Appendix S5
Solutions to Chapter |5 exercises
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Solution to Exercisen 5.2, For each component | ;) of ensemble (5.1)), the probability to observe [vy,) is pr,,; =
| (V| i) |2 <vm| V;) (Y| vin). Since each |y;) occurs with probability p;, the probability to observe |v,,) in
ensemble (3.1)) is

(IH)+[V))

N —

7

Prm = ZPiPrm\i = Zpi Vil Wi} (Wil vin) = (V| <Zpi |‘Vl><ll’z|> Vi) = (V| B[ vin) -
i i i
Here we used Eq. (B.6) for the sum of conditional probabilities.

Solution to Exerc1se I Writing the density matrix in the canonical basis as p ~ (p HH PHY ) we find using

PvH Pvv
Eq. (5.2):
a)
N 1
pra = 01 1 1) = (10) (217 ) (1) —
o 0
pry = (81 1 )= (0 1) (2 ) () —
b)
pry = (+| Al +) :1(1 1) (pHH pHV> <1> = l(/91111+[)HVJrPVHJrPVV);
+ 2 PvH Pvv 1 2
A 1 PHH PRV 1 1
= (— —_) = — 171 = — — — :
pr_=(—=|p|—-) 2( )<PVH va) (_1) 2(PHH pPuv — Pve +Ppvv);
c)
—(rlalRy = L PHH PHV _
prg = (R| p| R) = 3 (1 (PVH PVV) < ) —(puH +ipuv —ipva +pvv);
PrL:<L|FA’|L>:1(1 l) <pHH pHV) ( ! > (PHH*IPHv+lPVH+pVV)
2 PvH Pvv



S5 Solutions to Chapter [5]exercises S147

Solution to Exercise As defined in Sec. an unnormalized state |y;) corresponds to the physical state
lo:) = |wi) /|l |wi) || existing with probability p; = || |;) ||>. Using the density operator definition (5.1, we find

p= Zpllfpl ol = ZIII% |2:|l’|/;,l’/|’2 Yl (wil.

Solution to Exercise

2
l|9><(9\+1|7r/2+9)<77:/2+(9|N (cos® sinG)Jr1 —sin (—sin® cos 6 )
2 - 2\ cosf

2

VY| 5 VYV '2;(38)+§<8?)=§(3?);
2+><+|+1—><—|2;\}§<})12(11)+;12(11>12(11):;((1)(1));
=L () o0+ L () -1

(o) e

1

2

Solution to Exercise Suppose ensemble (5.1) represents some pure state |y) (i.e. it is equal to |y)(y]).
Let us measure this ensemble in an orthonormal basis containing |y) as one of its elements. The probability to
observe |y) then equals

= (vl plv) =Y il (vl wi)*.

For all i, | y;) are normalized, so | (y| w;)|? < 1 thanks to the Cauchy-Schwarz inequality. Furthermore, because
not all |y;) are equal, this inequality is strict (| (w| y;) |> < 1) for at least one i. Hence

Yorillwlw) P <Y pi=1,
i i
which contradicts our initial assumption.

Solution to Exercise[5.7} Using the result of Ex. we see that states (a) and (b) are pure while (c) and (d) are
not.

Solution to Exercise This follows from Ex.

Solution to Exercise 5.9, As we found when solving Ex. [5.5] all these states have the same density matrix

% <(1) ?) , which corresponds to the fully mixed state.

Solution to Exercise[5.10} Using the result of Ex. we find
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e e V2 1
= 1fme=1]= 2| V2 | (1V21) =2 v2 2 V2 ;
1 1 V21
1 1 1 1 0-1
|mx:O><mx:0\:§ 0 (10—1)27 000 |;
-1 —-10 1
| 1 | 1 -2 1
|mx:—1><mx:—1\:z -2 (l—ﬂl)zz V2 2 V2
1 I -2 1
The mixture of these three states has matrix
1 100
§(|mx=1>(mx:l|+|mx:0><mx:0\+|mx=—1><mX:—l\)=§ 010 |,
001

which corresponds to the fully mixed state.

Solution to Exercise This result follows from Ex. However, it can also be proven mathematically.
Using the definition (3.1)) of the density matrix, we find for its diagonal elements in basis {|vy,) }:

Pmm = <Vm| Pl Vm> = Zpi| <Vm| ‘Vi> |2- (85.1)

Because Vi p; > 0, we have p,,,, > 0. Furthermore, because each |y;) is normalized, ¥; | (v,,| w;)|> = 1. Hence
Yo =Xoi (LI 0nl i) =L pi= 1.
m i m i

Solution to Exercise [5.12

a) The off-diagonal element

Prn = (Vin| P| va) = Zpi Vil i) (il va)

can be seen as an inner product (d,b) of Vectorﬂ

=P {val y1) /P2 (vl ¥2) )

Q)

and
b= (y/P1 (val Y1), /P2 (val ¥2) ...

The diagonal elements Py, = Y pil (V| Wi} |? and pn, = X pil (va| W) |* are then equal to the absolute
values |a\2 and \b|2 of these vectors, squared. By applying the Cauchy-Schwarz inequality, we obtain the
desired result.

| 2

1 Of course, these vectors represent just sets of numbers, not quantum states.
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b) For a pure state |y), off-diagonal elements equal p,,, = (vin| W) (W] v,,), while the diagonal ones are p,,,, =
| (vim| W) > and ppn = | (va| W) |*. Substituting these expressions into inequality (5.3)), we see that its left-
and right-hand sides become equal to each other.

To prove the converse statement, suppose P is a mixed ensemble of states including at least two unequal
elements, which we denote |y;) and |y»). The decompositions of these elements into basis {|v;)} must be
different, which means that there exists a pair of basis elements |v,,) and |v,) such that

(| y1) , (val ¥1)
(vl w2) © (va| v2)

This implies, in turn, that vectors @ and b are non-collinear, so the Cauchy-Schwarz inequality cannot saturate

(Ex.[A26).

Solution to Exercise Using the density matrix definition (5.1) we write for any of its elements
Pk = Y, pi (vl W2) (Wil vie) = Y i i W)™ (Wil vin) ™ = P
i i

so the density operator is Hermitian.

Solution to Exercise[5.16} The possibility of spectral decomposition (5.4) follows from the fact that the density
operator is Hermitian [see Ex. [A.60]. The results };¢; = 1 and ¢; > 0 follow from the diagonal elements’ be-
ing the probabilities of measurement outcomes for the orthogonal basis in which the density matrix is written

(Ex.[5.11).

Solution to Exercise A pure state |y)’s density matrix is diagonal in any orthonormal basis that contains
|w) as one of its elements. In that basis,

0
with the only nonzero element of the matrix corresponding to basis element |y).

Solution to Exercise[5.18

a) |H)(H| (pure state);

b) (x|H) +y|V))(x* (H|+y" (V]) (pure state);

C) % |+45°)(+45°| + 1 [—45°)(—45°| = L (|H)(H|+ |V)(V|) (fully mixed state);

d) Solving the characteristic equation, we find eigenvalues 3/4 and 1/4 and corresponding eigenstates |+) ~

% < i > and |—) ~ % < _11 ) . Therefore the density operator is
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3 1 (1/21/4
TG+ g (1313

Solution to Exercise

a) In the Fock basis:
aa* ab* 0 ...

ba* bb* 0 ...
(@]0) +b[1)) (@ O[+b" (1) = 0 0 0...

b) In the position basis, using wavefunctions yo(X) and y; (X) of the first two Fock states, given by Egs. (3.106)
and (3.107)), respectively, we find:

p(X,X') = [ayo(X)+byi (X)]la" v (X') +b* yi (X))
=112~ XX 21 4 pX /2 [a* + b X' V/2).

