Appendix S3
Solutions to Chapter [3 exercises

Solution to Exercise[3.1}
a) We calculate the right-hand side of Eq. (3.4) using decomposition (3.2)):

Fo0 oo
) = [ (o] ¥y ar B [ y) s x)ar By, (83.1)

~ +°°
b) Let us act with operator / = [ |x)(x|dx upon an arbitrary state |y). We have, according to the properties of

the outer product,
+oo oo
N = [0 war® [0pma® ).

The operator [ acting on any state returns the same state, i.e. it is the identity operator.
c) We insert the identity operator (3.3 into (y;| y2):

~+oo
(Wil v2) = <1I/1 /IX><XIdx 1//2>

~+oo
= [ vl v s
o0
- [ viwwa
Solution to Exercise[3.2} Applying Eq. (3.6), we find that

549
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o0
2
wiv) = [ IvePs

The left-hand side of this equation is 1 because |y) is a physical state.

Solution to Exercise

a) Integrating the squared absolute value of the wavefunction over the real axis we have

—+oo b
[w@Par=a? [ar=a*(-a),

and thus :
A =
b—a
b) using Eq. (B:I7) and assuming A real we find
~+oo +oo
/ |l,l/(x)|2dx—A2/e 2 dx = A>\/7d,
SO
- 1
- 7r1/4\/;i'

Solution to Exercise[3.4] According to Eq. (3.4), the wavefunction of the state |xo) is

(x| x0) = 8(x—xp).

Solution to Exercise[3.5] In accordance with the continuous-variable observable definition (3.11)),

~+o0 +oo

Rx) = /x’ ‘x/> (K | |x) = 70)6’ ‘x/> <x” x)dy' = /x/ ’x’> (X —x)dx' = x|x).

—00 — —oo0

Solution to Exercise
a) We insert the identity operator (3.3) at both sides of A:
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~ A AA

A = 1A1

(70|x> (x| dx) A (70|x’><x'| dx’)

~+o00 o0

= [ [0l 4] ) (] axav

—00 —00

oo 400
LA / /A(x,x’) ) (x| dxdx'.

—00 —00

b) Using the continuous-basis operator function definition (3.12), we find

~+oo
W 1Y) = [ ) (w10 ()

400

[ v @revs
-

[ @R rexax

¢) Using Eq. (3.T4), we find

d)

e) Similarly,
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~+oo
Wik = i | [ [)]ad | Ay

+oo

= (vl ) (] 4] ) a¢

f) According to the properties of adjoint operators (see Ex.[A.39),

~

(AT (x,x) = (x| A%’ Ky=(+]A x>* =A*(¥,x).

g) Inserting the identity operator between A and B, we find

~+oo
(x|AI§|x’> = (x|]A / ) (x| dx” §|x’>
N -

= [ (4

—oo0

x//> <x//| B‘

x/> dx//

o0
= / A, xX")B(x" X )dx".

Solution to Exercise[3.7} Using Eq. (3.15) for f(x) = x, we find

~+o0

witly) = [alvePs

—oo

too
€2 /xpr(x) dx,

where pr(x) is the probability density. The latter expression gives the mean of a continuous observable according

to Eq. (BI3).

Solution to Exercise We need to show that function (3:23) is periodic with period Ap. This is indeed so,

because : : :
- px+27h/p) .( px ,
el 7 = 7el(7+2ﬂ) = &

(x+ gl p) = Janh NeT] _\/ﬁe’7:<x|p>.

Solution to Exercise



a)

b)

¢)

d)
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If a 1000-kg car is moving at a velocity of 20 m/s (72 km/h), its momentum is p = 2 x 10* kg-m/s. Using
the tabulated value of 27t/ = 6.6 x 1073* m?kg/s, we find the de Broglie wavelength to equal A = 27h/p =
3.3x1073% m

The average translational velocity of molecules of a gas is v = y/3kgT /M, and the momentum is p =
/3kgTm, where kg = 1.38 x 10~ J/K is the Boltzmann constant, 7 = 300 K is the room temperature and
M = My, /Ny = 4.7 X 10720 kg is the average molecular mass (where My, = 0.028 kg/mol is the molar
mass of air and Ny = 6 x 10?3 is the Avogadro number). We find p = 2.4 x 10723 kg-m/s and hence A =
27x107 "4 m

The kinetic energy of the electron is p?/2M = eU, where M = 9.1 x 103! kg is the electron mass, e =
1.6 x 10719 Col is the electron charge and U = 10° V is the accelerating voltage. We find p = 1.9 x 10722
kg:m/sand A =3.5 x 10~!2 m. Because the de Broglie wavelength of the electron is much smaller than the
wavelength of light, the electron microscope achieves much higher resolution than optical.

