = 0 or V (x) = E. I suggest to the reader

to elaborate these cases as an independent exercise.

Solution to Exercise 3.49. Since the phase velocity of the de Broglie wave with momentum p and wavenumber
k is vph = p/2M = h̄k/2M, we have the following probability density currents:

jA =

(
h̄

2M

)
k0|A|2

for the incident wave,

jB =

(
h̄

2M

)
k0|A|2

(
k0− k1

k0 + k1

)2

for the reflected wave, and

jC =

(
h̄

2M

)
k1|A|2

(
2k0

k0 + k1

)2

for the transmitted wave.
Accordingly, the reflection coefficient is

jB
jA

=

(
k0− k1

k0 + k1

)2

and the transmission coefficient is
jC
jA

= 4
k0k1

(k0 + k1)2 ,

and their sum equals identity.
The reflection coefficient tends to 1 for E→V0 (so k1→ 0) and to 0 for E→∞ (so k0−k1→ 0). The behavior

of the transmission coefficient is opposite.

Solution to Exercise 3.50. If the energy E is below the potential barrier level, the solution of the time-
independent Schrödinger equation after the barrier is a falling exponential:

ψ(E,x) =
{

Aeik0x +Be−ik0x, x < 0
Ce−κx, x≥ 0

, (S3.48)
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where k0 =
√

2ME/h̄, κ =
√

2M(V0−E)/h̄. Note that there is no D-wave in this case, because that wave would
exhibit exponential growth at x→ ∞. The continuity condition now takes the form

A+B =C;

ik0(A−B) =−κC.

This system of two linear equations is readily solved, giving

B = A
ik0 +κ

ik0−κ
;

C = A
2ik0

ik0−κ
.

Because
∣∣∣ ik0+κ

ik0−κ

∣∣∣ = 1, the amplitudes of the incident and reflected waves (A and B, respectively) have the same
absolute value. Furthermore these waves propagate with the same phase and group velocities, and hence have
the same probability density current. The reflection coefficient is therefore equal to unity.

Solution to Exercise 3.51. The initial wavepacket can be written in the wavenumber basis according to Eq. (3.52)
as

|ψ(0)〉=
(

d2

π

)1/4 +∞∫
−∞

e−iκae−κ2d2/2 |k0 +κ〉dκ, (S3.49)

where κ is small compared to k0 and k1. Our goal is to calculate the evolution of this state. In Ex. 3.29, we had
the advantage that the momentum eigenstates in the right-hand side of Eq. (S3.49) were automatically the energy
eigenstates. Here it is no longer the case. However, under the assumptions that we made it is safe to replace the
momentum eigenstates in the above decomposition by corresponding energy eigenstates.

To see this, let us write the energy eigenstates (3.76) in the form

〈x| ψbar(κ)〉= Aei(k0+κ)x
θ(−x)+Be−i(k0+κ)x

θ(−x)+Ce
i
√

(k0+κ)2− 2MV0
h̄2 x

θ(x), (S3.50)

where B and C are related to A by Eq. (3.78a). The first term in the above equation (the A-wave) is identical to
the wavefunction 〈x| k0 = κ〉= 1√

2π
ei(k0+κ)x of the state |k0 +κ〉 on the left side of the barrier for A = 1√

2π
. The

second term (the B-wave) is also located to the left of the barrier, but has a negative wavenumber. The third term
(the C-wave) is located to the right side of the barrier. The original wavepacket is located, almost completely, far
to the left of the barrier and consists, almost entirely, of waves with positive wavenumbers. This means that its
decomposition (S3.49) can be rewritten as

|ψ(0)〉=
(

d2

π

)1/4 +∞∫
−∞

e−iκae−κ2d2/2 |ψbar(κ)〉dκ. (S3.51)

Now since each |ψbar(κ)〉 is an eigenstate of the Hamiltonian, we can find the time evolution of the above
state according to
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|ψ(t)〉=
(

d2

π

)1/4 +∞∫
−∞

e−
i
h̄ Eκ te−iκae−κ2d2/2 |ψbar(κ)〉dκ, (S3.52)

where the energy of each |ψbar(κ)〉 is (neglecting quadratic terms in κ) Eκ = h̄2(k0 +κ)2/2M ≈ (h̄2/2M)(k2
0 +

2k0κ). We find for the state vector

|ψ(t)〉=
(

d2

π

)1/4

e−ih̄k2
0t/2M

+∞∫
−∞

e−iκ(a+ h̄k0
M t)e−κ2d2/2 |ψbar(κ)〉dκ. (S3.53)

and for its wavefunction

ψ(x, t) =
(

d2

π

)1/4

e−ih̄k2
0t/2M

+∞∫
−∞

e−iκ(a+ h̄k0
M t)e−κ2d2/2 〈x| ψbar(κ)〉dκ. (S3.54)

We can now calculate the integral (S3.54) for each wave in Eq. (S3.50) separately. The overall phase factor
e−ih̄k2

0t/2M can be neglected, as well as the the variation of the amplitudes B and C as a function of the small κ .
A-wave. Applying standard Fourier transform rules (Ex. D.5), we obtain

ψA(x, t) = Aθ(−x)eik0x
(

d2

π

)1/4 +∞∫
−∞

e−iκ(a+ h̄k0
M t)e−κ2d2/2eiκxdκ (S3.55)

= Aθ(−x)eik0x
(

d2

π

)1/4 √2π

d
e−

(
x−a− h̄k0

M t
)2

2d2

= θ(−x)eik0x
(

1
πd2

)1/4

e−

(
x−a− h̄k0

M t
)2

2d2 .

This is a Gaussian wavepacket centered at the point x = a+ h̄k0
M t and propagating with the speed h̄k0/M in the

positive direction. When the wavepacket reaches the barrier (i.e. at tbar =
−aM
h̄k0

), it disappears due to the factor

θ(−x). Before this happens, the total probability associated with this wavepacket is prA =
+∞∫
−∞

|ψA(x, t)|2dx = 1.

The B-wave is treated similarly, except that the integral corresponds to the inverse Fourier transform. We
obtain

ψB(x, t) = Bθ(−x)e−ik0x
(

d2

π

)1/4 √2π

d
e−

(
x+a+

h̄k0
M t

)2

2d2

(3.78a)
=

k0− k1

k0 + k1
θ(−x)e−ik0x

(
1

πd2

)1/4

e−

(
x+a+

h̄k0
M t

)2

2d2 .

This wavepacket is a mirror image of the previous one. At t = 0, it is located at x = −a but is “invisible” due
to the factor θ(−x). It propagates in the negative direction. Once it reaches the barrier (simultaneously with the
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A-packet), it becomes “visible”. This wavepacket is associated with the reflection of the particle from the barrier.

The total probability associated with this wavepacket is prB =
(

k0−k1
k0+k1

)2
.

C-wave. Using k2
1 = k2

0− 2MV0/h̄2 and again neglecting terms that are quadratic with respect to κ , we can
replace in Eq. (S3.50)√

(k0 +κ)2− 2MV0

h̄2 =

√
k2

0 +2k0κ− 2MV0

h̄2 = k1

√
1+2k0κ/k2

1 ≈ k1 +κ
k0

k1
.

As a result, we obtain for the C-wave

ψC(x, t) =Cθ(x)eik1x
(

d2

π

)1/4 +∞∫
−∞

e−iκ(a+ h̄k0
M t)e−κ2d2/2eiκ k0

k1
xdκ

=Cθ(x)eik1x
(

d2

π

)1/4 √2π

d
e−

(
k0
k1

x−a− h̄k0
M t

)2

2d2

(3.78a)
=

2k0

k0 + k1
θ(x)eik1x

(
1

πd2

)1/4

e−

(
k0
k1

x−a− h̄k0
M t

)2

2d2 .

This packet is narrower than the other two by a factor k0/k1. It begins to exist at t = tbar and propagates in
the positive direction at a speed h̄k1/M. This wavepacket is associated with the particle transmitted through the

barrier and has the probability prC = k1
k0

(
2k0

k0+k1

)2
. A direct calculation shows that prB +prC = 1.

Solution to Exercise 3.52. Proceeding similarly to Ex. 3.47 we find that the solution is a combination of six
wavefunctions as shown in Fig. 3.6 and is thus a function of six parameters. For each of the two interfaces, there
are two continuity conditions (for the wavefunction and its derivative):

A+B =C+D;

ik0(A−B) = κ(C−D);

CeκL +De−κL = F +G;

κ(CeκL−De−κL) = ik0(F−G),

where k0 =
√

2ME/h̄, κ =
√

2M(V0−E)/h̄. Again, each energy value is doubly degenerate: the linearly inde-
pendent solutions correspond to the matter waves approaching from the left (G = 0) and from the right (A = 0).
We are interested in the first option and solve the above equations assuming an arbitrary F and working our way
to the left. We then find the relation between the incident, transmitted and reflected amplitudes:

A = F
[

coshκL+
i
2

(
κ

k0
− k0

κ

)
sinh(κL)

]
; (S3.56)

B = F
[
− i

2

(
κ

k0
+

k0

κ

)
sinh(κL)

]
. (S3.57)
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The transmission and reflection coefficients are then given by Eqs. (3.81).

Solution to Exercise 3.53. We proceed similarly to Ex. 3.51, writing energy eigenstates in the form

〈x| ψbar(κ)〉= [Aei(k0+κ)x +Be−i(k0+κ)x]θ(−x) (S3.58)

+[Cek1x +De−k1x]θ(x)θ(L− x)+Fei(k0+κ)(x−L)
θ(x−L),

where the amplitude factors are related to each other as found in the previous exercise. Equations (S3.51)–(S3.54)
apply to our case unchanged, as well as the solution (S3.55) for the A-wave. For the F-wave, on the other hand,
we have (approximating F to be independent of κ)

ψF(x, t) = Fθ(x−L)eik0(x−L)
(

d2

π

)1/4 +∞∫
−∞

eiκ(x−L)e−iκ(a+ h̄k0
M t)e−κ2d2/2dκ (S3.59)

= Fθ(x−L)eik0(x−L)
(

d2

π

)1/4 √2π

d
e−

(
x−L−a− h̄k0

M t
)2

2d2 .

The center of the Gaussian wavepacket in the above equation is located at point x = L+ a+ h̄k0
M t. Because of

factor θ(x−L), it will emerge from the barrier at the moment when its center position exceeds L, i.e. at the same
time tbar =

−aM
h̄k0

when the center of the A-wave enters the barrier at x = 0.