Solution to Exercise

a) When diagonalized, all elements of unitary operator have absolute value 1 according to Ex. On the
other hand, as we found in Ex. the diagonal elements of the density operator are positive and add up to
1. These two conditions are incompatible for any Hilbert space of dimension greater than one.

b) If p = |w) (| is a pure state, then p> = |y) (w| ¥) (w| = |w){y| = p. To prove the converse statement, let
P = Y. qi|vi){(vi| be the spectral decomposition of p. Then p? = ¥;¢? |v;)(v;|. Equality p = p? implies that
either g; = 0 or ¢; = 1 for any i. Because };g; = 1 for a normalized state, only one of the g;’s is equal to 1
while others are 0. This means that p is a pure state.

Solution to Exercise

a) Let us decompose each element p; of the ensemble in a form analogous to (5.7)):
pi =Y pij [wis) (Wil (55.2)
J

with }; p;j = 1. Then the ensemble in which each p; occurs with probability p; is equivalent to a mixture
of pure states |l//,- j> that occur, respectively, with probabilities p;p;;. This ensemble is described by density
operator

p= Z,Pipij |‘I’ij><llfij| )
ij

which is the same as Eq. (5.6).

b) Let one of the components of p be non-pure. Then its density matrix in any basis must contain at least two
nonzero diagonal elements. Because all diagonal elements are non-negative for each p; [Ex. [5.11[a)], the
matrix of p must then also contain at least two nonzero diagonal elements. But, as we found in Ex. itp
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were pure, there would exist a basis in which its density matrix contains only one element. We have arrived
at a contradiction.

Solution to Exercise

a) Using the representation of the density operator as a statistical ensemble (5.1)), and using the Schrodinger
equation (T.3T)) we have

b= Y pilviwi
=zp,~<w/,~><w|+|lm><w>

=Zp1 ua|+|l/4><lm| H)

where U (1) = ¢~ 1 is the evolution operator.
Solution to Exercise If p(0) =Y, p; |E;)(E;l, the evolution according to Eq. (5.8)) is
p(r) = Zpe*%f’w D {Ei e
—sze h’ E‘ehEH[
= ZPi|Ei (Ei| = P,
i
where we used the fact that each |E;) is an eigenstate of A with eigenvalue E;.

Solution to Exercise
a) Since |y(0)) = (|E1) +|E2))/+/2, and because |E;) and |E,) are eigenstates of the Hamiltonian, we have

(1)) = e #1 [y(0)) = (¢ 751 |Ey) + e 75 |E2)) /2,
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and thus

p(1) = ly(@)(w(r)| = %(IE1><E1 |+ e hEE B By + = EE) | By) (B | + |Ex)En)).

p(e) = e i p(0)er™

1 i i i i

= (e B (E [ erF 4 e 1 By (Ea| eh ™)
1

= 5(\E1><E1|+|Ez><52|)

= (0).

Solution to Exercise|5.25)
a) The Hamiltonian is H = — %QLGX, where Q; = yB is the Larmor frequency. The evolution operator for this

Hamiltonian has been found in Exercise ¢). Specializing to 6y = /2, we have

R (cos(QLt/Z) isin(QLt/2)>
isin(Qpt/2) cos(R2.t/2) )’

Hence
— i cos(Qrt/2) \ .
e 1) = <zsm(QLt/2)) ’
— i isin(Q;1/2)
¢ ) = ( cos(2t/2) )
Accordingly,

3 —iI:I e Lhr Lfr
=¢ >Adjomt(e i |T>)+4e h |¢>Adjomt(e i |¢>)
T+3cos?(Qut/2)  —icos(Qt/2)sin(Q1/2)
fcos(Qp1/2)sin(Q.1/2) 3 Lcos?(Q1/2)

b) The initial density matrix is

3
p) =34 i1+ 1/41000 = (§ 7).

Applying the evolution operator directly to the density matrix according to Eq. (3.8), we obtain the same
result:
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p(r) = e i p(0)er™

cos(2,1/2) isin(.QLt/Z)) cos(Qt/2) —isin(Q;t/2)

1
O-Nw
A= O

isin(Qpt/2) cos(£21t/2)
cos(Qt/2) isin(Qt/2)

—isin(Qrt/2) cos(Qrt/2)
4cos (Qr1/2) —%isin(.QLt/Z)

isin(Qpt/2) cos(£21t/2) —Zzsm (Qr1/2) %cos(QLt/2)
T+ Jcos?(Qut/2)  —icos(Qut/2)sin(Q.t/2)

L cos(Qp1/2)sin(Q.1/2) 3 Lcos(Q1/2)

c) We write Eq. li for the density matrix p ~ (p it P N) and the Hamiltonian A ~ —% (0 1):
Pit P 10

O-‘Q,

p =

(1, 5] ~ i (Prr = PR PL= P
n 2

—LIA,p]~
Pt = PuL Pt = Pir

This translates into a system of differential equations

Pt = ZQTL(PH PiL)
Pur = ik (P — Pu)
TS

It can be simplified by setting x = p — py and y = py| — p}+. By subtracting the fourth equation from the
first, and the third from the second, we find

X = 7i.QLy
y B —i_QLx ’

The general solution of this system is as follows:

x=AcosQt+ Bsin; ¢t
y=—iAsinQyt+iBcosQt

We find from the initial density matrix that py(0) = p;+(0) = 0 and hence B = 0. Subsequently, using
p+1(0) —p(0) = % we obtain A = % and hence x = pyp —py| = %cos Qyr. Combining this with with the
rule py +pyy = 1 [from Ex. [5.TT|b)], we find

+ —cos &y t;

Pt =

N\'—‘N\'—‘
-l>\>—-l>\>—~

P = cosQt.
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Next, we look for the off-diagonal elements of p(r). Because pj; = i (p;| — pt) [from Eq. (S5.3)], we

find )
P+ = %Sil’l.QLl‘—‘r‘C

with C = 0 from the initial density matrix. Finally,
Py = piT = _Z sin€;t.

To summarize, the density matrix is

1 1 i
Bt = i—&'—zcosQLt —ZstLt .
IsinQut  §—jcosQ
i I 5 — z €08 Lt

Using the trigonometric identities cos(£2;¢/2) sin(Q.#/2) = % sinQ;t and cos®(Q1/2) = 4 + 1

find our result to be identical to that of parts (a) and (b).

(S5.4)

cosQt, we

Solution to Exercise Let {|v;)} and {]w )} be two different bases in V. Then the trace of the matrix in

basis {|v;)} is

ZA,, = Z vilA|v;)

i

Inserting identity operators, we see

Tr(A) = Y (il 1A1|v;)

i

=Y (il wj) (wil Alwi) (we vi)

ik

= Z (w vi <Vl| w;) <WJ|A‘W/C
ik

= ¥ md (Zlv ) ) (1A i)
s .

=Y (wel D fwy) (wy| Alw
Jik

= Z jk <WJ’A W)
J.k

=Y (il A ),

J

w;lA

hence the trace is basis-independent.
Solution to Exercise This statement is the same as that of Ex. b).