By analogy with part (b), we find the mass of rubidium atoms as m = 0.087/(6 x 10?*) kg=1.5x 10723 kg and
their momentum p = \/3kgTm = 7.9 x 10728 kg-m/s. The de Broglie wavelength is 8.3x 1077 m=0.83 pum.
This wavelength is comparable to the distance between atoms in the condensate, which leads to quantum
effects in interaction between atoms.

Solution to Exercise Using the resolution of the identity, we write

- Zo|x> (o] p) e 2 ﬂ%/ o ) x

Equation (3.27b) is proven similarly.

Solution to Exercise [3.11} According to Eq. (3.6),

oo

+
3 273) px px o D19 1 -
dxdx’ / TR odx =" —27méd =
(rl P 2mh // 2mn " < h ) 8(p'=p).

) —oo

Solution to Exercise [3.13} To convert between the position and momentum bases, we apply our usual trick of
inserting the resolution of the identity:

v(x) (x| w)

wl| [ Ip)lap ) )

—+o0

[ Gl p) ol v) ap

—oo0

)23

@F/ehlll )dp;
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vip) = (plv)

~+oo
ol | [l v

oo

[ 10l v ax

Solution to Exercise

—~+00 400 400

/ PIo(r dp*znh///e Py e T g(<)axar'ap

—00 —00 —00

—+o00 400 | Ho0

27th/ / / p| v (x)e(x)dxdx’

—o00 —oo

Solution to Exercise[3.16] We recall that the probability to detect a certain value of momentum is

pr(p) = (pl w) = [W(p)*,

where the wavefunction J(p) in the momentum basis is the Fourier transform of the wavefunction y(x) in the
position basis. Because the latter is real, ¥(p) = ¥*(—p) [Ex.[D.5(b)] and thus pr(p) = pr(—p).
The expectation value of the momentum observable, given by

o0

(p)= / ppr(p)dp =0,

vanishes because ppr(p) is an odd function.

Solution to Exercise[3.17} Using the definition (3.25)) of the de Broglie wave, we find
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Solution to Exercise 3.18

a) Since the potential is a function of the position observable, we have

Ve = [VoIoldy

(where y is the integration variable). Hence

V(xx') = (x| V(%)

x)
e
_ /V(y) (x| y) (y] «')dy

—+oo
= [VEISe-28(- )y

=V(x)8(x—x).

(S3.2)

In the latter equality above, we used identity (D-3)), with @ = x and f(y) = V(y)8(y —x'). This is somewhat
frivolous because Eq. (D.5) requires a smooth function f(+). To make this argument rigorous, we could, for
example, replace &(y —x’) by a Gaussian function Gp(y —x’), as defined in Eq. (D.1), and take the limit

b—0.

b) Using Eq. (S3.2), as well as the definition (3.23) of the de Broglie wave, we find

Vip.p')={(p|V(&)|P)

—+o0

- / V(%) {p|x) (x| p')dx

_ipx ip/ X

+o0
1
:%/V(x)e Few dx

which is the same as Eq. (3.:41).
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o0
Solution to Exercise|3.19} Writing the momentum observable as p = [ p|p)(p|dp, we find

—oo

+oo oo
1 p
Wl o) = [ ol (ol ) ap= 5 [ peheap,

To calculate this integral, we express pe' Fa) = —ih%ei%("_"’). Hence

+oo
1 d -
<x‘]§’x/> — %(_ih)a/et%(x—x')dp

cr 1, .. d /
DD (im) £ (273 (x )

_ —ihd%S(x—x’).