Solution to Exercise 3.54. The solution is similar to Ex. 3.52. We look for the solution is a combination of the
wavefunctions shown in Fig. 3.6, except that the wavefunctions in the barrier area are de Broglie waves Ceik1x

and De−ik1x, with k1 =
√

2M(E−V0)/h̄. The continuity conditions at the two interfaces take the form

A+B =C+D;

ik0(A−B) = ik1(C−D);

Ceik1L +De−iklL = F +G;

ik1(Cek1L−De−k1L) = ik0(F−G),

where k0 =
√

2ME/h̄, κ =
√

2M(V0−E)/h̄. We set G = 0 and express the amplitudes of the incident and
reflected waves through that of the transmitted wave:

A = F
[

cosk1L− i
2

(
k0

k1
+

k1

k0

)
sin(k1L)

]
; (S3.60)

B = F
[
− i

2

(
k0

k1
− k1

k0

)
sin(k1L)

]
. (S3.61)

The transmission and reflection coefficients are then given by Eqs. (3.82).

Solution to Exercise 3.55. Equation (3.82a) can be rewritten as
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jF
jA

=

[
1+

(k2
1− k2

0)
2

4k2
0k2

1
sin2(k1L)

]−1

. (S3.62)

The transmissivity is equal to 1 when the second term in the brackets in the above equation vanishes. This can
happen when either k2

1− k2
0 = 0 (i.e. k1 = k0) or sin(k1L) = 0 (i.e. k1L = mπ).

Solution to Exercise 3.56. Taking a time derivative of both sides of Eq. (3.84a) and substituting d p
dt from

Eq. (3.84b) we obtain
d2x
dt2 =− κ

M
x(t).

The solution to this differential equation is

x(t) = Acosωt +Bsinωt (S3.63)

where ω =
√

κ/M and A and B are constants determined ftom the initial conditions. Setting t = 0 into Eq. (3.56)
gives A = x(0). Taking the time derivatives of both sides of that equation we obtain

dx
dt

=−Aω sinωt +Bω cosωt.

Using p(t) = M dx
dt , we find

p(t) =−Amω sinωt +Bmω cosωt. (S3.64)

Setting t = 0 in the above equation yields B = p(0)
Mω

. Substituting A and B into Eqs. (S3.63) and (S3.64) and
recalling recall again that ω =

√
κ/M gives Eqs. (3.85).

Solution to Exercise 3.57. Substituting x = X/A, p = P/B into Eqs. (3.85), we obtain

X(t) = X(0)cosωt +
1

Mω

A
B

P(0)sinωt; (S3.65a)

P(t) = P(0)cosωt−Mω
B
A

X(0)sinωt. (S3.65b)

In order for these equations to be of form (3.86), we must have

A
B
= Mω.

On the other hand, the commutator of the rescaled observables satisfies [X̂ , P̂] = AB[x̂, p̂] = ih̄AB. Since we need
this commutator to equal i, we obtain the second equation:

AB =
1
h̄
.

Solving these two equations for A and B, we find that

A =

√
Mω

h̄
; B =

1√
Mω h̄

.
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Since h̄ has the same dimension as the product of the position and momentum, i.e. kg·m2/s, the dimension of
A is m−1 (i.e. the same as x−1) and that of B is s/(kg·m) (i.e. the same as p−1).

Solution to Exercise 3.58.

a) Following the same logic as in Sec. 3.2, we have

〈
X
∣∣ X ′
〉
= δ (X−X ′) = δ

[
(x− x′)

√
Mω

h̄

]
=

√
h̄

Mω
δ (x− x′) =

〈
x
∣∣ x′
〉√ h̄

Mω
,

which means that |X〉=
( h̄

Mω

)1/4 |x〉. Similarly, |P〉= (Mh̄ω)1/4 |p〉.
b) For the de Broglie wave we have

〈X | P〉 =
(

h̄
Mω

)1/4

(Mh̄ω)1/4 〈x| p〉=
√

h̄
1√
2π h̄

eixp/h̄ =
1√
2π

eiXP.

c)

ψ(X) = 〈X | ψ〉=
(

h̄
Mω

)1/4

〈x| ψ〉=
(

h̄
Mω

)1/4

ψ(x);

ψ̃(P) = 〈P| ψ〉= (Mh̄ω)1/4 〈p| ψ〉= (Mh̄ω)1/4
ψ̃(p).

d) Using the resolution of the identity, as well as the result from part (b), we find

〈X | ψ〉 =
+∞∫
−∞

〈X | P〉〈P| ψ〉dP

=
1√
2π

+∞∫
−∞

ψ̃(P)eiPX dP

and

ψ̃(P) =
+∞∫
−∞

〈P| X〉〈X | ψ〉dX

=
1√
2π

+∞∫
−∞

ψ(X)e−iPX dX .

e) Using the relations from part (d), we proceed in a fashion similar to Ex. 3.20:
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〈
X
∣∣ P̂
∣∣ ψ
〉

=

+∞∫
−∞

P〈X | P〉〈P| ψ〉dP

(3.91)
=

1√
2π

+∞∫
−∞

PeiPX
ψ(P)dP

=
1√
2π

+∞∫
−∞

(−i)
d

dX
eiPX

ψ(P)dP

(3.92)
= −i

d
dX

ψ(X)

The expression for the position operator in the momentum basis is obtained similarly.
f) From (3.88) we find 〈

∆X2〉〈
∆P2〉= Mω

h̄
1

Mω h̄

〈
∆x2〉〈

∆ p2〉= 1
h̄2

〈
∆x2〉〈

∆ p2〉 . (S3.66)

Now using the uncertainty principle (3.50) for the unrescaled position and momentum, we see that the right-
hand side of the above equation is greater than of equal to 1

4 .

Solution to Exercise 3.59.

H =
p̂2

2M
+

Mω2x̂2

2
= Mω h̄

P̂2

2M
+

h̄
Mω

Mω2X̂2

2
=

1
2

h̄ω
(
X̂2 + P̂2) . (S3.67)

Solution to Exercise 3.60.

a) Because the position and momentum operators are Hermitian, X̂† = X̂ and (iP̂)† = −iP̂. Therefore, â† =
(X̂ + iP̂)†/

√
2 = (X̂− iP̂)/

√
2.

b) From part (a), â 6= â†.
c) Since [X̂ , P̂] = i,

[â, â†] =
1
2
[X̂ + iP̂, X̂− iP̂] =

1
2
(
[X̂ , X̂ ]− i[X̂ , P̂]+ i[P̂, X̂ ]+ [P̂, P̂]

)
= 1.

d) The position and momentum operators are expressed through â and â† by solving Eqs. (3.97) and (3.98).
e)
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Ĥ =
1
2

h̄ω(X̂2 + P̂2)

=
1
4

h̄ω

[
(â+ â†)2 +

1
i2
(â− â†)2

]
=

1
4

h̄ω
[
(â2 +(â†)2 + ââ† + â†â)− (â2 +(â†)2− ââ†− â†â)

]
=

1
4

h̄ω[2ââ† +2â†â]

(3.99)
=

1
4

h̄ω[2â†â+2+2â†â]

= h̄ω

[
â†â+

1
2

]
.

f) Using Eq. (A.44b):
[â, â†â] = â†[â, â]+ [â, â†]â = â;

[â†, â†â] = â†[â†, â]+ [â†, â†]â =−â†.

Solution to Exercise 3.61.

a) In order to verify if state â |n〉 is an eigenstate of the number operator n̂ = â†â, let us subject this state to the
action of this operator and employ the result (3.101), rewritten in the form n̂â = ân̂− â:

n̂â |n〉= [ân̂− â] |n〉= [ân− â] |n〉= (n−1)â |n〉 ,

as was required.
b) Similarly, from Eq. (3.101) we find n̂â† = â†n̂+ â† and thus

n̂â† |n〉= [â†n̂+ â†] |n〉= [â†n+ â†] |n〉= (n+1)â† |n〉 .

Solution to Exercise 3.62.

a) Let |ψ〉= â |n〉. From the previous exercise, we know that |ψ〉 is an eigenstate of â†â with eigenvalue n−1,
i.e. |ψ〉 = A |n−1〉, where A is some constant. We need to find A. To this end, we notice that 〈ψ| = 〈n| â†

and calculate
〈ψ| ψ〉=

〈
n
∣∣ â†â

∣∣ n
〉
= n.

But on the other hand,
〈ψ| ψ〉= |A|2 〈n−1| n−1〉= |A|2,

where in the last equality we have used the fact that the eigenstates of the number operator are normalized.
From the last two equations, we find |A|=

√
n.

b) Similarly, if |φ〉= â† |n〉= B |n+1〉, then, on the one hand,

〈φ | φ〉=
〈
n
∣∣ ââ†∣∣ n

〉
=
〈
n
∣∣ â†â+1

∣∣ n
〉
= n+1,

and on the other hand
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〈φ | φ〉= |B|2 〈n+1| n+1〉= |B|2.

Therefore |B|=
√

n+1.

Solution to Exercise 3.63.

|n〉 (3.104b)
=

â†
√

n
|n−1〉= â†

√
n

â†
√

n−1
|n−2〉= . . .=

(
â†
)n

√
n!
|0〉 .

Solution to Exercise 3.64. The vacuum state obeys the equation â |0〉= 0, or

(X̂ + iP̂) |0〉= 0. (S3.68)

In order to find the wavefunction in the position basis, we use Eq. (3.94) to write the momentum operator in this
basis. Equation (S3.68) then becomes (

X +
d

dX

)
ψ(X) = 0.

This is a first order ordinary differential equation which has a single solution

ψ(x) = Ae−X2/2,

where A is the normalization constant, calculated in the usual manner:

〈ψ| ψ〉=
+∞∫
−∞

|ψ(X)|2dX = |A|2
+∞∫
−∞

e−X2
dX = |A|2

√
π.

Requiring the norm of |ψ〉 to equal 1, we find A = π−1/4.
The wavefunction in the momentum basis is calculated similarly.