Solution to Exercise

(S5.5)
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a) This follows from Ex.[5.28]
b) This follows from part (a) if we denote A .. .Ak_l =A and Ak =B.

Solution to Exercise For Pauli matrices, we have

A A A i0
oxcy61<0i>

PPN —i 0
6,6:6, = < 0 —i)'

In the first case the trace equals 2i, in the second case —2i.

and

Solution to Exercise Using Ex. we have

Te(A@)(W]) = Y (va| A vin) (vl (|@)(W]) [v2)

mn

= ;W\ V) (Vi A| vin) (vl @)
= (Z bl ) A (E om0l ) )

= (v[4] ).
Solution to Exercise If p = |y)(y| is a pure state, then p> = p, so Tr(p?) = 1. If the state is non-pure,
the diagonalized form of its density matrix p ~ diag(pi1,...,Pnn) has at least two nonzero elements. Because
Trp = 1, we have p;; < 1 for any i, and hence p3 < p;;. Therefore
Te(p*) =Y pii <Y pi=Tip =1,

To prove the other inequality, let us consider the scalar product of vectors d = (pi1,...,Pyn) and b=
(1,...,1). According to the Cauchy-Schwarz inequality,

or

The left-hand side of the above inequality is (Trp)? = 1. Therefore Tr(p?) = ¥; p3 > 1/N, with the inequality
saturating for @ o< b, i.e. for the fully mixed state p ~ diag(1/N,...,1/N).

Solution to Exercise[5.33|
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a) Let us once again recall that the density matrix is an expression (3.1)) for the statistical ensemble of pure
states. As we found in Sec. [L.9.1] upon detection of basis element |v,,) in a measurement, each component
of the ensemble transforms according to |y;) — I, |y;). The whole ensemble will therefore transform as
follows:

ﬁZZPiWiHW - Zpiﬁm|‘l’i><‘l’i|ﬁm:ﬁmﬁﬁm- (85.6)
i i
Here we used the Hermitian nature of the projection operator.
b) For each component |y;) of the ensemble, the probability of detecting [vyn) is pr,,; = | (vi| Yi) %, so the
probability of detecting |v,,) for the full density matrix is (see Ex.
PTy, = Zpiprm\i
i
Y pil (vl W)
i

= Zpi (vin| W) (Wil Vi)

Ex 671 Tr [(ZP:’ l/fi><ll/i> (Vm><"m)]

= Tr[pIL,]

Ex.[5.29(a) TI'[IAI [A)}
= m

Solution to Exercise The projector onto |+45°) is

m=e=3(11)-

Accordingly, using the density matrices from Ex.[5.1] we find

a)
i pl =37 (1) =5
consistent with | (+| H) | = 1;
b)
Te[I1, p] = %Tr ( IL’Z}EJ{EK KZ&HKQ = %(IleerwHwé iy + ) = %W’H‘f’ wl?,
consistent with | (-+| (v [H) + v [V)[* = | 55 (H] + (V1) (wir [H) + v [V)* = 3w + y [
9)

consistent with py | (+| +) >+ p2| (+]| =) [* =3 +0=1;
d)
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[e]I98)
[ee][98)

Tr[I1,p] = Tr =

3

8

consistent with py | (+| +) >+ pa| (+| H) |* + p3| (+| V) > =1 + % -l—% =3

ool
1w

Solution to Exercise We know from Ex.[5.33] that the unnormalized state after the measurement, if result
[vin) is obtained, is given by IL,pIL, = (viu| P| vin) |Vin) {vin|. If the measurement result is unknown, we have to
sum this expression over all m’s according to Ex.[5.4}

Z Vil Bl vin) [Vin) (Vin| - (85.7)

m

The matrix of this operator in basis {|v,,)} is given by expression (5.13).

Solution to Exercise Writing the definition (T.12) of observable operator in the form V = ¥, v; [v;) (vi| =
Y ;vill;, we have
Tr(Vp) = Y viTr(ITp) ED Y vipr; ED vy,
i i

where pr; = Tr(IT;p) is the probability of projecting p onto eigenstate |v;) of V.

Solution to Exercise

a) We write pap =Y ; p;|¥) in accordance with the density operator definition (3.1)), with |¥) being bipartite
states (pure, but not necessarily separable). As we found in Chapter 2| [see Eq. (2.22)], Alice’s measurement
of state |¥), which results in observation of element |v,,) of her measurement basis, transforms |¥) into
unnormalized state IAYAm |¥). Accordingly, the full density matrix becomes

Pasm — Y pillam ) (Hi| TTa
i

= Iy (Zl’i |¥) <'Pz|> Iy

= Iy wPapllam
= Vi) (vin| @ (V| PaB| Vi) - (S5.8)

Bob’s portion of this bipartite state is Pg m = (Vin| PaB| Vin)-
b) If Alice’s measurement result is unknown, Bob has a probabilistic ensemble of pg , for different m’s, so its
density operator is the sum of unnormalized individual density matrices as per Ex.[5.4}

P8 =Y (vml| Pan| vin) = Tra(Pa)-

m

Solution to Exercise
a) The proof is analogous to that in Ex.
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b) Let us calculate the trace of Pap in basis {|vy,) & |wy) }, where {|v,,) } {|wn)} are orthonormal bases in Alice’s
and Bob’s spaces, respectively. We find

Tipap = Y (il @ (wal) (Pag) ([vin) @ [wn))

= Z (W] (Z (Vin| PaB |Vm>> [Wn)
= Tr(TraPas)-

If the left-hand side of the above equation is 1, so must be its right-hand side.

Solution to Exercise For Bell state |&™),
po = T [0} (0

= % (H|, (|HH) +[VV))((HH|+(VV])[H), + % (VI (HH) +[VV))((HH[+(VV]) V),

1 1
= 5 |H>B <H|B+§ |V>B<V|37

i.e. the fully mixed state. For the three other Bell states, the calculation is analogous and the result is the same.

Solution to Exercise
a) Similarly to the previous exercise,
Ps = oy [¥)(¥|

1
5

1 4
=z H)p(Hlp+ 2z V)p{Vlp
_(1/50
—\ 0 4/5
This is consistent with the verbal description of Bob’s photon found in the solution to Ex. 2.43} “either
|H) with probability 1/5 or |V) with probability 4/5”. It is also consistent with the alternative description:

“either \/1/5|H) ++/4/5|V) or \/1/5|H) — 1/4/5|V) with probabilities 1/2” because this ensemble has

the density matrix
() () - (80

b) Similarly to the previous exercise,

(H|,(HH) +2|VV))((HH|+2(VV])[H), + % (Via(HH) +2[VV))((HH]+2{VV])|V),
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P =Tra |¥) (¥
1
= 3 HI (HH) +|HV) + [VV))(HH| + (HV |+ (VV]) [H),

+ % (VIa(HH) +[HV) + |VV))((HH|+ (HV |+ (VV])[V),

1 1
= §(|H>B+ V)g) (H|g+ (VIp) + 3 Vs (Vg
_(1/31/3
—\1/32/3 )"
The verbal descriptions of Bob’s photon found in the solution to Ex. are “either |+) with probability 2/3

or |V) with probability 1/3” and “either \/1/5|H) + +/4/5|V) with probability 5/6 or |H) with probability
1/6”. Indeed, these ensembles corresponds to the density matrices

()3 (01) = (3203)

(25375) 75 (00) = (1732/3):

i.e. the same as what we found by taking the partial trace.

and

Solution to Exercise

a) If Ppag = |9)(¢| ® |w){y]| (where states |¢) and |y) live, respectively, in Alice’s and Bob’s Hilbert spaces),
then for any element |v,,) of Alice’s basis we have (V| Pag [vin) = | (V| @) |? |w) (| and hence

Tea(pas) = (ZI (vl 0) |2) ) (vl

which is a separable state. The argument for tracing over Bob’s space is analogous.

b) Let us first assume the entangled bipartite state to be pure: Ppag = |¥)(¥|. We can decompose this state as
we did in Sec. ) =Y, Nil [vi) ® |b;), where {|v;)} is an orthonormal basis in Alice’s space and {|b;) }
is a set of normalized vectors in Bob’s space. Tracing this over Alice’s Hilbert space, we have

1

o 1
pp =Tra |[¥)(¥| = Zﬁ |bi) (bil.