Solution to Exercise[3.20] Inserting the identity operator after the momentum and using the result of the Ex.[3.19]
we find

~+oo
Gl plv) = Glp | [ WO | 1w)

~+oo

[l pl ) vy v

[ [ verras

~+oo
_m% / 8(x— X)) d

—ih% y(x)

Solution to Exercise[3.22} Using the results of Ex. [3.19]and [3.20}
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oo
W 72wy = alp | [ [ a ) plw)
o0
= [l 8l ) (| ] w) @
T d
— _in / [dxé(x—x/)} [—ihdx,y/(x’)} dy’
a7 d
= (i | [ Se—) v ad
d|[d
_2 |
g | Sv)
d2
= —hZE‘I’(x)
Solution to Exercise
a) Since (x| £ = x (x|,
aa R .. d
(x| 2| v) =x (o] ] w) B —inr—y(x).

dx
b) Let us denote £|y) = |9); then the wavefunction of this state is ¢ (x) = (x| £| y) = xy(x). Therefore

(x| 51 ) = (o] 51 0) = i 3 0(x) = i - [e(x)] = By (x) — iy ().

Note that the above relation can also be found using the resolution of the identity. The reader can try this
independently.
¢) Using the two results above, we find
(l [£, 21| w) = (x| 5] w) — (x| pE| W) = iny (x).

A A

Therefore, applying the operator [£, p] to any |y) is equivalent to multiplying this state by i. We conclude
that [£, p] = iid.

Solution to Exercise Writing the uncertainty principle (T.2T)) for any normalized state |y), we find:

1 I 2
v) > 3 [yl ind] y)]

(v|A2] y) (y| Ap°

_1n 2
—4h|<w|w>|



S58 S3 Solutions to Chapter [3|exercises
Solution to Exercise[3.25
a) The probability density corresponding to the wavefunction (3:31) is

(—a)?

a . (S3.3)

1 _
2
x)|F=—=e
W=
This is identical to the Gaussian probability density (B.13), whose normalization we verified in Ex.

b) To reduce the bookkeeping, let us first convert from the position basis into the wavenumber (rather than
momentum) basis. We apply the direct Fourier transform as per Eq. (3.38).

1 x—a)?

W = Pl ) (hered = 5
= (ndi)1/4 Fle £ |(k—ko)
= (ndi)1/4 eii(kfk(’)afgz[e_;"%](k —ko)
@19 Wei(kko)ade(kko)zdz/Z
77:17\/7;efi(kfko)aef(kfko)zdz/z. (S3.4)

Now we can rewrite this result in the momentum basis using Eq. (3:39):

7o) = 1>fﬁei<ppo>a/he<ppo>2d2/2h2, (S3.5)
4

¢) In the position basis, the probability density

(x—a)

pris) = () = e

is a Gaussian curve centered around x = a with width d. Using the results of Ex.|[B.18| we find that (x) = a
and (Ax?) = d*/2.

- d*(p—pp)*
For the momentum basis, pr(p) = ﬁe ” . Hence (p) = pg and (Ap*) = 1? /2d*. The product of the
uncertainties is 5
aeyap) ="

which is the minimum allowed by the uncertainty principle.

Solution to Exercise[3.27

a) The wavefunction in the momentum representation (for convenience, we use the physically identical
wavenumber representation) can be found using the standard conversion formula (3:38). The Fourier trans-
formation has to be applied to both x4 and xp.
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~+o00 +o0
- 1 . .
Plkaky) = - / / W (xq,xp)e k¥ e~ kBB dx ) dxpg

—00 —00

~+o00 400
1 . .
= E//5(xA—xB)eilkAxAilkadeAde

oo
— i/e—i(kA-ﬁ-ks)xAdxA
2

—o0

1
D 025 (ka +ks)
2n

= 5(](,4 +k3).

b) The wavefunction ¥(x4,x5) = 8(xs — xp) of the system in the position basis implies that the positions of
Alice’s and Bob’s particles must be identical. If Alice detects her particle at a position xy, Bob’s particle will
be remotely prepared in a state with the same position, i.e. |xg).