Solution to Exercise 3.65.

a) The single-photon Fock state is obtained from the vacuum state by applying a single creation operator. Using
Eq. (3.94), we express the creation operator in the position basis as

â† =
1√
2
(X̂− iP̂)' 1√

2

(
X− d

dX

)
(S3.69)

and thus the wavefunction of the state |1〉= â† |0〉 is

ψ1(X) =
1√

2π1/4

(
X− d

dX

)
e−X2/2 =

√
2

π1/4 Xe−X2/2. (S3.70)

The two-photon Fock state is obtained by applying the creation operator to the single-photon state:

|2〉 (3.104b)
=

â†
√

2
|1〉 .
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In the position basis,

ψ2(X) =
1
2

(
X− d

dX

)
ψ1(x) =

1√
2π1/4

(
X− d

dX

)
Xe−X2/2 =

1√
2π1/4

(2X2−1)e−X2/2. (S3.71)

b) We now show by induction that Eq. (3.110) describes the wavefunction of the Fock state |n〉. First, applying
Eqs. (3.110) and (3.111) for n = 0, we obtain the vacuum state wavefunction (3.107a). Next, let us suppose
Eq. (3.110) is valid for a given n = k and prove that it must be valid for n = k+1. We can write the recursion
relation |k+1〉= â† |k〉/

√
k+1 in the position basis using Eq. (S3.69):

ψk+1(X) =
1√

2(k+1)

(
X− d

dX

)
ψk(X).

Applying this to Eq. (3.110), we find

ψk+1(X) =
1√

2(k+1)

(
X− d

dX

)[
Hk(X)

π1/4
√

2kk!
e−X2/2

]
=

1

π1/4
√

2k+1(k+1)!

[
2XHk(X)e−X2/2−

(
d

dX
Hk(X)

)
e−X2/2

]
=

1

π1/4
√

2k+1(k+1)!
Hk+1(X)e−X2/2,

which is consistent with Eq. (3.110) for n = k+1. To write the last equality, we observed from Eq. (3.111)
that

Hk+1(X) =

(
2X− d

dX

)
Hk(X).

Solution to Exercise 3.66. The matrices of the two observables can in principle be obtained by integrating the
wavefunctions in the position and momentum bases. However, a more elegant way would be expressing these
observables in terms of the creation and annihilation operators according to Eq. (3.100). Using Eq. (3.104), we
find the matrices of the creation and annihilation operators in the Fock basis as

â =


0 1 0 0 . . .
0 0 1√

2
0 . . .

0 0 0 1√
3

. . .

0 0 0 0 . . .
...

...
...

...
. . .

 ; â† =


0 0 0 0 . . .
1 0 0 0 . . .
0 1√

2
0 0 . . .

0 0 1√
3

0 . . .

...
...

...
...

. . .

 . (S3.72)

Hence
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X̂ =
â+ â†
√

2
=

1√
2



0 1 0 0 . . .
1 0 1√

2
0 . . .

0 1√
2

0 1√
3

. . .

0 0 1√
3

0 . . .

...
...

...
...

. . .

 ; P̂ =
â− â†
√

2i
=

1√
2i



0 1 0 0 . . .
−1 0 1√

2
0 . . .

0 − 1√
2

0 1√
3

. . .

0 0 − 1√
3

0 . . .

...
...

...
...

. . .

 . (S3.73)

Solution to Exercise 3.67. For an arbitrary Fock state |n〉, we have

〈
n
∣∣ X̂
∣∣ n
〉
=

1√
2

〈
n
∣∣ (â+ â†)

∣∣ n
〉

=
1√
2
〈n|
(√

n |n−1〉+
√

n+1 |n+1〉
)

= 0. (S3.74)

Similarly, 〈
n
∣∣ P̂
∣∣ n
〉
= 0.

For the uncertainties, we have〈
∆X2〉 = 〈n∣∣ X̂2∣∣ n

〉
=

1
2
〈
n
∣∣ (ââ+ ââ† + â†â+ â†â†)

∣∣ n
〉

=
1
2
〈n|
[√

n(n−1) |n−2〉+
√

n+1
2 |n〉+

√
n2 |n〉+

√
(n+1(n+2) |n+2〉

]
=

1
2
(2n+1). (S3.75)

The same answer holds for the momentum uncertainty:〈
∆P2〉= 1

2
(2n+1).

Solution to Exercise 3.68.

a) For the evolution of a superposition of multiple Fock states we have

|ψ(t)〉= ∑
n

ψne−iωt(n+ 1
2 ) |n〉 .

The expectation value of the annihilation operator is then
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〈â〉(t) = 〈ψ(t)| â |ψ(t)〉

=

(
∑
n

ψ
∗
n eiωt(n+ 1

2 ) 〈n|
)

â
(

∑
m

ψme−iωt(m+ 1
2 ) |m〉

)
= ∑

n

√
n+1ψ

∗
n ψn+1e−iωt .

Here we used the fact that the annihilation operator couples only consecutive Fock states with 〈n| â| n+1〉=√
n+1. The above result can be rewritten as 〈â〉(t) = 〈â〉(0)e−iωt .

To derive the counterpart expression for the creation operator, we recall that it is the adjoint of the annihila-
tion operator: 〈

â†〉(t) = 〈ψ(t)| â† |ψ(t)〉= 〈ψ(t)| â |ψ(t)〉∗ =
[
〈â〉(0)e−iωt]∗ = 〈â†〉(0)eiωt .

b) Writing the position observable as X̂ = (â+ â†)/
√

2, we find

〈X〉(t) = 1√
2

[
〈â〉(t)+

〈
â†〉(t)]

=
1√
2

[
〈â〉(0)e−iωt +

〈
â†〉(0)eiωt]

=
1√
2

[〈
X̂
〉
(0)+ i

〈
P̂
〉
(0)

√
2

e−iωt +

〈
X̂
〉
(0)− i

〈
P̂
〉
(0)

√
2

eiωt

]
= 〈X〉(0)cosωt + 〈P〉(0)sinωt.

Similarly, for the momentum observable we find

〈P〉(t) = 1√
2i

[
〈â〉(t)−

〈
â†〉(t)]

=
1√
2i

[
〈â〉(0)e−iωt −

〈
â†〉(0)eiωt]

=
1√
2i

[〈
X̂
〉
(0)+ i

〈
P̂
〉
(0)

√
2

e−iωt −
〈
X̂
〉
(0)− i

〈
P̂
〉
(0)

√
2

eiωt

]
= 〈P〉(0)cosωt−〈X〉(0)sinωt.

Solution to Exercise 3.69. We will perform the calculation in the position basis. Similarly to Ex. 3.64, we rewrite
Eq. (3.116) as

1√
2

(
X +

d
dX

)
ψ(X) = (Reα + iImα)ψ(X).

Substituting Eq. (3.117a) in the left-hand side of the above, we find
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1√
2

(
X +

d
dX

)
ψα(X) =

1√
2π1/4

ei Pα Xα
2

(
X +

d
dX

)
eiPα X e−

(X−Xα )2
2

=
1√

2π1/4
ei Pα Xα

2 [X + iPα − (X−Xα)]eiPα X e−
(X−Xα )2

2

=
1√
2
(Xα + iPα)ψα(X), (S3.76)

so Eq. (3.116) holds provided that Xα =
√

2Reα and Pα =
√

2Imα .
The wavefunction (3.117b) in the momentum basis is obtained from that in the position basis by means of

Fourier transform, similarly to Ex. 3.25.
The means and variances of the position and momentum can be obtained by integrating the wavefunction as

in Ex. 3.25. However, one can also employ the approach similar to that used for Fock states in Ex. 3.67. Taking
the adjoint of both parts of Eq. (3.116), we find that 〈α| â† = α∗ 〈α| and hence

〈α| X | α〉 = 1√
2

〈
α
∣∣ (â+ â†)

∣∣ α
〉

=
1√
2
[〈α|(â |α〉)+(〈α| â†) |α〉]

=
1√
2
[〈α|(α |α〉)+(〈α|α∗) |α〉]

=
α +α∗√

2
= Xα . (S3.77)

Similarly, 〈
α
∣∣ P̂
∣∣ α
〉
=

α−α∗√
2i

= Pα .

For the uncertainties, we have 〈
α
∣∣ X2∣∣ α

〉
=

1
2
〈
α
∣∣ (ââ+ ââ† + â†â+ â†â†)

∣∣ α
〉

=
1
2
〈
α
∣∣ (ââ+2â†â+ â†â† +1)

∣∣ α
〉

=
1
2
(α2 +2α

∗
α +(α∗)2 +1)

=
1
2
[(α +α

∗)2 +1], (S3.78)

so 〈
∆X2〉= 〈X2〉−〈X〉2 = 1

2
.

The same answer holds for the momentum uncertainty.

Solution to Exercise 3.70. Let us assume some decomposition of the coherent state into the number basis,
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|α〉=
∞

∑
n=0

αn |n〉 , (S3.79)

and apply the definition (3.116) of the coherent state to this decomposition. For the left-hand side of Eq. (3.116),
we have in accordance with Eq. (3.104a),

â |α〉 =
∞

∑
n=0

αnâ |n〉

=
∞

∑
n=1

αn
√

n |n−1〉

n′=n−1
=

∞

∑
n′=0

αn′+1
√

n′+1
∣∣n′〉 . (S3.80)

We changed the lower summation index from n = 0 to n = 1 in the second equality above because the term with
n = 0 comes with the coefficient

√
0 and therefore vanishes.

At the same time, the right-hand side of (3.116) can be written as

α |α〉=
∞

∑
n′=0

ααn′
∣∣n′〉 . (S3.81)

Equalizing both sides, we find a recursive relation

αn′+1 =
ααn′√
n′+1

, (S3.82)

so

α1 = αα0;

α2 =
αα1√

2
=

α2α0√
2

;

α3 =
αα2√

3
=

α3α0√
6

;

. . ., (S3.83)

or in general

αn =
αnα0√

n!
. (S3.84)

It remains to find such a value of α0 that state (S3.79) is normalized to one. We find

〈α| α〉=
∞

∑
n=0
|αn|2 = |α0|2

∞

∑
n=0

(|α|2)n

n!
. (S3.85)

Tthe sum in the above expression, is the Taylor decomposition of e|α|
2
, so we have 〈α| α〉= |α0|2e|α|

2
. Requiring

〈α| α〉= 1, we find
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|α0|2 = e−|α|
2

(S3.86)

or, up to a arbitrary phase factor,
α0 = e−|α|

2/2. (S3.87)

Combining Eqs. (S3.84) and (S3.87) we obtain

αn = e−|α|
2/2 αn
√

n!
. (S3.88)

Solution to Exercise 3.71. For the Fock decomposition of the coherent state (3.122), we immediately see

〈0| α〉= e−|α|
2/2.