If |¥) is entangled, at least two of the |b;)’s are different, so Pg is mixed.
For a non-pure Pag = Y, pi |¥F) (¥, we have Tra(Pap) = ¥, piTra ) (F]. This is a statistical mixture of
mixed states, which, as we have shown in Ex. cannot be pure.

Solution to Exercise Suppose the system is in initial state ps = ¥;; p;; |vi)(v;|. The von Neumann mea-
surement brings about the state
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ﬁSA = Zpij(|vi><Vj|)system & (|Wi><Wj‘)apparatus
ij

Tracing over the apparatus in basis {|w)]}, we find

ps = Z.,;Pij(|Vi><VjDsystem ol wi) {w| wie)
ij

= Zpij(lvi><Vj|)system5ik5jk
ijk

= Zpkk(‘\/k> <Vk‘)system,
k

which corresponds to a diagonal density matrix in basis {|v)]}.

Solution to Exercise For p =Y, pi |wi) (|, the expectation value of Pauli observable & is
~ A A ~ ~ Ex. c)
(60 B 1e(p6) = ¥ pie(u (il 6) &0 Y pi (wil 6 wi) =T L i
i i i

The arguments for the y and z components of the Bloch vector are analogous.

Solution to Exercise[5.44] The density matrix found in Ex.[5.23]is

1,1 i
N 5+ gc08Qrt —+sinQyt
~ (2714 i
p(t) ( 78inQpt %— icosQLt ' (85.9)

The components of the Bloch vector associated with this state are

Ry(r) = Tr(p6x) = 0;

The corresponding trajectory of the Bloch vector is a circle of radius % in the y-z plane, which corresponds to the
precession around the x axis.

Solution to Exercise

a) An ensemble average Ry = Y, p,féi of unequal geometric vectors of length 1 has length less than 1. To prove
this rigorously, we find for the length of the Bloch vector
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We have used the Cauchy-Schwarz inequality. It is strict because at least two of the R;’s correspond to
unequal states and are hence non-collinear. We also used the fact that |R;| = 1 for a pure state.

b) The fully mixed state is an equal mixture of states |1) and ||}. The Bloch vector of state |1) points along the
positive z axis while that of state ||} along the negative z axis. Both these vectors have length 1, so their sum
is zero.

Solution to Exercise Given spectral decomposition

p=pvi)vi|+(1—=p)2){vl, (S5.10)

we find
p* = p*Ivi) (1| + (1= p)*[v2) (2]

and hence
Tep? = p> +(1—p)? =2p* —2p+1. (S5.11)

To find the length of the Bloch vector corresponding to state (S5.10), we notice that the Bloch vectors of orthog-
onal pure states |v;) and |v;) are opposite and have length 1. The geometric sum of these vectors with weights p
and 1 — p gives a vector of length

Rol=Ip—(1—=p)l=[2p—1]. (85.12)
Combining Eqs. (S5.11) and (S5.12)), we obtain Eq. (5.21).

Solution to Exercise Let us consider an arbitrary vector R of length 0 < |R| < 1 and find normalized state
p such that R is its Bloch vector. This state has spectral decomposition

p=pvi)(vi|+ (1= p)[v2)(n] (S5.13)
into orthogonal pure states |v1) and |v,). Let | and R, be the Bloch vectors of these states. Then
R=pR;+(1-p)Rs. (S5.14)

Vectors R, and R, have length 1 and are opposite in direction. Therefore, in order to satisfy Eq. (S5.14)), these
vectors must be collinear with R, and hence Eq. (S5.14)) has a unique (up to a transposition of R; and R») solution;
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=R/|R|, Ry = —R, and p = (14 |R|)/2. These vectors uniquely define the corresponding states [v1) and [v2),
Wthh in turn, uniquely define the density operator (S5.13) whose Bloch vector is R.

Solution to Exercise
a) Since the components of Bloch vector are the mean values of the corresponding Pauli operators,
R = (6)) B Tr(psy),

the time derivative of the Bloch vector in the Schrodinger picture is

d dp i A oATA
ghi=Tr (dt6> =" —_Tr[[H,p]6] (S5.15)

We now use the chain rule for the trace [Ex.[5.29(b)] to write

—5Tr[[A,p]6] = —=Tr [Ap6; — pH ;]
:f% L [p6;H — pAS))
= L Te[p[A. 6]
:% [A,6)]) .

b) Now specializing to the magnetic field Hamiltonian (#.76)), which we rewrite as H = —%ZékBk, we find

d I, n .
N _ﬁ<[H 651)

=T (ou6)) B

(A7) 12}/ (i€ jmOm ) Bx

= Y&k jm <Gm>Bk
= ’}/SjmkRmBk
= Y[R x B];,

where we have used the Levi-Civita symbol for the vector product.

Solution to Exercise Suppose at a given time ¢ the spin state is given by

s Pr(t) pry(t)
P = (,W) pw)) |

After a short interval At, it will decohere, i.e. become
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N _(ppq@) O
= (147, 0)

with probability Az/7>, and remain the same with probability 1 — A¢/T,. Accordingly, the density matrix at
moment ¢ + At is

Plt+ A1) = (1 At/Ty)p(1) + (At /T2) e (1)

_ ( pr(t) (1 —AI/Tz)PMI)>
(1—At/T2)py (1) pyi(t) '

The change of the off-diagonal elements during time Af can hence be written as
Apij(1) = —(At/T2)pi(1).
Dividing both sides of this equation by Az, we obtain Eq. (5.23) in the limit Az — 0.

Solution to Exercise If the dc field has been turned on for a long enough time for the spins to thermalize,
the ratio of their probabilities will be determined by Boltzmann’s law:

r 1B 1B
PL _ exp <7’0> €D oxp < §¢120 ) ~exp (4.1 x 10—5) ~1-1.1%x107,
pry kT 2MykT

where the mass and Landé factor of the proton are found in Table Because this ratio is close to unity, both
probabilities are close to 0.5 so pr| —pry ~ —0.55 x 1073,

Solution to Exercise Solving the system of equations

_ By
PLio/Pito=e
PLo+Prro=1

we find
1 1 7@
Prro=3tz¢ ¥
[
PLLO=73—3¢ H

hB,
This corresponds to a Bloch vector of length T pointing straight up.