¢) Similarly, because ¥ (ka,k;) = & (ks +kg), Alice’s detection of wavenumber ko (or momentum pg = #iko)
will project Bob’s state onto |—ko) (or |—po)).

Solution to Exercise In the absence of potential, the Hamiltonian is a function of the momentum: H =
p?/2M. An eigenstate |p) of the momentum is therefore automatically an energy eigenstate with the eigenvalue
E = p?/2M. According to the general solution (T.29) of the Schrédinger equation, this state evolves as follows:

. 2
p) — e i |p) = e’ |p).

Assuming that the wavefunction of the momentum eigenstate at the moment ¢ = 0 is given by the de Broglie
wave (3.29)), its evolution can be written in the position basis as

i 1 .pxX . p2
—zEt 5 —liapmt
l/l‘p>(x7t):<x‘e [ p>=\/te i
21h
Solution to Exercise
a) We found the wavenumber basis decomposition (S3.4) of the initial wavepacket in Ex. Let us rewrite
it as follows:
~+oo
d . szz

1w (0)) = n]c =" kg + 1) di, (83.6)

—oo

where we defined k¥ = k — k. Since each wavenumber eigenstate is also an eigenstate of the Hamiltonian
with the eigenvalue 7° (ko + k)% /2M, we have for the evolution of state |y)
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\/E T —iKa _ K22 Ir(k0+x)
lw(t)) = syl ARG 2 e ko + x) dx. (S3.7)
b) We rewrite the above equation as
o0
d o AN bt
lw(t)) = ?ﬂeﬂﬁ /e m(a+ M )e K ( +tzM> ko + ) dx. (S3.8)

Let us now write this result back in the position basis. We have

~+oo
k31 kgt
Vd o/ez(a+M

2 . ht
v(x,t) = (x| y(t)) = e i >97K2<d7+1277’”> x| ko + k) dx
/4

—o0

\/3 kgt
ol
x/a¢ \/27r /

—iK a+ (L)
M e 7 Ty ez(ko+1c)xdk.

The expression in brackets is an inverse Fourier transform, which is not surprising because we are transition-
ing from the wavenumber to the position basis. The first exponential in the above integral is a linear phase
factor, which after the Fourier transform translates, according to Eq. (D.14), into the shift of the position
by a + hkot /M — the movement of the wavepacket. The second one is a Gaussian function, whose Fourier
image is also a Gaussian. The resulting wavefunction is therefore

hk2 -1/2 . (a0t )? 2(d2+ilL
yixt) = %f’w (‘”+ Z) gy (o) f2) (83.9)

c) We first calculate the probability density taking into account the complexity of the Gaussian exponent in

Eq. (S3.9). We find
pr(x) = v (x,1)w(x,1)

L (B e )

VAR
S )/()/(>
dym M24d4

This is a Gaussian distribution centered at (x) = a+ hkot =a+ 5 with the width b = d\/1+ 1322;24. To
determine the position variance, we use Ex. [B.18and ﬁnd
»  d? n21?
Ax?) = 1 $3.10
(a) =7 2<+M2d4> (53.10)

Solution to Exercise|3.30)
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a) According to Eq. (S3.10), the width of the Gaussian wavepacket behaves for large ¢ according to

h
2\ o
(Ax?) ~ — ot (S3.11)

We can rewrite this as t ~ \/(Ax2)Md /h. Substituting \/(Ax2) = 107> m,d = 107 m and M ~ 107" kg
we find r ~ 1 ns.

b) For M =103 kg, t ~ 10'8 5, i.e. of the same magnitude as the age of the universe.

¢) According to Eq. , the required time satisfies it /Md*> ~ 1,50t ~ 1 s.

Solution to Exercise 3.31] The condition that py greatly exceeds the momentum uncertainty of the initial
wavepacket means, in accordance with Ex. [3.25] that py > /i/d. This means that the traveled distance, pot /M,
is much greater than 7z /Md, i.e. it is much greater than 1/ (Ax?) in accordance with Eq. (S3.11).

Solution to Exercise [3.32] We rewrite the time-independent Schrédinger equation

A2
4
1% — =E
v L =£w)
in the position basis
A2

wvlv- (3 2

V) =E i v),

and use the result of Ex.[3.22}
()()_Fidzl()_l;()
V(x)y(x 3 > Y(x) =Ey(x).