On the other hand, from the position basis decompositions (wavefunctions) of the vacuum and coherent states
[Eqs. (3.107a) and (3.117a), respectively] we find

〈0| α〉=
+∞∫
−∞

ψ
∗
0 (X)ψα(X)dX

=
1√
π

+∞∫
−∞

e−
X2
2 e−i Pα Xα

2 eiPα X e−
(X−Xα )2

2 dX

=
1√
π

e−i Pα Xα
2

+∞∫
−∞

eiPα X e
−
(

X2−XXα+
X2

α
2

)
dX

=
1√
π

e−i Pα Xα
2 e−

X2
α
4

+∞∫
−∞

eiPα X e−(X− Xα
2 )

2

dX

=
√

2e−i Pα Xα
2 e−

X2
α
4 F−1

[
e−(X− Xα

2 )
2
]
(Pα)

(D.13),(D.16)
= e−i Pα Xα

2 e−
X2

α
4 ei Pα Xα

2 e−
P2
α
4

= e−
X2

α+P2
α

4

(3.118)
= e−|α|

2/2.

Solution to Exercise 3.72. For the mean energy, we have

〈E〉=
〈
α
∣∣ Ĥ
∣∣ α
〉 (3.102)

= h̄ω

〈
α

∣∣∣∣ â†â+
1
2

∣∣∣∣ α

〉
= h̄ω

(
|α|2 + 1

2

)
,

where we used the definition of the coherent state â |α〉 = α |α〉 and the Hermitian adjoint to this relation,
〈α| â† = 〈α|α∗.
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For the energy variance we find〈
E2〉= 〈α∣∣ Ĥ2∣∣ α

〉
= (h̄ω)2

〈
α

∣∣∣∣ â†ââ†â+ â†â+
1
4

∣∣∣∣ α

〉
(3.99)
= (h̄ω)2

〈
α

∣∣∣∣ â† (â†â+1
)

â+ â†â+
1
4

∣∣∣∣ α

〉
= (h̄ω)2

(
|α|4 +2|α|2 + 1

4

)
and hence 〈

∆E2〉= 〈E2〉−〈E〉2 = (h̄ω)2|α|2.

Both these results are in agreement with Eq. (3.124) because Ĥ = h̄ω(n̂+ 1
2 ).

Solution to Exercise 3.73. Given that the coherent state is decomposed into the Fock basis according to
Eq. (3.122) and that each Fock state is an eigenstate of the Hamiltonian with eigenvalue h̄ω(n+1/2), we find

e−iĤt/h̄ |α〉 = e−|α|
2/2

∑
n

αn
√

n!
e−iĤt/h̄ |n〉

= e−|α|
2/2

∑
n

αn
√

n!
e−iω(n+1/2)t |n〉

= e−iωt/2e−|α|
2/2

∑
n

(αe−iωt)n
√

n!
|n〉

= e−iωt/2 ∣∣e−iωt
α
〉
. (S3.89)

Solution to Exercise 3.74.

a) According to Eq. (3.125), the coherent state, while evolving, remains a coherent state, i.e. an eigenstate of
the annihilation operator. Hence

〈â〉(t) =
〈
αe−iωt ∣∣ â

∣∣ αe−iωt〉= αe−iωt

and 〈
â†〉(t) = [〈â〉(t)]∗ = αeiωt .

b) Using Eqs. (3.118) and (3.119), we find

〈X〉(t) =
√

2Re(αe−iωt)

=
√

2Re[(Reα + iImα)(cosωt− isinωt)]

= Re[(Xα + iPα)(cosωt− isinωt)]

= Xα cosωt +Pα sinωt.

and
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〈P〉(t) =
√

2Im(αe−iωt)

= Im[(Xα + iPα)(cosωt− isinωt)]

= Pα cosωt−Xα sinωt.

Solution to Exercise 3.75. Decomposing, according to Eq. (3.122),

|α〉= e−|α|
2/2

∞

∑
n=0

αn
√

n!
|n〉 and

∣∣α ′〉= e−|α
′|2/2

∑
n

(α ′)n
√

n!
|n〉 ,

we find

〈
α
∣∣ α
′〉= e−|α|

2/2−|α ′|2/2
∞

∑
n,n′=0

(α∗)n
√

n!
(α ′)n′

√
n′!

〈
n
∣∣ n′
〉

= e−|α|
2/2−|α ′|2/2

∞

∑
n=0

(α∗α ′)n

n!

= e−|α|
2/2−|α ′|2/2eα∗α ′ .

Solution to Exercise 3.76. Suppose there exists an eigenstate of the creation operator:

â† |β 〉= β |β 〉 , (S3.90)

where β is the eigenvalue. Let us assume some decomposition of this state into the number basis:

|β 〉=
∞

∑
n=0

βn |n〉 . (S3.91)

Substituting this decomposition into Eq. (S3.90), we find

∞

∑
n=0

βn
√

n+1 |n+1〉= β

∞

∑
n=0

βn |n〉 . (S3.92)

In the left-hand side of this equation, the vacuum state |0〉 is absent. This means it must also be absent in the
right-hand side, so either β = 0 or β0 = 0. If β = 0, the entire right-hand side of Eq. (S3.92) vanishes, and so
does the left-hand side, hence all βi = 0. On the other hand, if β0 = 0, the left-hand side is also missing the term
with the first Fock state |1〉, which in turn compels us to conclude that β1 = 0. Continuing this chain of argument,
we find that also in this case all βi must vanish, so |β 〉= 0.

Solution to Exercise 3.77. In the Schrödinger picture

|ψ(t)〉= e−i(Ĥ/h̄)t |ψ0〉 (S3.93)

from which the expectation value of Â is
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ψ(t)

∣∣ Â
∣∣ ψ(t)

〉
=
〈

ψ0

∣∣∣ei(Ĥ/h̄)t Âe−i(Ĥ/h̄)t
∣∣∣ψ0

〉
which is the same as the expectation value of operator (3.127) evolving in accordance with the Heisenberg
picture.

Solution to Exercise 3.78. Let us differentiate both sides of Eq. (3.127) with respect to time.

d
dt

Â(t) =
d
dt

(
e

i
h̄ Ĥt Â(0)e−

i
h̄ Ĥt
)

=
d
dt

(
e

i
h̄ Ĥt
)

Â(0)e−
i
h̄ Ĥt + e

i
h̄ Ĥt Â(0)

d
dt

(
e−

i
h̄ Ĥt
)

=
i
h̄

(
Ĥe

i
h̄ Ĥt Â(0)e−

i
h̄ Ĥt − e

i
h̄ Ĥt Â(0)Ĥe−

i
h̄ Ĥt
)

=
i
h̄

(
Ĥe

i
h̄ Ĥt Â(0)e−

i
h̄ Ĥt − e

i
h̄ Ĥt Â(0)e−

i
h̄ ĤtĤ

)
where the last line follows from the commutativity of Ĥ and eiĤ/h̄. Hence we have

d
dt

Â(t) =
i
h̄

(
ĤÂ(t)− Â(t)Ĥ

)
=

i
h̄

[
Ĥ, Â(t)

]
.

Solution to Exercise 3.79. Using the Heisenberg equation, we find

d
dt

x̂ =
i
h̄
[Ĥ, x̂] =

i
h̄

1
2M

[p̂2, x̂]
(3.49),(A.46)

=
i
h̄

1
2M

(−2ih̄p̂) =
p̂
M

and
d
dt

p̂ =
i
h̄
[Ĥ, p̂] =

i
h̄

κ

2
[x̂2, p̂] =

i
h̄

κ

2
(2ih̄x̂) =−κ x̂.

Solution to Exercise 3.80. The derivation of Eq. (3.133a) under Hamiltonian 3.55 is identical to that in the
previous exercise. To derive Eq. (3.133b), we decompose the potential into a power series with respect to x̂:

V (x̂) =
∞

∑
n=0

Vnx̂n. (S3.94)

Then
d
dt

p̂ =
i
h̄
[V (x̂), p̂]

(3.49),(A.46)
=

i
h̄

∞

∑
n=0

nx̂n−1(ih̄) =−
∞

∑
n=0

nx̂n−1.

The resulting expression equals −V ′(x̂) according to Eq. (S3.94).

Solution to Exercise 3.81. The evolution operator is a function of the Hamiltonian and hence commutes with it.
Therefore

Ĥ(t) = e
i
h̄ Ĥ(0)tĤ(0)e−

i
h̄ Ĥ(0)t = Ĥ(0)e

i
h̄ Ĥ(0)te−

i
h̄ Ĥ(0)t = Ĥ(0).
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Solution to Exercise 3.82. The position and momentum operators evolve in the Heisenberg picture according to

x̂(t) = Û†(t)x̂(0)Û(t);

p̂(t) = Û†(t)p̂(0)Û(t),

where Û(t) = e−
i
h̄ Ĥt is the evolution operator. Substituting these into the right-hand side of Eq. (3.138) and using

the power decomposition (S3.94) of the potential, we find

V (x̂(t))+
p̂(t)2

2M
=

∞

∑
n=0

Vn
[
Û†(t)x̂(0)Û(t)

]n
+

1
2M

[
Û†(t)p̂(0)Û(t)

]2
=

∞

∑
n=0

VnÛ†(t) [x̂(0)]n Û(t)+
1

2M
Û†(t) [p̂(0)]2 Û(t)

= Û†(t)

[
∞

∑
n=0

Vnx̂(0)n

]
Û(t)+Û†(t)

[
p̂(0)2

2M

]
Û(t)

= Û†(t)Ĥ(0)Û(t)
Ex. 3.81
= Ĥ(0).

For the second equality in the chain above, we used the unitarity of the evolution operator Û(t)Û†(t) = 1̂, e.g. as
in [

Û†(t)p̂(0)Û(t)
]2

= Û†(t)p̂(0)Û(t)Û†(t)p̂(0)Û(t) = Û†(t)p̂(0)2Û(t).

We thus find that the right-hand sides of Eqs. (3.137) and (3.138) are equal.