Solution to Exercise 5.53} In the presence of relaxation, Eq. (S5.15) for the Bloch vector evolution obtains an
additional term, which unites the decoherence and thermalization terms of Eq. (5.30):

A

dﬁ:—lTr[[IfI,ﬁ]é}—kTr[(@) 8] (S5.16)
dr relax

The first term in the above equation has already been shown in the solution to Ex.[5.48]to read to the first term
in each of the Egs.[5.31] For the relaxation term, we bring together Eqs. (5.23) and (5.29) to write

dp,,) _ { —[pii(t) = piio)/Th, i=j
( dr relax B —Pij(t)/Tz, 1751 ! (85.17)
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or, explicitly,

d ~ [ —lert@®) =priol/Ti —py(1)/T2
(dt>relax B ( *Pu(t)/Tz [pii(t)pil,O]/Tl) ' (8518)

From this result, we can calculate the second term of Eq. (S5.15)) for each Pauli operator:
/dp R

| (F) &=l +puto)/m;
L relax

- dA . | .
Tr (d’;) Gr| = —ilpr, (1) = P (1))/ T3
L relax

Tr :(f{?) 5x_ = =[pp(t) = pp (O/T1 +[Pr10(t) — prio(®)]/Th

Observing that the components of the Bloch vector are related to the density matrix elements according to

Ry =Tr[p6y] = pyy (1) + pyr(1);
Ry =Tr[p6:] =ip i( )7lpiT(t)
R, =Tr[p6y] = pr(t) — py (1),

we obtain the second term in Egs. (5.31).

Solution to Exercise 5.54} In the absence of the rf field, the fictitious magnetic field (4.86) has only the z

component which is determined by the detuning: B, = —A /. Substituting this into differential equations (5.31)),
we obtain

R.(t) = —ARy —R\(1)/T;
Ry(t) = AR —R\(1)/Tr: (55.19)
Rz<t) = _[Rz(t) _RO]/Tb

On can verify by direct substitution that Egs. (5.32)) solve these equations.

Solution to Exercise [5.56) - 6 Polar coordinates (6,0) of the initial Bloch vector correspond to Cartesian coordi-
nates R(0) = (sin 6,0, cos 8). We take the derivative of the Bloch vector length according to Egs. (5.31):

d - . . .
T RO)P| = 2(RRe+RRy+R:R;) =0
t=0
.2
0 1— 0
s +2cos 6 R
2 1
sin 0 +2cos€ _Zcos2 0 .
) T T

=-2

=-2

Approximating sin @ ~ 62, cos @ ~ 1 — 62 /2, cos> @ ~ 1 — 6 for small 8, we obtain

0> 6’ 02 6> 62
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This derivative cannot be positive because the length of the Bloch vector is already at the maximum possible
value of 1 at r = 0. This means that —2/T> +1/T1 <0or T} > T» /2.

Solution to Exercise[5.57] Let us first track the evolution of the Bloch vector associated with a specific detuning
A akin to what we did when solving Ex. Applying a 7 /2 pulse to the spin-up state will transform it into
the state with the spin pointing along the y axis, so R(0) = (0,1,0). After the rf field has been turned off, the
evolution is governed by Egs. (5.32):

R(t) = (—sinAte*’/Tz,cosAte*t/Tz, 1— e*’/T‘) .
The 7 pulse at t = 1 rotates the spin by 180° around the x axis, resulting in

R(to) = (—sinAtge /™2 — cos Arge 0/ —1 4 ¢~ 10/T1),
Subsequent evolution yields

R(1) = [(— sinAfycosA(t —fy) +cos Afpsin A (r — to))e*’/TZ,
(—sinAtysinA(t —19) — cos Atgcos A(t — t()))e_’o/Tz7
4[24 ¢ 0/ 0-0)/7)]
= (sinA(r —219)e /T2 —cos A(t — 2t0)e /T2 1 — 2e~ =10)/Ti 4 o=t/ Ty,

Now integrating the y component of that vector over all detunings, we find, by analogy with the previous exercise,

N

(x) = 0;

-— h'y B [4g(t—219))?
Hy) ¢ !

=1 —2¢ =00)/Ty | o=t/Th

e*[/Tz;

P

<

(g

Solution to Exercise The thermal state is characterized by Bloch vector Ro (0,0,Ry;), where Ry, =

B o
¢~ 71" . The initial 7 pulse will flip this vector so that R(0) = (0,0, —Ry,). The subsequent evolution according
to Egs. (5.32) is as follows:

R(t) = (0,0,Ro + [R-(0) — Role "/T1) = (0,0,R0(1 —2¢"/Th).
We see that R(r) =0 when e~"/Ti = 1/2 ort = T} In2.
Solution to Exercise We have upy =3/4, upgy = 1/4,uvg = 1/3, pyy = 2/3. Accordingly,

Solution to Exercise@ Y ; Wij is the sum of the probabilities for all possible mappings of the ith output of the
classic measurement device onto the outputs of the scrambler. Because one and only one of the mappings occurs
with certainty, this sum is equal to one.
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Solution to Exercise [5.61} Suppose n photons are incident on the detector. Each of these photons will generate
an avalanche with probability 1. The “no click” state will occur if none of the photons generate an avalanche,

which happens with probability (1 —n)". Hence U, no click = (1 —1)". Hence fy no click + Mnclick = 1 (EX. [5.60),
we have W, ciick =1 — (1 —1)".
Solution to Exercise

a) Using the result of Ex.[5.59]and summing over all possible output states of the quantum mesaurement device
according to Eq. (5.34), we find

3/4 0
FHZMHHH><H|+MVH|V><V|=( (/) 1/3);
1/4 0
Fy ZMHV|H><H|+NVV|V><V|:< (/) 2/3>-
b) Similarly, using the result of Ex.[5.61] we obtain Eqs. (5.33).

Solution to Exercise

Solution to Exercise
a) Using the result of Ex. we find

Prj = ) MijPr; E3 ZIJijTr(I/Tiﬁ) =Tr(}, Wi Ip) = Te(F;p),

b) Similarly,
prj = Z,UijﬁB,i €D ZuijTrA (ITpag) = Tra(F;pag),

where pp; is Bob’s state in the event Alice detected |v;).

Solution to Exercise|S.65!
Method 1: using the pure state and projective measurement formalism

a) We use the model of Fig. i.e. assume that Alice’s detector consists of a pure quantum polarization

measurement device followed by a scrambler. There are four possibilities that define Bob’s ensemble.

e The initial state is |¥]) and Alice’s quantum polarization measurement detects |H). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = (|H) 4 |V))/+/6. The probability that Alice’s scrambler
will map her result onto output state H is 3/4.

e The initial state is |¥]) and Alice’s quantum polarization measurement detects |V). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = 2|V) /+/6. The probability that Alice’s scrambler will
map her result onto output state H is 1/3.
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e The initial state is |¥) and Alice’s quantum polarization measurement detects |[H). In this case, the
unnormalized state of Bob’s photon is (H| ¥) = |V). The probability that Alice’s scrambler will map her
result onto output state H is 3/4.

o The initial state is |¥) and Alice’s quantum polarization measurement detects |V). In this case, the state
of Bob’s photon is (H| ¥) = 0.