Solution to Exercise[3.33] We can rewrite the time-independent Schrodinger equation (3.60) as

W d?
Wﬁ"/(x) =V —E)y(x), (83.12)

which can be simplified to
d2
EW(X) = Ky (x),
where k = \/2M (Vo —E)/h does not depend on x. This second-order differential equation has two linearly-

independent solutions:
y(x) = Ae™ + Be ™. (S3.13)

Factor « is real only if E < Vp, i.e. the total energy is below the potential energy level. Otherwise, K becomes
imaginary and the solution (S3.13)) takes the form of the de Broglie wave:

y(x) = Ae®™ 4 Be ™, (S3.14)

where k = ik = \/2M(E — Vp) /I is a real wavenumber.
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Solution to Exercise@ Consider the operator A — Vyin, where Viyip is the minimum value of V (x). This oper-
ator the energy operator (3.53)) is a sum of two nonnegative functions p?/2M and V (£) — Vigin of the momentum
and position, respectlvely, and hence a non-negative operator (Ex.[A.73] [A87). Such an operator cannot have
negative eigenvalues (Ex.[A.72). Hence the operator A cannot have eigenvalues below Vipip.

Solution to Exercise [3.35] Let us refer again to Eq. (S3.12). If both V (x) and y/(x) are finite for all x, so is the
right-hand side of that equation. This means that d’y/(x)/dx? is finite for all x as well. This implies in turn that
the first derivative of the wavefunction is continuous for all x. Because dy/(x)/dx is continuous, it must be finite
for all x. Therefore, w(x) must be finite and continuous for all x, too.

Solution to Exercise Suppose there exists a Hamiltonian eigenstate |y) with eigenvalue E which cannot
be expressed as a linear combination of eigenstates with real wavefunctions. Let us write its wavefunction as a
sum of real and imaginary parts: y(x) = yi(x) + iy (x), where y; 2(x) € R. The time-independent Schrodinger
equation then takes the form

W d>

o7 22 W @) + iy (@)] = [V () — E][ya (x) + iya(x)].

This equation is satisfied because |y) is a Hamiltonian eigenstate with eigenvalue E. Taking the real and imag-
inary parts of both sides of this equation, we find that both y; (x) and y,(x) satisfy this equation, so the corre-
sponding states |y) and |y») are also eigenstates of H with eigenvalue E. Further, state |y) can be expressed
as a linear combination |y) = |y;) +i|y,) of energy eigenstates with real eigenvalues. We have arrived at a
contradiction.

Solution to Exercise By the same logic, consider an energy eigenstate |y) with eigenvalue E and wave-
function y(x). If y(x) satisfies the time-independent Schrodinger equation with an even potential, so does
y(—x). To see this, we replace x — —x in the time-independent Schrédinger equation (3.60):

n 4
. —x) = [V(—x) — E]y(—x).
S V() = V(0 — Ely(-)
Because the potential is even, V(—x) = V(x). Also the second derivative has the property d(‘i)z dx2 Therefore

the above equation can be rewritten as

2 2
W) = V() ~ Elw(—),

so the state |y~ ) with the wavefunction y(—x) is also an eigenstate of the Hamiltonian.

This means that states |y o) = |y) £ |y ™) are also eigenstates of the Hamiltonian with the same energy.
Further, |y;) has an even wavefunction and |y») has an odd wavefunction. State |y) can then be expressed as a
linear combination of these:

W) = 51w+ wa).

We have arrived at a contradiction.
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Solution to Exercise[3.38] As discussed in Ex.[3.33] energies E below a constant potential level V; are associated
with eigenwavefunctions y(x) = Ae***, with k = \/2M(V — E ) /h. Because of the normalization condition, the
wavefunctions cannot have components that exponentially grow at infinity, and thus we must have

Ae ™ at x — +oo
v+ { e

In other words, y(x) — 0 for |x| — too, s0 we have a bound state.
Conversely, if the energy exceeds the potential at infinity, the eigenwavefunctions tend to W(x) — Ae** +
Ale™* with k = \/2M(E — Vp) /1. If at least one of the factors A or A’ does not vanish, the state is not bound.