Solution to Exercise 3.83. The power decomposition of a multi-variate function is a sum of form

f
(
(Â1(t), . . . , Âm(t)

)
=

∞

∑
j=0

C jÂ( j,1)(t)Â( j,2)(t) . . .A( j,N j)(t),

where C j is a constant coefficient and each A( j,1)(t) is one of the operators Â1(t), . . . , Âm(t). Substituting the
expression for the Heisenberg evolution of these operators, we find

f
(
(Â1(t), . . . , Âm(t)

)
=

∞

∑
j=0

C j

[
Û†(t)Â( j,1)(0)Û(t)

][
Û†(t)Â( j,2)(0)Û(t)

]
. . .
[
Û†(t)A( j,N j)(0)Û(t)

]
=

∞

∑
j=0

C jÛ†(t)Â( j,1)(0)Â( j,2)(0) . . .A( j,N j)(0)Û(0)

= Û†(t)

[
∞

∑
j=0

C jÂ( j,1)(0)Â( j,2)(0) . . .A( j,N j)(0)

]
Û(t)

= Û†(t) f
(
(Â1(0), . . . , Âm(0)

)
Û(t)

= Û†(t)B̂(0)Û(t)

= B̂(t).
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Solution to Exercise 3.84.

[x̂(t), p̂(t)] = x̂(t)p̂(t)− p̂(t)x̂(t)

= e
i
h̄ Ĥt x̂(0)e−

i
h̄ Ĥte

i
h̄ Ĥt p̂(0)e−

i
h̄ Ĥt − e

i
h̄ Ĥt p̂(0)e−

i
h̄ Ĥte

i
h̄ Ĥt x̂(0)e−

i
h̄ Ĥt

= e
i
h̄ Ĥt x̂(0)p̂(0)e−

i
h̄ Ĥt − e

i
h̄ Ĥt p̂(0)x̂(0)e−

i
h̄ Ĥt

= e
i
h̄ Ĥt [x̂(0), p̂(0)]e−

i
h̄ Ĥt

= ih̄.

Solution to Exercise 3.85. Substituting solution (3.131) into Hamiltonian (3.83) and using ω =
√

κ

M , we find

p̂(t)2

2M
+

κ x̂(t)2

2
=

κ

2

[
x̂(0)cosωt +

1
Mω

p̂(0)sinωt
]2

+
1

2M

[
p̂(0)cosωt− κ

ω
x̂(0)sinωt

]2

=
p̂(0)2

2M
+

κ x̂(0)2

2
.

Solution to Exercise 3.86. The Heisenberg equation for the position and momentum takes the form

d
dt

x̂ =
i
h̄
[Ĥ, x̂] =

i
h̄

β (−ih̄) = β ;

d
dt

p̂ =
i
h̄
[Ĥ, p̂] = 0.

Evolution for time t0 = x0/β will lead to displacement (3.143).

Solution to Exercise 3.87. The displacement operator is a complex exponential of a Hermitian operator, and
hence unitary according to Ex. A.92. Hence D̂†

x(x) = D̂−1
x (x). Further, using Eq. (3.145) we find

Dx(x)Dx(−x) = e−
i
h̄ p̂x0e

i
h̄ p̂x0 = 1̂,

and hence D̂x(−x) = D−1
x (x).

Solution to Exercise 3.88.

a) Let us first rewrite |x〉 in the momentum basis:

e−ip̂x0/h̄ |x〉 (3.27a)
=

1√
2π h̄

e−ip̂x0/h̄
+∞∫
−∞

e−ipx/h̄ |p〉dp.

Each eigenstate |p〉 of the momentum observable is also an eigenstate of e−ip̂x0/h̄. Hence the above expres-
sion can be rewritten as
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1
2π h̄

+∞∫
−∞

e−ip(x+x0)/h̄ |p〉dp = |x+ x0〉 .

b) Denoting the wavefunction of the displaced state as ψd(x) we find

ψd(x) = 〈x|e−ip̂x0/h̄ |ψ〉

=

+∞∫
−∞

〈x|e−ip̂x0/h̄ ∣∣x′〉〈x′∣∣ ψ
〉

dx′

(3.146)
=

+∞∫
−∞

〈
x
∣∣ x′+ x0

〉〈
x′
∣∣ ψ
〉

dx′

=

+∞∫
−∞

δ (x′+ x0− x)ψ(x′)dx′

= ψ(x− x0).

c) This follows directly from Ex. A.85.

d) If |ψ〉=
+∞∫
−∞

ψ̃(p) |p〉dp then

e−ip̂x0/h̄ |ψ〉=
+∞∫
−∞

e−ipx0/h̄
ψ̃(p) |p〉dp. (S3.95)

The wavefunction of this state in the momentum basis is ψ̃d(p) = e−ipx0/h̄ψ̃(p).

Solution to Exercise 3.89.

a) In the Heisenberg picture, we have x̂(t) = x̂(0)+ x0 and p̂(t) = p̂(0). Hence

〈x(t)〉= 〈ψ| x̂(0)| ψ〉+ 〈ψ| x0| ψ〉= 〈ψ| x̂(0)| ψ〉+ x0 〈ψ| ψ〉= 〈x(0)〉+ x0

and
〈p(t)〉= 〈ψ| p̂(t)| ψ〉= 〈ψ| p̂(0)| ψ〉= 〈x(0)〉 .

In the Schrödinger picture we can argue that, since the operator displaces the whole wavefunction by x0
(Fig. 3.12), it must also add x0 to the mean position value. Formally this can be expressed as follows. For
the mean position value in the state |ψd〉= e−ip̂x0/h̄ |ψ〉, we have
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〈x〉|ψd〉 =

+∞∫
−∞

x|ψ(x− x0)|2dx

=

+∞∫
−∞

(x− x0)|ψ(x− x0)|2dx+ x0

+∞∫
−∞

|ψ(x− x0)|2dx

(S3.96)

The first term in the expression above is equal to 〈x〉|ψ〉 (we can see that by replacing the integration variable
to x′ = x− x0). The second term is x0 because the wavefunction is normalized.
For the momentum uncertainty, we obtain from Ex. 3.88(d) that |ψ̃d(p)|2 = |ψ̃(p)|2 and hence

〈p〉|ψd〉 =

+∞∫
−∞

p|ψ̃d(p)|2dp

=

+∞∫
−∞

p|ψ̃(p)|2dp

= 〈p〉|ψ〉 . (S3.97)

b) The fact that the uncertainties of the position and momentum of the displaced state are the same as those in
the original state is, again, intuitive (Fig. 3.12). A rigorous proof can be done as follows.
In the Heisenberg picture, we have〈

∆x(t)2〉= 〈x(t)2〉−〈x(t)〉2
=
〈
(x(0)+ x0)

2〉− (〈x(0)〉+ x0)
2

=
〈
(x(0)2〉+2x0 〈x(0)〉+ x2

0−〈x(0)〉
2−2x0 〈x(0)〉− x2

0

=
〈
(x(0)2〉−〈x(0)〉2

=
〈
∆x(0)2〉

and 〈
∆ p(t)2〉= 〈p(t)2〉−〈p(t)〉2

=
〈

p(0)2〉−〈p(0)〉2
=
〈
∆ p(0)2〉

In the Schrödinger picture, we have for the position:
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〈
∆x2〉

|ψd〉
=

+∞∫
−∞

(
x−〈x〉|ψd〉

)2
|ψd(x)|2dx

=

+∞∫
−∞

(
x−〈x〉|ψ〉− x0

)2
|ψ(x− x0)|2dx

x′=x−x0=

+∞∫
−∞

(
x′−〈x〉|ψ〉

)2
|ψ(x′)|2dx′

=

〈(
x−〈x〉|ψ〉

)2
〉
|ψ〉

=
〈
∆x2〉

|ψ〉 . (S3.98)

and for the momentum:

〈
∆ p2〉

|ψd〉
=

+∞∫
−∞

(
p−〈p〉|ψd〉

)2
|ψ̃d(p)|2dp

=

+∞∫
−∞

(
p−〈p〉|ψ〉

)2
|ψ̃(p)|2dp

=
〈
∆ p2〉

|ψ〉 . (S3.99)

Solution to Exercise 3.90. The proof proceeds similarly to Ex. 3.88. For example:

eix̂p0/h̄ |p〉 = 1
2π h̄

eix̂p0/h̄
+∞∫
−∞

eipx/h̄ |x〉dx

=
1

2π h̄

+∞∫
−∞

eix(p+p0)/h̄ |x〉dx

= |p+ p0〉 .

Solution to Exercise 3.91.

a) Similarly to the case discussed in Ex. 3.88(c), the action of the momentum displacement operator in the
position basis corresponds to multiplication by a complex exponential:〈

x
∣∣∣ eip0 x̂/h̄

∣∣∣ ψ

〉
= eip0x/h̄ 〈x| ψ〉= eip0x/h̄

ψ(x).

Here we used the fact that vector 〈x| is an eigenstate of the operator eip0 x̂/h̄.
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b) We are acting with the position displacement operator on the state eip0 x̂/h̄|ψ〉, whose wavefunction we found
in part (a). This results in a shift of the argument by x0, i.e. a state with wavefunction〈

x
∣∣∣ e−ix0 p̂/h̄eip0 x̂/h̄

∣∣∣ ψ

〉
= eip0(x−x0)/h̄

ψ(x− x0).

c) First applying the position displacement operator to state |ψ〉, we obtain the state with the wavefunction
ψ(x−x0). A subsequent application of the momentum displacement multiplies this wavefunction by eip0x/h̄

[as we found in part (a)], so we obtain〈
x
∣∣∣ eip0 x̂/h̄e−ix0 p̂/h̄

∣∣∣ ψ

〉
= eip0x/h̄

ψ(x− x0).

Solution to Exercise 3.92. Equation (3.148) directly obtains from the Baker-Hausdorff-Campbell formula (A.54)
if we set Â = i

h̄ p0x̂ and B̂ =− i
h̄ x0 p̂. Then c = 1

i [Â, B̂] =
1
h̄ x0 p0.

Solution to Exercise 3.93. The Hamiltonian leading to the phase-space displacement is Ĥ = βx p̂−βpx̂, where
βx = x0/t0 and βp = p0/t0, with t0 being the amount of displacement. Indeed, in this case we have in the Heisen-
berg picture

d
dt

x̂ =
i
h̄
[Ĥ, x̂] =

i
h̄

βx(−ih̄) = βx;

d
dt

p̂ =
i
h̄
[Ĥ, p̂] =− i

h̄
βp(ih̄) = βp.