The overall unnormalized Bob’s density matrix is therefore

i~ 3[RV (H (V] 121V)271]
"Tslve e i ve e

|H><H\+ |H><V|ﬂL \V><H\+

|V>< |

2SI,
b) Proceeding similarly for Alice’s observing V, we find the following ensemble:
e The initial state is |¥]) and Alice’s quantum polarization measurement detects |H). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = (|H) +|V))/+/6. The probability that Alice’s scrambler
will map her result onto output state V is 1/4.
e The initial state is |¥]) and Alice’s quantum polarization measurement detects |V). In this case, the
unnormalized state of Bob’s photon is (H| ¥;) = 2|V) /+/6. The probability that Alice’s scrambler will
map her result onto output state H is 2/3.
e The initial state is |¥) and Alice’s quantum polarization measurement detects |H). In this case, the
unnormalized state of Bob’s photon is (H| ¥) = |V). The probability that Alice’s scrambler will map her
result onto output state H is 1/4.
e The initial state is |¥) and Alice’s quantum polarization measurement detects |V). In this case, the state
of Bob’s photon is (H| ¥5) =
The overall unnormalized Bob’s density matrix is therefore

L[H)+|V) (H][+ (V] 22|V> <|

v=z213 +3 2w
20 VI 25 IV 4+ 20 (VYL 2L V) (V).
c) State |¥;), which occurs with probability 3/5, can be written as
H) +[V) 2|v)
Y)=H)Q—F——+|V)® —.

If Alice’s measurement result is unknown, this is equivalent to the situation when her photon is lost, so Bob’s
[H)+V) 2‘V> . On the other hand, if Alice’s photon is lost

while the ensemble is in state |¥5) (whose probability is 2/ 5) Bo’s photon is in state |V).
This ensemble corresponds to density operator

photon is in a mixture of unnormalized states and

ppy = 2 [HLEVY HI+ V] 2]V) 2(V]
Sl Ve Ve VG

\H><H|+ |H><V|+ |V><H|+ oIVIVI.

vy
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Method 2: using the density matrix and generalized measurement formalism
a) The initial state’s density operator is

5 3|HH)+|HV)+2|VV) <HH|+<HV\+2<VV|

AB = =

°Ts V6 V6

Alice’s detector POVM element corresponding to output state H is, as found in Ex. Fy = % |Hp) (Hpl+
1 |Va)(Va|. Hence

z |HV><HV\ (S5.20)

33|HH) + 3 [HV) + 3 x2|VV) (HH| + (HV|+2(VV|
5 V6 V6

3 3 3 3

= — |HH)(HH|+ — |HH)(HV |+ — |HH — |HV)(HH|+ — |HV)(H
= VHH)(HH| 4 2 [HH)HV| 4 S5 [HE)VV| 4+ [HV)HH] + o [HV) V]

+,, \HV)(HV |

Fypap =

+— |HV){(VV|+ > |VVY(HH|+ ) [VVY(HV|+ 2 [VV)(VV |+ ) |[HV)(HV|
0 20 20 15 10 '
Now taking the trace over Alice’s photon we find the density matrix of Bob’s photon.

PBH = TrA [Fupag] = <HA| Fripas| HA> (Val FHpAB| Va)

|H><H|ﬂL \H><V\+*IV><H|+m|V>< E

b) Alice’s detector POVM element is in this case Fy = & |Ha) (Ha| + 3 [Va)(V4|. Hence
3 HH)+ 1 |HV) +3 x2|VV) (HH| + (HV|+2 vl
5 \/5 V6

1
= %| H)(HH| + 20 |HH)(HV| +35 \HH)(VV| +20 \HV}(HH\ +E |[HV)(HV |

FyPag = IHV><HV|

+—|[HV}{(VV |+ — \VV><HH| +— \VV><HV| +— |VV> (VV|+ 1 |HV)Y{HV |
0 15 15 15 10 '
Tracing over Alice’s photon we find:
PBH = TrA [Frpas] = <HA| Fyipas| HA> (Val FHﬁABl Va)

|H><H|+ \H><V\+ |V><H|+120IV><|

¢) Tracing the bipartite density matrix (S5.20) over Alice’s photon, we find

@:mmpiwxm+ )]+ ku(1+4+)wx

10 10 10

|H><H|+ |H><V|+ |V><H|+ oIVIVI.

We see that the results from both methods are consistent with each other and the density matrix of part (c) is
the sum of those from parts (a) and (b), as expected. Furthermore, the trace of the density matrix from part (c),
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which gives the state of Bob’s photon independently of Alice’s measurement result equals one, which means that
the state occurs with certainty.

Solution to Exercise

a) In the event of measurement result |v;), the unnormalized density operator of the system becomes ITpIT;

(Ex.[5.33). For the event that measurement result |v;) occurred and the scrambler pointed to output state j, the
unnormalized density operator is ;;I[;IT;. Summing over all i’s, we find the density matrix corresponding

to the event of observing output state j:

pj= Zuijﬁiﬁﬁzu

b) Using the above equation, for p = % ( } i ) , we find for the unnormalized measurement outputs:
A_éAAA_FlAAA_% 1/20 +100 _(3/8 0 .
P = Hap i+ 3vPv =219 o) "3 012) =\ 0 1/6)°
P NSO 24 o~ 1/71/20 2/0 0\ [1/8 0

The traces of these density matrices’ give the probabilities of occurrence for each of the detector results.
Their sum equals unity, which is consistent with the fact that one of the outputs must occur with certainty.

On the other hand, using the results of Ex.[5.59] we have

5Fy — (91//146 1791) ,

< (1/161/6
FVPFV( 1/6 4/9) :
Solution to Exercise Normalizing the first result of Ex.[5.66(a), we obtain

N[pu] = % <3(/)8 1(/)6> - (9/013 4/013>'

Repeating the measurement produces the following unnormalized matrices:

5])
e
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R 3. a1 | A
PH—H :ZHHN[PH]HH + gHVN[PH]HV

L3 (9130 170 0
4 0 0 3\04/13
C(27/52 0 .
~\ 0 4/39)°
A ara g 2oa i
Pr—v =—IyN[py Iy + gHVN[pH]HV
L L(9/130Y 20 0
4 0 0 3\04/13
_(9/52 0
~\ o0 8/39)

The probabilities of each result are equal to the traces Trpy_g = 97/156, Trpy_y = 59/156.

A=

Solution to Exercise

a) The photon incident on the first beam splitter has equal probability to be transmitted and reflected: pr, =

pr, = % Let us consider these cases separately.

e If the photon is transmitted, it is measured in the canonical basis. Then the probability to obtain outputs
1 and 2 are, respectively,

Pry = (H| p| H) = pun;
pro = (V| P V) =pvv.

o If the photon is reflected, it is measured in the diagonal basis. Then the probability to obtain outputs 1
and 2 are, respectively,

. 1
pryj, = (+| Pl +) = E(pHHJFPHV +pva +pvv);
. 1
pry, = ([Pl —) = E(pHH — PV — pva +Pvv).
Now using Eq. for conditional probabilities, we find
B 3 1 1 1
Pry = PUPry| + PrrPTy, = 3 PHE T 5 PHY + 3 PVH + 5 PYYs

1 1 1 3
Pry = Pr,pry + pripry, = ZPHH - ZPHV - ZPVH + vav.

b) Let the POVM element for the jth detector output be I:“J ~ (FjHH Firv ) . Then we have
Fivu Fivy

E37).E10)
pr; — = FignPun + Finvpve + Fivupav + Fjyvpyy.

Comparing this with the result of the previous exercise, we find
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s (3/41/4\ . A [ 1/4 —1/4
fr= (1/41/4) FZ(—1/4 3/4 )"

As expected, F+F= 1.