Solution to Exercise [3.39} We can write the generic solution to the time-independent Schrédinger equation in
this potential using the result of Ex.[3.33}

Bie®™+Bye ™™, x< —a/2
y(x) =< Ajcoskx+Apsinkx, —a/2<x<a/2 (S3.15)
B3e®™ +Bse ™™, x>a/2

K and Bze™ that are exponentially growing at x — =+ and

We can immediately eliminate the terms Bpe™
therefore unphysical.

Next, because the potential is an even function of x, it suffices to look for even and odd solutions of the
time-independent Schrodinger equation, as we found in Ex. Let us consider these two cases separately.

We write a general odd solution as

—Be™, x< —a/2
y(x) = { Asinkx, —a/2<x<a/2 (S3.16)
Be ™™, x>a/2

with real A and B and

k= ZME, (S3.17a)
h
2M(Vo—E

K= % (S3.17b)

Because the potential is finite, both the wavefunction y(x) and its derivative y’(x) must be continuous. Writing
these conditions for the boundary of the box x = a/2, we find

A sinkx‘x:a/2 = Be [,—q)2;

Akcos k)c|X:a/2 = —KkBe |\_ap2

or
. ka —Ka/2
Asm? = Be ; (S3.18)

k
Akcosg — _KkBe X2, (S3.19)
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The continuity condition for x = —a/2 yields the same set of equations.
These equations restrict the set of energy values at which the time-independent Schrodinger equation has a

solution. To see this, let us divide Eqgs. (S3.18) and (S3.19) by each other. We obtain

ka K
t— = ——. S3.20
cot 5 p ( )

This equation relates k and k. Another relation between these quantities is due to Egs. (S3.17), which can be
incorporated into our calculations as follows. Let us denote ka/2 = 6 and xa/2 = 0;. From Eq. (S3.17) we then

have

6%+ 67 = 65,
where
2MVy a
6= ——-. S3.21
o P ( )
Equation (S3:20) now takes the form
6
coth = 761 (S3.22)
or
%
—cotf = e 1. (83.23)

This equation contains only one unknown variable, 6, which is related to the energy eigenvalue. Unfortunately,
this equation is transcendental and cannot be solved in elementary functions.

tan®
1 |
| |
| |
| |
Il —cot® !
| I
1K I
/ /
/ /
\ 7/
e ~”
- \/
_— 30
2 2

Fig. S3.1 Graphic solution to transcendental equations (53.23) and (S3.27). The left-hand sides
are plotted with dashed lines, right-hand sides with solid lines. Values 6y = 3/2 and 6y = 7/2

2 2 .
correspond to Vp = %# and Vp = % # respectively.

A generic even solution is given by
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Be®, x< —a/2
y(x) =< Acoskx, —a/2<x<a/2 (S3.24)
Be ™™, x>a/2

Proceeding in a fashion similar to the odd case, we find the continuity conditions for the boundary of the well

Acos k?a = Be ¥a/2, (S3.25)

k
—Aksin?a — —KkBe */2, (S3.26)

92
tan@ = 9% —1. (S3.27)

By plotting the left and right-hand sides of transcendental equations (S3.23) and (S3.27) as functions of 6,
we obtain a graphic solution as shown in Fig.[S3.1] The corresponding energies and example wavefunctions are
plotted in Fig.

It remains to answer the question regarding the dependence of the number of bound states on Vj. As evident
from Fig. there are N solutions to both transcendental equations when (N — 1)w/2 < 6y < Nz /2. This
corresponds to

and the transcendental equation for 6

(ThN)?
2Ma?

[ThA(N — 1))

ML <W<

Solution to Exercise 3.40} When V} is infinite, so is the right-hand side of Eqs. (§3.23) and (S3.27). The tangent
in the left-hand side of Eq. takes on a positive infinite value when 6 = (2j+ 1)7/2, and the negative
cotangent in (S3.23) when 6 = 7j, where j is an arbitrary natural number. The general solution in the limit
Vo — oo can then be written as 6 = n7r/2, with n being an arbitrary natural number: an even n = 2 j produces an
odd solution, and an odd n = 2+ 1 an even solution. Using 8 = ka/2, we find wavenumber values k, = n7/a,
which correspond to energy eigenvalues

S s

JoR L
M 2Ma?