Solution to Exercise 3.94. In order to verify that the vector e−
i
h̄ Ĥt |x〉 is an eigenvector of operator x̂, let us

subject it to the action of that operator.

x̂e−
i
h̄ Ĥt |x〉= e−

i
h̄ Ĥte

i
h̄ Ĥt x̂e−

i
h̄ Ĥt |x〉

(3.149)
= e−

i
h̄ Ĥt f (x̂, t) |x〉

= e−
i
h̄ Ĥt f (x, t) |x〉

= f (x, t)e−
i
h̄ Ĥt |x〉 .

In the third equality above, we used the fact that an eigenstate of an operator with eigenvalue x is also an
eigenstate of a function of that operator with eigenvalue f (x, t) (Sec. A.11). The result of this calculation shows
that the action of the operator x̂ on vector e−

i
h̄ Ĥt |x〉 is equivalent to multiplication by the scalar f (x, t), which is

what was required to prove.

Solution to Exercise 3.95. Because f (x, t) is an invertible function, the overlap 〈 f (x, t)| f (x′, t)〉 takes nonzero
values only in the ifinitesimal interval of x ≈ x′. Decomposing f (x′, t) in the neighborhood of x as f (x′, t) ≈
f (x, t)+ f ′(x, t)(x′− x), we find

〈
f (x, t)

∣∣ f (x′, t)
〉
= δ ( f (x, t)− f (x′, t))≈ δ ( f ′(x, t)(x− x′))

(D.6)
=

δ (x− x′)
f ′(x, t)

.
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Solution to Exercise 3.96. Applying Eq. (3.150) to arbitrary x and x′ and taking the inner product of both sides
of the two resulting equations, we find〈

x
∣∣ x′
〉
= |K(x, t)|2

〈
f (x, t)

∣∣ f (x′, t)
〉
. (S3.100)

Now using 〈x| x′〉= δ (x− x′) as well as Eq. (3.151), we obtain the desired result.

Solution to Exercise 3.97. We can write Eq. (3.150) for a negative time as follows:

e
i
h̄ Ĥt |x〉= K(x,−t) | f (x,−t)〉 .

Now taking the adjoint of both parts of the above and using the definition of the wavefunction, we write

ψ(x, t) = 〈x| ψ(t)〉=
〈

x
∣∣∣ e−

i
h̄ Ĥt
∣∣∣ ψ(0)

〉
= K∗(x,−t)〈 f (x,−t)| ψ(0)〉= K∗(x,−t)ψ( f (x,−t),0).

Solution to Exercise 3.98. Let the evolution operator e
i
h̄ Ĥt corresponding to the negative time −t act upon both

sides of Eq. (3.150). We obtain

e
i
h̄ Ĥte−

i
h̄ Ĥt |x〉= K(x, t)e

i
h̄ Ĥt | f (x, t)〉= K(x, t)K(x,−t) | f ( f (x, t),−t)〉 .

The left-hand site of this equation is also equal to |x〉 for any x. This means that f ( f (x, t),−t) = x [which
means that f (x,−t) = f−1(x, t)] and K(x, t)K(x,−t) = 1. Combining the latter result with Eq. (3.152), we obtain
|K(x,−t)|2 = 1

f ′(x,t) .

Solution to Exercise 3.99. Combining the results of Exercises 3.97 and 3.98, we find

|ψ(x, t)|2 = |K(x,−t)|2|ψ( f (x,−t),0)|2 = 1
| f ′(x, t)|

|ψ( f−1(x, t),0)|2.

Solution to Exercise 3.100. We notice that the displacement operator can be written as evolution

D̂XP(X0,P0) = eiP0X̂−iX0P̂ = e−
i
h̄ Ĥt (S3.101)

under Hamiltonian
Ĥ = h̄ω(−P0X̂ +X0P̂),

where ω = 1/t. Consequently,
D̂†

XP(X0,P0) = e
i
h̄ Ĥt . (S3.102)

The position and momentum operators evolve under this Hamiltonian under the Heisenberg picture according to

d
dt

X̂ =
i
h̄
[Ĥ, X̂ ] = iωX0[P̂, X̂ ]

(3.87)
= ωX0;

d
dt

P̂ =
i
h̄
[Ĥ, P̂] =−iωP0[X̂ , P̂] = ωP0.
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Hence

X̂(t) = X̂(0)+X0;

P̂(t) = P̂(0)+P0.

As we know from Eq. (3.127),

X̂(t) = e
i
h̄ Ĥt X̂(0)e−

i
h̄ Ĥt = D̂†

XP(X0,P0)X̂(0)D̂XP(X0,P0);

P̂(t) = e
i
h̄ Ĥt P̂(0)e−

i
h̄ Ĥt = D̂†

XP(X0,P0)P̂(0)D̂XP(X0,P0).

Bringing these results together, we obtain Eqs. (3.155a,b).
For the annihilation operator, we use its definition (3.97) to write

â(t) =
X̂(t)+ iP̂(t)√

2
=

X̂(0)+ iP̂(0)√
2

+
X0 + iP0√

2
= â(0)+

X0 + iP0√
2

.

Solution to Exercise 3.101. We know from Eq. (3.155c) that in the Heisenberg picture the displacement operator
transforms the annihilation operator â into its function f (â) = â+ Xα+iPα√

2
. According to Ex. 3.94, it means that

this evolution in the Schrödinger picture should transform the vacuum state — an eigenstate of â with eigenvalue
0 — into an eigenvector of the same operator with the eigenvalue Xα+iPα√

2
.

Solution to Exercise 3.102.

a) Using α = Xα+iPα√
2

and Eq. (3.100), we write

D̂XP(Xα ,Pα) = exp(iPα X̂− iXα P̂)

= exp
(

i
α−α∗√

2i
a+a†
√

2
− i

α +α∗√
2

a−a†
√

2i

)
= exp

(
α â†−α

∗â
)
. (S3.103)

b) Since the commutator
[α â†,−α

∗â] =−|α|2[â†, â] = |α|2,

is a number, we can use the Baker-Hausdorff-Campbell formula (A.54) and obtain Eq. (3.158).
c) We decompose the exponent into a Taylor series:

e−α∗â |0〉=
∞

∑
n=0

(−α∗)n

n!
ân |0〉= |0〉 .

The last equality above holds because, since â is the annihilation operator, all the terms in the sum vanish
except for n = 0.
It follows that

D̂XP(Xα ,Pα) |0〉
(3.158)
= e−|α|

2/2eα â†
e−α∗â |0〉= e−|α|

2/2eα â† |0〉 .
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Solution to Exercise 3.103. Decomposing Eq. (3.159) into the Taylor series, we find

|α〉 = e−|α|
2/2eα â† |0〉

= e−|α|
2/2

∞

∑
n=0

αn

n!
(â†)n |0〉

(3.106)
= e−|α|

2/2
∞

∑
n=0

αn
√

n!
|n〉 . (S3.104)

Solution to Exercise 3.104.

a) This follows from the statement of Ex. A.85.
b) Using the previous result and the Fock decomposition (3.122) of the coherent state, we write

F̂(ϕ) |α〉= e−|α|
2/2

∞

∑
n=0

αn
√

n!
F̂(ϕ) |n〉

= e−|α|
2/2

∞

∑
n=0

αn
√

n!
e−iϕn |n〉

= e−|α|
2/2

∞

∑
n=0

(αeiϕ)n
√

n!
|n〉

=
∣∣αe−iϕ〉 .

Solution to Exercise 3.105. We follow the same logic as in Ex. 3.100. The fictitious Hamiltonian such that
F(ϕ) = e−iϕn = e−

i
h̄ Ĥt is in this case Ĥ = h̄ω n̂ with ω = ϕ/t. The annihilation operator evolves under this

Hamiltonian as follows:
d
dt

â =
i
h̄
[Ĥ, â] = iω[n̂, â]

(3.101)
= −iωa

and hence
â(t) = â(0)e−iωt = â(0)e−iϕ .

Therefore
â†(t) = [â(0)e−iωt)]† = â†(0)eiϕ .

Now using the results of Ex. 3.60 to express the position and momentum observables through the creation and
annihilation operators and vice versa, we find

X̂(t) =
â(t)+ â†(t)√

2

=
â(0)e−iϕ + â†(0)eiϕ

√
2

=
[X̂(0)+ iP̂(0)]e−iϕ +[X̂(0)− iP̂(0)]eiϕ

2
= X̂(0)cosϕ + P̂(0)sinϕ
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and

P̂(t) =
â(t)− â†(t)√

2i

=
â(0)e−iϕ − â†(0)eiϕ

√
2i

=
[X̂(0)+ iP̂(0)]e−iϕ − [X̂(0)− iP̂(0)]eiϕ

2i
= P̂(0)cosϕ− X̂(0)sinϕ.

Solution to Exercise 3.107. Here we again follow the lines of the solution to Ex. 3.100. We can write

Ŝ(r) = er(â2−â†2)/2 = e−
i
h̄ Ĥt ,

where the fictitious Hamiltonian is given by Eq. (3.170). This Hamiltonian can be transformed:

Ĥ =
i
2

h̄γ[â2− (â†)2] =
i
4

h̄γ[(X̂ + iP̂)2− (X̂− iP̂)2] =−1
2

h̄γ[X̂ P̂+ P̂X̂ ].

The position and momentum operators evolve under this Hamiltonian as follows:

d
dt

X̂ =
i
h̄
[Ĥ, X̂ ] =−i

1
2

γX̂ [P̂, X̂ ] =−γX̂ ;

d
dt

P̂ =
i
h̄
[Ĥ, P̂] =−i

1
2

γP̂[X̂ , P̂] = γP̂.

Hence

X̂(t) = X̂(0)e−γt = X̂(0)e−r;

P̂(t) = P̂(0)eγt = P̂(0)er.

For the annihilation and creation operators, we find

â(t) =
X̂(t)+ iP̂(t)√

2

=
X̂(0)e−r + iP̂(0)er

√
2

(3.100)
=

[â(0)+ â†(0)]e−r +[â(0)− â†(0)]er

2
= â(0)coshr− â†(0)sinhr

and
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â†(t) = [â(0)coshr− â†(0)sinhr]†

= â†(0)coshr− â(0)sinhr.