Solution to Exercise[5.69|

a)

b)

c)

We rely on the fact that probability (5.37) is a real number for any physical state p. Let us first set p =
[vi) (vi|, where {|vg)} is an arbitrary orthonormal basis of the Hilbert space. We then have

( [5 <vk|F|vk>€R

which shows that all diagonal elements (Fj)y of the matrix of F are real. Next, let us prove that any
off-diagonal elements (Fj)y and (Fj)y are complex conjugate of each other. Consider states pPreim =

|llfre,im><llfre,imf with Ye = (Jv) + |vl>)/ﬂ and i = (\vk)_—l—z\vl))/f. For these states, (Dreim)kk =
(Prejim)it = (Pre)t = (Pre)ik = % (Pim)ut = — %, and (Pim )ik = . Hence

N 1
Tr[Fj [Wre) (Wrel] = 5[( ikt (Fju+ (Fju + (Fju] € R;
. 1 i
T i) Wiel] = 2 [ (El + 2 [Pt — (Fy)u] € B
Because, as we found out, both (Fj)x and (F;); are real, it follows from the above that

Im[(Fj)u + (Fj)u] =
Re[(Fj)u — (Fj)ul =

This means that Im (F}); = —Im (F});x and Re (F}) = Re (Fj)i. i.e. (Fj)iu = (Fj)j-

Suppose a POVM element F is not non-negative, i.e. there exists a state |y) such that <l[l| F j| l//> <0.
But this value, according to Eq. , equals the probability pr; = Tr(F; |w)(y]|) of observing the jth
detector output when measuring state [y). Because negative probabilities are impossible, we have arrived at
a contradiction.

Suppose we perform a measurement on a physical state with density matrix p. Because this measurement
will with certainty result in exactly one output state of the detector, we can write using Eq. (5.37):

s

0;
0.

Zpr —ZTrF ) =Tr(Xp) =1, (S5.21)

where we denoted Y ; F = X.
Because all ; are Hermitian operators, so is X. Hence there exists an orthonormal basis {|v)} in which X
diagonalizes (see Ex.|A.60). Setting p = |vi)(vi| and substituting this state into Eq. (S5.21), we then have

()?fj) = <vk‘f(’ Vk> =1.

Because the matrix of X is diagonal in basis {|v)}, it follows from the above relation that this matrix
corresponds to the identity operator.
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Solution to Exercise For any POVM element Fj, there exists an orthonormal basis {|v;)} in which F] diag-
onalizes. Substituting elements of this basis into Eq. (5.37), we find for the probability of the jth measurement
outcome

V,‘> .

The detector’s not being able to provide information about the system’s quantum state means that p; is the same
for all input states, so (v;| F;| v;) is the same for all values of i. In other words, the matrix of F; in basis {|v;)} is
diagonal with all diagonal elements equal to p;.

pr; = Te(Ej|vi) (vil) = (vi| F;

Solution to Exercise

a) The density matrix contains N2 elements, which implies that N> complex parameters suffice to fully describe
it. However, since the density operator is Hermitian, p;; = pj’-‘,-, so one pair of real numbers provides infor-
mation about both these matrix elements (and only one real number is required for each diagonal element).
Hence N? real parameters are in fact sufficient. Furthemore, physical density matrices have the unity trace
restriction, which means that if we know any N — 1 diagonal elements, we can calculate the Nth one. This
further reduces the number of needed real parameters to N2 — 1.

Note that physical density matrices are also restricted by condition (5.3). However, this condition is an
inequality and hence does not further reduce the number of required parameters.

b) Projective measurements in a given basis {|v ]>} yield N real probabilities pr; = <v j| ;5| v j> associated with
the N basis elements. However, because these probabilities add up to one, the information about them can
be contained in N — 1 real numbers.

Solution to Exercise[5.72} Using the results of Exercise[5.3] we find
Pvv = Pry;
pvv =pry;
puv +pvy = 2pr, —pry —pry =2pr, — I
prv — Py = —i(2prg —pry —pry) = —i(2prg — 1),

where we used pry + pry, = 1. The latter two equations give

. —1+1i
PrV = Ppry —Iprg + > ;
. —1—1i
PrY = Pry +IPrR+ —5—-

Solution to Exercise We look for the two photons’ density matrix in the canonical basis

PHHHH PHHHV PHHVH PHHVV
PHVHH PHVHV PHVVH PHVVV
PVHHH PVHHV PVHVH PVHVV
PvVHH PVVHV PVVVH Pvvvv

pet
12

where e.g. pyrrv = (HH| p| HV).
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e Measurements in Alice’s and Bob’s canonical bases yield the diagonal elements

pryy = (HH| p| HH) = punnn;
pryy = (HV|p| HV) = puvnv;
pryy = (VH|p| VH) = pyuvn;
pryy = (VV[ P VV) = pvyvy.

e Measurements in which Alice’s basis is canonical and Bob’s diagonal and circular yield

Pryy =

Prugr =

[(H| @ (H|+(V])]p[IH) (H)+|V))]
(PHEHH + PHHEHEV + PHVHH + PHVAV )}

[(H|@ (H|-i(V])]p[IH) @ (H)+i|V))]

— N RN =N =

3 (PaHHH +1PHHEYV — IPHVHH + PHVEV ),

from which, using the existing knowledge of pyrry and pyygy, we find pgrryv £ prver and, subsequently,
both pyypv and pyypy. Similarly, from pry,, and pryz we find pyyyy and pygyy.

e Measurements in which Bob’s basis is canonical and Alice’s diagonal and circular yield, by the same token,
PHHVH, PvHEH> PyvEy and pPryyy.

e The matrix elements that remain to be found are pypvy, pyvvam, Prvve and pyggy. We can calculate them
by from measurements in which Alice’s and Bob’s bases are diagonal and circular. In particular,

P = 5 [(H1+ V1) @ (H (VIR [(E) + V) ® (1) + V)]
= %(- <o+ PuBVY + Pvvan + PrvVE + PvERY + .. );

b = 5 [(HI+ (VD)@ (H] VD] [(H) + V) @ (1) +1v))]
= %("'JFZ.PHHVV —ipyvan — iPavVE +iPvERV + .- .);

b = 5 [((H]— 1V ]) @ (] + (VD [(1H) V) @ (1) + V)]
= %(“'JFI.PHHVV —ipyvan +ipuvve — ipvamy +...);

P = 5 [(H] — (V1) @ (|~ i V)] () +i1V)) @ (1) +iV))]
= i(-.—pHva—pWHHerHWH +pvany + .,

where the ellipses stand for those density matrix elements that are known from previous steps. The above four
equations can be readily solved to find the four remaining unknown matrix elements.
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Solution to Exercise [5.74] As found in Ex. [5.22 !b) E(p) = UPUT. The matrix of E(p) in basis {|v;)} is
therefore simply the product of matrices U, p and U".

Solution to Exercise As we found in Ex.[5.21)a), state ap; + B, is equivalent, in all its physical prop-
erties, to the ensemble in which state p; occurs with probability «, and state p, with probability 8. So we
can, without loss of generality, assume that it is the ensemble entering the “black box”. After passing through the
“black box”, states p; » produce states E(p; 2), respectively. Therefore, the output has an ensemble in which state
E(p) occurs with probability o, and state E(p,) with probability 8. This is equivalent to aE(p;) + BE(p2).