Substituting this result into Eqs. (S3.18)) and (S3.25) we determine that the oscillating parts of the wavefunc-
tions, inside the box,

Acos(””x) , oddn.’

: nwx
Wn(x) = {Asm( @) evenn (S3.28)
a
vanish at x = +a/2. This implies that B = 0 for both odd and even cases, and that the wavefunction vanishes
outside the box.
We can now find the normalization constant A. To this end, we integrate the square absolute value of the
wavefunction over the real axis. We find, for both even and odd solutions,
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+o0 a/2

a
[w@Par= [ lwe)Par=aPs,
—o —a/2

s0A =+/2/a.

Solution to Exercise @ Because the potential is an even function of x, we can restrict to even and odd
wavefunctions. At x # 0, the potential is zero. The energy of a bound state must then be negative, so a generic

odd solution must be of the form .
—Be™, x<0
y(x) = { Be <, x>0 (S3.29)

with K = \/2M(—FE)/h. Unless B =0 (i.e. y(x) = 0), the odd wavefunction has a discontinuity at x =0, i.e. is
unphysical.
The even solution is given by
Be®, x<0
y(x) = {Bem’ >0 (S3.30)
The solution (S3.30) is valid for an arbitrary x at all values of x except x = 0. At x = 0, its derivative has a
discontinuity:
AV (x)]_, = —2Bk. (S3.31)

There is no contradiction with the wavefunction continuity condition (Ex. [3.33)), because the potential is singular
at x = 0. However, the amplitude of the potential imposes a specific condition on the wavefunctions’ derivative
discontinuity, that is only satisfied for certain values of k, as we see next.

Let us integrate both sides of the time-independent Schrédinger equation (3.60) over an infinitesimal interval

around x = 0:
+0

2 2
/h d %)= [[E-VE@yw. (53.32)

-0

Using the fundamental theorem of calculus as well as Eq. (D.9), we find

h2
~ a2 v (x)],_y = Wow(0). (83.33)

Substituting w(0) = B as well as Eq. (S3.31) into the above, we find that k = Wym/h* and thus

_ (hx)? _ _mWO2

M 2h*

Let us now find the normalization coefficient. Because the well is infinitely narrow, we need to only take into
account the part of the wavefunction that is localized outside the well. Using Eq. (53.30), we have

/ |y (x)?|dx = 2B / e 5 dy = B2, (S3.34)
0
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so B = /x.
Solution to Exercise [3.42} Since Voa = Wy we can rewrite Eq. (S3.21)) as
2MW,
v " 0%_ (S3.35)

Because a tends to zero and W, is a constant, 8y also tends to zero. The solid curves in Fig. @] shrink to a
vertical line just next to the vertical axis. Therefore we have only one, even, energy eigenstate, and we rewrite
Eq. (S3.27) using the fact that tan @ ~ 0 for small 0:

92
=/ 2— $3.36)
0 o1 (S3.
or
0*+6%—6;=0. (S3.37)
Therefore
. 2
gt 1£4/1+467
—

We decompose the above solution into the Taylor series with respect to small parameter Gg to the second order

(the reason why we need this will become clear shortly): /1 +40§ ~ 1+ 29& — 29(‘)1 . Then the two roots of

Eq. (S3.377) can be rewritten as

2, [0 -6
6> ~ [_1_902+93 . (S3.38)

Because we are looking for a bound solution, we expect 8 to be real, so we choose the first root. Since 6y =
V2MVoa/2h and 6 = V2MEa/2h, we see that

o’ 02— v M@V

MW}
M2 T o T

E .
2h2

(S3.39)

We see that the second-order Taylor expansion was necessary to obtain the critical second term in the above
equation.

Now, according to Eq. we have

K

V2MVo—E) MW,
= = . S3-40

h n? ) %
As we see, this coefficient is independent of a in the limit a — 0 as long as Vya = W is kept constant, and is the
same as found in the previous exercise.