Solution to Exercise 3.108.
For the mean square position uncertainty of the state Ŝ(r) |ψ〉 we can write

〈ψ| Ŝ†(r)∆X2Ŝ(r) |ψ〉= 〈ψ| Ŝ†(r)X̂2Ŝ(r) |ψ〉− (〈ψ| Ŝ†(r)X̂ Ŝ(r) |ψ〉)2

= 〈ψ|(X̂e−r)2 |ψ〉− (〈ψ| X̂e−r |ψ〉)2

= e−2r [〈ψ| X̂2 |ψ〉− (〈ψ| X̂ |ψ〉)2]
= e−2r 〈ψ|∆X2 |ψ〉 .

The argument for the momentum uncertainty runs similarly.

Solution to Exercise 3.109.

a) We need to verify the integral
+∞∫
−∞

|ψsq(X)|2dX = 1. To calculate the integral, let us change the integration

variable according to X ′ = Xer. Then dX = dX ′e−r and

+∞∫
−∞

|ψsq(X)|2dX =

+∞∫
−∞

er|ψ0(Xer)|2dX

=

+∞∫
−∞

|ψ0(X ′)|2dX ′

= 1,

where we used the known fact that the vacuum state wavefunction is normalized.
b) From Eq. (3.171), we find f (X , t) = Xe−r = Xe−γt , so f ′(X , t) = e−r and f−1(X , t) = Xer. Therefore

Eq. (3.154) takes the form
|ψ(x, t)|2 = er|ψ0(erX)|2.

This is consistent with Eq. (3.175a).

Solution to Exercise 3.110. Hamiltonian (3.170) can be written in the position basis

Ĥ =−1
2

h̄γ
[
X̂ P̂+ P̂X̂

]
=−h̄γ

[
X̂ P̂− i

2

]
(3.94)
' ih̄γ

[
X

d
dX

+
1
2

]
. (S3.105)

The Schrödinger equation
d |ψ〉

dt
=− i

h̄
Ĥ |ψ〉

in the position basis takes the form
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d
dt

ψsq(X , t) = γ

[
X

d
dX

+
1
2

]
ψsq(X , t), (S3.106)

where

ψsq(X , t) =
eγt/2

π1/4 e−X2e2γt/2.

A direct calculation shows that the two sides of Eq. (S3.106) are equal. The proof for the wavefunction in the
momentum basis is analogous.

Solution to Exercise 3.111.

a) The evolution operator under Hamiltonian (3.177) is

e−
i
h̄ Ĥt = eγt(−âAâB+â†

Aâ†
B) = Ŝ2(γt).

Writing the creation and annihilation operators in terms of position and momentum, we transform the Hamil-
tonian as follows

Ĥ =
i
2

h̄γ[−(X̂A + iP̂A)(X̂B + iP̂B)+(X̂A− iP̂A)(X̂B− iP̂B)]

=
i
2

h̄γ[−2iX̂AP̂B−2iP̂AX̂B]

= h̄γ[X̂AP̂B + P̂AX̂B].

b) Applying Heisenberg’s equation to the position and momentum observables and recalling that the operators
associated with different oscillators commute, we find

d
dt

X̂A =
i
h̄
[Ĥ, X̂A] = iγXB[P̂A, X̂A] = γXB; (S3.107)

d
dt

X̂B =
i
h̄
[Ĥ, X̂B] = iγXA[P̂B, X̂B] = γXA; (S3.108)

d
dt

P̂A =
i
h̄
[Ĥ, P̂A] = iγPB[X̂A, P̂A] =−γPB; (S3.109)

d
dt

P̂B =
i
h̄
[Ĥ, P̂B] = iγPA[X̂B, P̂B] =−γPA (S3.110)

from which it follows that

d
dt

X̂± =
d
dt

X̂A± X̂B√
2

= γ
X̂B± X̂A√

2
=±γX±; (S3.111)

d
dt

P̂± =
d
dt

P̂A± P̂B√
2

=−γ
P̂B± P̂A√

2
=∓γP±. (S3.112)

These results lead to

X̂±(t) = X±(0)e±γt ;

P̂±(t) = P±(0)e∓γt ,
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which is equivalent to Eqs. (3.178) and (3.179) because r = γt.
To find the evolution of the annihilation operators, we define the operators

â± =
âA± âB√

2
=

X̂±+ iP̂±√
2

.

The evolution of these operators can be found similarly to the single-mode case:

â±(t) =
X̂±(t)+ iP̂±(t)√

2

=
X̂±(0)e±r + iP̂±(0)e∓r

√
2

=
[â±(0)+ â†

±(0)]e
±r +[â±(0)− â†

±(0)]e
∓r

2

=
â±(0)[e±r + e∓r]+ â†

±(0)[e
±r− e∓r]

2
= â±(0)coshr± â†

±(0)sinhr,

from which it follows that

âA(t) =
â+(t)+ â−(t)√

2

=
â+(0)coshr+ â†

+(0)sinhr+ â−(0)coshr− â†
−(0)sinhr√

2

=
â+(0)+ â−(0)√

2
coshr+

â†
+(0)− â†

−(0)√
2

sinhr

= âA(0)coshr+ â†
B(0)sinhr.

The calculation for âB(t) is analogous.
c) Similarly to Ex. 3.108, we will use the fact proven when the Heisenberg picture was introduced: the ex-

pectation value of any observable Â = Â(0) in the state Ŝ2(r) |0,0〉 is equal to the expectation value of the
“squeezed” observable Ŝ†

2(r)ÂŜ2(r) = Â(t) in the vacuum state |0,0〉. However, before we proceed with
proving relations (3.183) and (3.184), it is convenient to first determine the moments of the “unsqueezed”
observables X̂±(0) with respect to the vacuum state. We find:
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〈
X̂±(0)

〉
=

〈
X̂A(0)

〉
±
〈
X̂B(0)

〉
√

2
= 0;

〈
X̂2
±(0)

〉
=

〈
X̂2

A(0)
〉
±2
〈
X̂A(0)X̂B(0)

〉
+
〈
X̂2

B(0)
〉

2
=

1
2 ±0+ 1

2
2

=
1
2

;

〈
X̂+(0)X̂−(0)

〉
=

〈
X̂2

A(0)
〉
−
〈
X̂A(0)X̂B(0)

〉
+
〈
X̂B(0)X̂A(0)

〉
−
〈
X̂2

B(0)
〉

2
=

1
2 −0+0− 1

2
2

= 0;

〈
X̂+(0)X̂−(0)

〉
=

〈
X̂2

A(0)
〉
+
〈
X̂A(0)X̂B(0)

〉
−
〈
X̂B(0)X̂A(0)

〉
−
〈
X̂2

B(0)
〉

2
=

1
2 +0−0− 1

2
2

= 0.

For the squeezed observables X̂±(t), it then follows from Eqs. (3.178) and (3.179) that〈
X̂±(t)

〉
=
〈
X̂±(0)

〉
e±γt = 0;〈

X̂2
±(t)

〉
=
〈
X̂2
±(0)

〉
e±2γt =

1
2

e±2γt ,

where the averaging is still performed with respect to the vacuum state because we work in the Heisenberg
picture. Hence for Alice’s position we have

〈
X̂A(t)

〉
=

〈
X̂+(t)

〉
+
〈
X̂−(t)

〉
√

2
= 0

and

〈
X̂2

A(t)
〉
=

〈
X̂2
+(t)

〉
+
〈
X̂+(t)X̂−(t)

〉
+
〈
X̂−(t)X̂+(t)

〉
+
〈
X̂2
−(t)

〉
2

=

〈
X̂2
+(0)e

2γt
〉
+
〈
X̂+(0)eγt X̂−(0)e−γt

〉
+
〈
X̂−(0)e−γt X̂+(0)eγt

〉
+
〈
X̂2
−(0)e

−2γt
〉

2

=
1
2 e2γt +0+0+ 1

2 e−2γt

2
=

cosh2γt
2

.

For Bob’s position, and for the momentum observable, the calculation is analogous.

Solution to Exercise 3.112. In the position basis, Hamiltonian (3.177) becomes

Ĥ '−ih̄γ

[
XA

d
dXB

+XB
d

dXA

]
,

so the Schrödinger equation (1.31) takes the form

d
dt

Ψsq2(XA,XB, t) =−γ

[
XA

d
dXB

+XB
d

dXA

]
Ψsq2(XA,XB, t). (S3.113)

where Ψsq2(XA,XB) is given by Eq. (3.186a) with r = γt. The validity of Eq. (S3.113) is readily verified by way
of a direct calculation.

The proof for the wavefunction in the momentum basis is analogous.
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Solution to Exercise 3.113.

a) When Alice detects a particular position value XA, state |Ψ〉 collapses onto 〈XA|Ψ〉 in Bob’s Hilbert space.
The wavefunction of this state is

ψB(XB) = 〈XB|(〈XA|Ψ〉) = 〈XA,XB|Ψ〉=Ψ(XA,XB),

which the same as the wavefunction of the original two-mode squeezed vacuum state. This wavefunction
should however be interpreted differently: now XA is the specific value that has already been observed by
Alice while XB is the argument of Bob’s wavefunction that has not yet been measured. Note that the above
wavefunction is unnormalized in Bob’s Hilbert space because it incorporates the probability for Alice to
detect a specific XA.
To find the position uncertainty, we rewrite this wavefunction as

ψ(XB) = N exp
[
−u2X2

A +2v2XAXB−u2X2
B
]
,

where

u2 =
e2r

4
+

e−2r

4
=

cosh2r
2

; v2 =
e2r

4
− e−2r

4
=

sinh2r
2

.

Transforming this expression further, we obtain

ψ(XB) = N exp
[
−u2X2

A +
v4

u2 X2
A−

v4

u2 X2
A +2v2XAXB−u2X2

B

]
= N exp

[
−u2X2

A +
v4

u2 X2
A

]
exp

[
−u2

(
XB−

v2

u2 XA

)2
]
.

While the first of the above exponentials is a constant factor (because XA is constant), the second one is a
Gaussian function of XB of width 1/u. By comparing it with the Gaussian in Ex. 3.25, we find

〈
∆x2

B
〉
= 1/(4u2) =

1
2cosh2r

.

b) The solution is analogous to part (a) and yields the same answer.