Solution to Exercise 5.76] By construction, each element in Q (the set defined in the Hint to this Exercise)
corresponds to a physical state. The number of elements in Q is N2. According to Ex. all that needs to be
proven to demonstrate that Q is a basis is that it forms a spanning set in the space of linear operators.

To this end, we express operator |v;)(v;|, for any k and [, through the elements of Q. For k = [, this expression
is trivial |vi)(v;| = pi. For k # [ we write

N 1, o

Pre ki = E(pkk + P+ [vi) il + [vi) (vi]):

N 1, o : )

Pimr = E(PkkJFPll — i) vl + i) (vi),

from which it follows that
Vi) Vil = Pre + iPim i — i (Pr =+ Pu)s
V) (il = Prexi — iPim = 1; (Prk + Pu)-
Because set {|vi)(v;|} forms a basis in the space of linear operators (see Ex.[A.42)), so does Q.

Solution to Exercise[5.77} The statement of this exercise is a direct generalization of Ex.

Solution to Exercise The verification of linear independence of the set

O B ) O ()
is straightforward. Let us check that Q is also a spanning set. We need to find the coefficients of decomposition
P =MPr+ AP+ APy + ARPr,

which we can rewrite in the matrix form as

(W%) (7%+ (A +2z)  3(Ae —ile) )
pi1 Ll L+ id) A+ O+ )

Solving the above equation for the A’s, we find
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Ay =py+pus
Ar = i(pry = Pip);
A =P — %Pm - %Pw
Ay=py - %Pw - %Pw (85.23)
or
p= (PTT - %Pn - ?Pw) pr (S5.24)

. 1+i 1—i N
Py ) Pl ) Pir ) Py
+ (P11 +Pit) P+ +i(Pry — Pit)Pr-
We see that a decomposition into the elements of Q exists for every p, so Q is indeed a spanning set.

Solution to Exercise

a)
E(p;) ~ < (1) 8) ; (S5.25a)
E(p) ~ (8 ?) ; (S5.25b)
E(p )~ 5 (e,l/Tz etlm) : (85.250)
E(pr) ~ % <ielt - _ie;t/T2> : (85.25d)

b) Using decomposition (S5.24)), we find

N 14 1—i o 1+ 1—i N
E(p) ~ (PTT P 2Pw> E(py)+ (Pu P 2pw> E(py)

+(Pry +P)E(P+) +i(Pry — pir)E(Pr)-
Substituting the equations from part (a), we obtain Eq. (5.43).
Solution to Exercise Any density operator is written in basis {|v,)} as
p= Z<Vn‘ Pl vim) [va) (V] -

nm

Substituting Eq. (5.43)) into this decomposition, we have
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IA) = anmi <Vn| fj‘ Vm> f)i (585.26)

nmi

so that

E(D) = Y. A (val Bl v} E()

nmi

and hence

il EP)| vi) = Y Aumi (vi E(Bi)] vi) (vl B[ vin)

nmi

= Z [Zlnnzi (vil E(pi)| Vk>] (Val Bl vim)

i

(the summation over m and n runs from 1 to N while the summation over i from 1 to N%). Comparing the above
equation with Eq. (5.44), we obtain Eq. (5.46).

Solution to Exercise[5.81} Using decomposition (S5.24), we have

1= (g0) =
= (o) =
B (8(1)) ~p. +ipr+ _12_’m+ _12_ py;
(] = (?8) ~ Py it 5yt B

Therefore
Mp =1 Ay =0 Ay =05 Apg =0;
M =0 Ay =1 A =05 Ayr=0;
M= My =5 e =1 =i
Aoy = =55 A= =35 Ay = 1 Ay = —i.

(85.27)

Solution to Exercise 5.82] We can think of the process tensor (3.46) as a set of matrices E™ (where n,m €
{1,...,N}) each of which is given by

N2
E™ =Y LumiE(p1). (S5.28)
i=1

Using Eqs. (53.23)) and (S3.27), we find
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E™ = 11E(pr) + Ay E(Py) + Agp 4 E(P+) + AirE(Pr) =

) ) . ) 00
EY = A 1E(py) + A E(P)) + A+ E(Ps) + Ay RE(Pr) =~ <o 1 ) :

EN = 244E(py) + A E(P)) + A+ E(P+) + A1 rE(Pr)

—1-i/10 —-1-i/00 1 1 et/ 1 1 —ie !/

=T (oo>+z (01)+2<ef/T2 1 )*’z(ierﬁz 1 )
Oeil/TZ .

“\o o )’

EY = 21 E(py) + A E(Py) + A E(P+) + AytrE(Pr)

—14i/10 —14+i /00 1 1 e'/D 1 1 —ie /D
= + +5 | -z —5\ -
2 00 2 01 2\e /2 2 \ie /2

0 O
“\e/Ro )

Solution to Exercise Following in the footsteps of Ex. we assume state «p; + 8P, to represent
the ensemble in which state p; occurs with probability o, and state P, with probability 8. Then, using condi-
tional probabilities [Eq. (B.6)], we can write the probability for the detector to display output state j after the
measurement as follows:

PTj = P, Prjjp, +Prp,PYjjp, = &Pt (P1) + Bpr;(p2).

Solution to Exercise|S.84} Using the result of the previous exercise, and since p = Zliﬁi, we find that

pr;(9) = Y Aipr ().

Solution to Exercise Using decomposition (§5.26), which applies to the present case, and the result of the
previous exercise, we find that

pr;(p) = Z_lnmipr,-(ﬁi) Wnl Bl vin) = Y (Fj)mn (val Bl vm) (S5.29)
where
(Fj)mn = Y Aumipr ;(P1). (S5.30)

Applying Eq. l) we can write the right-hand side of Eq. (S5.29) as pr;(p) = Tr(F;p), i.e. the same as in
Eq. (5.37).

Solution to Exercise
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a) We calculate the probability pr j(ﬁi) of the jth detector output for all p; € Q and j € {1,2} using the result
of Ex.[5.68] We find

N 3 R
pri(Pr) = 1§ pro(Pu) =

N 1 N
pry(pv) = 13 pry(Pv) =

N 3 N
pri(py) = Z; pra(p+) =

N — B — B WA —

A 1 N
pri(Pr) = 5; pra(Pr) =

b) We notice that our set of probe states is the same as (5.42)), except that now we work with a photon polar-
ization qubit rather than the spin qubit. Hence we can use decomposition Eq. with the coefficients
given by Eq. (with states |1) and |) replaced by |H) and |V'), respectively). Now, using the result of
Ex. refPOVMgenEXx, we obtain

Fy = [H)(H| (pr) (Pr) Arrn + pry (P ) Aary + pry (P4 ) Aurs + pry (Pr) Aurr)
+[V)V|(pry (Pu) Avve +pry (Pv) Avyy +pry (B4 ) Avv +pry (Pr)Avvr)
+[H)(V|(pry (Pr) Avir +pry (Pv ) Avay +pri (P+) Avis +pri (Pr)Avir)
+|V)(H| (pry (pr) Arve +pry (Pv) Auvy +pry(P+)Arv+ +pri (Pr)AnvR)

= YA S + V)V

—~

3 14i 1 —14i 3 1.
I ] e LNl S
472 T3 T TaTta!

(3/41/4
—\1/41/4 )"
Similarly,

(1)