Solution to Exercise 3.114.

a) Let us set ζ = 1√
dD

. Then the wavefunction will take the form

Ψsq2(XA,XB) = N e−
s2(XA−XB)2

4 e−
(XA+XB)2

4s2 ,

where s =
√

D
d . It is equivalent to the two-mode squeezed state wavefunction (3.186a) with s = er.

b) Since [x̂A,B, p̂A,B] = ih̄, we need P̂A,B = 1
h̄ζ

p̂A,B in order to obtain [X̂A,B, P̂A,B] = i. Note that this transformation

is equivalent to Eq. (3.88) with ζ =
√

Mω

h̄ .
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Solution to Exercise 3.115.

a) Decomposing operator 3.169 into the power series up to the first term and applying it to the vacuum state,
we find

Ŝ(r) |0〉 ≈
[
1̂+

r
2
(â2− â†2)

]
|0〉= |0〉− r√

2
|2〉 . (S3.114)

The squared norm of this state is 〈ψ| ψ〉= 1+ r2/2, which is approximated by 1 in the first order in r.
The expectation values of the position and momentum in this state are

〈X〉=
(
〈0|− r√

2
〈2|
)

â+ â†
√

2

(
|0〉− r√

2
|2〉
)

=
1√
2

(
〈0|− r√

2
〈2|
)(
−r |1〉+ |1〉− r√

6
|3〉
)

= 0;

〈P〉=
(
〈0|− r√

2
〈2|
)

â− â†
√

2i

(
|0〉− r√

2
|2〉
)

=
1√
2i

(
〈0|− r√

2
〈2|
)(
−r |1〉− |1〉+ r√

6
|3〉
)

= 0.

The position uncertainty of this state is

〈
X2〉= (〈0|− r√

2
〈2|
)

â2 + ââ† + â†â+(â†)2

2

(
|0〉− r√

2
|2〉
)

=
1
2

(
〈0|− r√

2
〈2|
)(
−r |0〉+ |0〉− 3r√

2
|2〉− 2r√

2
|2〉+

√
2 |2〉−

√
6r |4〉

)
≈ 1

2
(1−2r);〈

P2〉= (〈0|− r√
2
〈2|
)
−â2 + ââ† + â†â− (â†)2

2

(
|0〉− r√

2
|2〉
)

=
1
2

(
〈0|− r√

2
〈2|
)(

r |0〉+ |0〉− 3r√
2
|2〉− 2r√

2
|2〉−

√
2 |2〉+

√
6r |4〉

)
≈ 1

2
(1+2r),

where we removed terms of higher than the first order in r.
These results are consistent with those expected from the calculation in the Heisenberg picture (Ex. 3.108).
Indeed, according to that calculation we expect in the first order of r:〈

X2〉= 1
2

e−2r ≈ 1
2
(1−2r);〈

P2〉= 1
2

e2r ≈ 1
2
(1+2r),
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where we used the fact that the position and momentum uncertainties of the vacuum state are equal to 1
2 .

b) Applying the two-oscillator squeezing operator (3.176) to the double vacuum sate, we find

Ŝ2(r) |0,0〉 ≈
[
1̂+ r(−âAâB + â†

Aâ†
B)
]
|0,0〉= |0,0〉+ r |1,1〉 . (S3.115)

The squared norm if this state is 〈ψ| ψ〉= 1+ r2, which, again, approximates to 1 in the first order in r.
The expectation values of the observable X̂± in this state are

〈X±〉= (〈0,0|+ r 〈1,1|)
âA + â†

A± âB± â†
B

2
(|0,0〉+ r |1,1〉)

=
1
2
(〈0,0|+ r 〈1,1|)

(
r |0,1〉+ |1,0〉+ r

√
2 |2,1〉± r |1,0〉± |0,1〉± r

√
2 |1,2〉

)
= 0.

A similar expression for
〈
X2
±
〉

would contain 64 terms, which is unwieldy. To simplify it, we notice that we
can obtain nonvanishing contributions only from those terms in X̂2

± that keep number of photons in the two
oscillators equal. These terms are âAâ†

A, â†
AâA, âBâ†

B, â†
BâB, âAâB = âBâA and â†

Aâ†
B = â†

Bâ†
A. Hence

〈
X2
±
〉
= (〈0,0|+ r 〈1,1|)

âAâ†
A + â†

AâA + âBâ†
B + â†

BâB±2âAâB±2â†
Aâ†

B
4

(|0,0〉+ r |1,1〉)

=
1
4
(〈0,0|+ r 〈1,1|)(|0,0〉+2r |1,1〉+ r |1,1〉+ |0,0〉+2r |1,1〉+ r |1,1〉±2r |0,0〉±2 |1,1〉±4r |2,2〉)

≈ 1
2
(1±2r),

where we again removed terms of higher than the first order in r.
Similarly to part (a), these results are consistent with those expected from the Heisenberg picture. The
calculation for the momentum observable P̂± is analogous to the above.

Solution to Exercise 3.116.

a) We calculate the required inner product using wavefunctions (3.117a) and (3.175a), remembering that α is
real:
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〈
α
∣∣ Ŝ(r)

∣∣ 0
〉
=

+∞∫
−∞

ψα(X)ψsq(X)dX (S3.116)

=
er/2
√

π

+∞∫
−∞

exp
[
− (X−Xα)

2 +X2e2r

2

]
dX

=
er/2
√

π

+∞∫
−∞

exp
[
−X2(1+ e2r)−2XXα +X2

α

2

]
dX

=
er/2
√

π

+∞∫
−∞

exp

−X2(1+ e2r)−2XXα +
X2

α

1+e2r −
X2

α

1+e2r +X2
α

2

dX

=
er/2
√

π
exp

−− X2
α

1+e2r +X2
α

2

 +∞∫
−∞

exp

[
−1+ e2r

2

(
X− Xα

1+ e2r

)2
]

dX

(B.17)
=

er/2
√

π
exp
[
−X2

α

2
e2r

1+ e2r

]√
2π

1+ e2r

Xα=α
√

2
= exp

[
−α

2 e2r

1+ e2r

]√
1

coshr

b) Using the Fock decomposition (3.122) of the coherent state we transform the previous result (S3.116) into

exp
[
−α2

2

]
∞

∑
n=0

〈
n
∣∣ Ŝ(r)

∣∣ 0
〉 αn
√

n!
=

√
1

coshr
exp
[
−α

2 e2r

1+ e2r

]
.

or

∞

∑
n=0

〈
n
∣∣ Ŝ(r)

∣∣ 0
〉 αn
√

n!
=

√
1

coshr
exp
[
−α2

2
e2r−1
1+ e2r

]
=

√
1

coshr
exp
[
−α

2 tanhr
2

]
.

Now decomposing the right-hand side according to

exp
[
−α

2 tanhr
2

]
=

∞

∑
m=0

α2m

m!

[
− tanhr

2

]m

we obtain
∞

∑
n=0

〈
n
∣∣ Ŝ(r)

∣∣ 0
〉 αn
√

n!
=

√
1

coshr

∞

∑
m=0

[
− tanhr

2

]m
α2m

m!
. (S3.117)

We can now argue that, because the above equation is valid for all values of α , each pair of terms of the
sums in the two sides corresponding to the same power n = 2M of α must be equal to each other. Therefore
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〈
2M
∣∣ Ŝ(r)

∣∣ 0
〉 α2m
√

2m!
=

√
1

coshr

[
− tanhr

2

]m
α2m

m!
.

This result is equivalent to Eq. (3.191) because the single-mode squeezed state only contains terms with
even numbers of photons.

Solution to Exercise 3.117.

a) Using the wavefunction (3.186aa) of the 2-mode squeezed vacuum state, we find〈
α,α

∣∣ Ŝ2(r)
∣∣ 0,0

〉
(S3.118)

=

+∞∫∫
−∞

ψα(XA)ψα(XB)Ψsq2(XA,XB)dXAdXB

=
1
π

+∞∫∫
−∞

exp

[
−
(XA−α

√
2)2 +(XB−α

√
2)2 +X2

−e2r +X2
+e−2r

2

]
dXAdXB

=
1
π

+∞∫∫
−∞

exp

[
−

X2
A +X2

B−2
√

2α(XA +XB)+4α2 +X2
−e2r +X2

+e−2r

2

]
dXAdXB

=
1
π

+∞∫∫
−∞

exp
[
−

X2
++X2

−−4αX++4α2 +X2
−e2r +X2

+e−2r

2

]
dX−dX+

=
1
π

exp[−2α
2]

+∞∫
−∞

exp
[
−

X2
−(1+ e2r)

2

]
dX−

+∞∫
−∞

exp
[
−

X2
+(1+ e−2r)−4αX+

2

]
dX+

=
1
π

exp[−2α
2]

√
2π

1+ e2r

+∞∫
−∞

exp

−X2
+(1+ e−2r)−4αX++ 4α2

1+e−2r − 4α2

1+e−2r

2

dX+

=
1
π

exp
[
−2α

2 +
2α2

1+ e−2r

]√
2π

1+ e2r

+∞∫
−∞

exp

[
−1+ e−2r

2

(
X+−

2α

1+ e−2r

)2
]

dX+

=
1
π

exp
[
−2e−2r

1+ e−2r α
2
]√

2π

1+ e2r

√
2π

1+ e−2r

= exp
[
−2

1+ e2r α
2
]√

4
(er + e−r)2

= exp
[
−2

1+ e2r α
2
]

1
coshr

.

At some point during this transformation, we have changed the integration variables from (XA,XB) to
(X+,X−). The associated Jacobian is
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J =

∣∣∣∣∣
∂X+
∂XA

∂X−
∂XA

∂X+
∂XB

∂X−
∂XB

∣∣∣∣∣=
∣∣∣∣∣

1√
2

1√
2

1√
2
− 1√

2

∣∣∣∣∣= 1.

b) We now decompose the coherent states in the left-hand side into the Fock basis and recall that the only terms
that contribute to Ŝ2(r) |0,0〉 are those with equal number of quanta. The above result then becomes

e−α2
∞

∑
n=0

〈
n,n
∣∣ Ŝ2(r)

∣∣ 0,0
〉 α2n

n!
= exp

[
−2

1+ e2r α
2
]

1
coshr

or

∞

∑
n=0

〈
n,n
∣∣ Ŝ2(r)

∣∣ 0,0
〉 α2n

n!
= exp

[
−1+ e2r

1+ e2r α
2
]

= exp
[
α

2 tanhr
] 1

coshr

c) Decomposing the exponent in right-hand side of the above equation into the power series in α , we obtain

∞

∑
n=0

〈
n,n
∣∣ Ŝ2(r)

∣∣ 0,0
〉 α2n

n!
=

1
coshr

∞

∑
n=0

α2n

n!
tanhn r.

We now set the terms with the same n equal to each other and obtain Eq. (3.193).