Solution to Exercise [3.43] The particle is initially prepared in the bound state of the original potential (see

Ex.[3.41):
e x<0

Yo(x) = ‘/KT’{ eTMY x>0
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with Ky = WoM / 1. After the sudden change of the potential, the bound state is given by another wavefunction,

karo x<0

i = v { S Y

e

with k] = 2WyM/ 1. The probability that the particle will remain in the bound state of the new potential is given,
according to the Second Postulate, by the squared inner product

pr = [(yo| y1)|*
2

= | [ vi@waoar

oo 2
= KoKi 2/6’7Koxeixlxdx
0

2

Ko + Ki

2

= KoKl

8
5

Solution to Exercise [3.44] We start by following the logic of the solution to Ex. The potential outside the
wells is zero, so general odd and even wavefunctions in these areas will be of the form

—B,e*o*, x<—a
y(x) =14 Ap(ef* —e ™), —a<x<a (S3.41)
B,e¥o*, x>a
and
Be*e*, x<-—a
y(x) =1 A (e +e ), —a<x<a, (S3.42)
Bee KX, x>a

respectively, with &, , = \/2M(—E,,)/h (subscripts e and o standing for “even” and “odd”, respectively) and
both A’s and B’s real and positive (Fig.[S3.2). In contrast to the single well, we cannot exclude the odd solution
a priori.
Let us look at the even solution in detail. The continuity condition at x = ta gives A, (e’ ? + e %%) = B,e™ %4,
or B, = A.(e**¢? 4-1). The discontinuity of the derivative at this point is then
Ay (x) |x=ia = —A, K, (e —e ™) — B, K,e "¢
_ 7A6Ke(€K€a 7e—Kea+nga +e—i<¢a)
= —24,K,e*

Equation (S3.43) for our case takes the form
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Fig. S3.2 The double delta potential (Ex. b and the even and odd energy eigenstate wavefunc-
tions.

- % (A v ia) = Woy(+a), (S3.43)

so using Y(+a) = A.(e"* + e *) we find
K, = Ko(1 4+ e 2%eq), (S3.44)
where Ky = w is the wavefunction falloff coefficient in the case of the single delta potential (denoted as k in

Ex.[3.41).. We see that in the limit of a — oo, this solution approaches that for a single well.
For a finite distance between the wells, Eq. (S3.44) is transcendental. Let us find the approximate solution for
the case kpa > 1. We write kK, = kp(1 + &). Then Eq. (S3.44) becomes

—2Kpa(1+8 —2Kpa ,—28
§ = ¢~ Hoall48) — ,=2Kpa,—28Ka

from which we find that 8 < e~2%04 and hence 28 kya < 1. Therefore we can write in the first order e~ 28%04 = 1,
50 8 = ¢~ 2K0% and

K, = Ko(1 e 2%0%), (S3.45)
The corresponding energy is
(hK, ) (hKo)? , WM WM 2
E,=— =— 1+0) "~ — 14+28)=— 1 4 2¢~7%0%), S3.46
== ap (1487~ == (1428) = == (14 2¢720) (83.46)

The argument for the odd case is analogous, but in this case the energy shift is opposite:

WM

o (1—2e 2k0m), (S3.47)

E,=

Solution to Exercise Let Wingle(x) be the wavefunction (3.71) corresponding to a single delta-function
well. Then, for kpa >> 1, the odd (S3:41) and even (S$3.42) solutions to the double well problem can be approxi-

mated as
Vo(x) = Wsingle (x— a)\k‘/’smgle (x+a) and y, (x) = Wsingle (x— Cl)\-;zllfsmgle (x+a)

(the factor of /2 due to normalization). We now express the localized states through the energy eigenstates as
follows:
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Vsingle (X —a) = %(x)\—}z%(x) and Wsingle (x+a) = %(x)\_ﬁ%(x)

These states are orthogonal to each other to a good approximation.
The initial state’s wavefunction is Y(x,0) = Wingle (x — @). Knowing the energies E, , = Eg F A of the even

and odd states, where
WM

WM
o7 and A = 0726_2,(0“

Ey=—

as found in Ex.[3.44] we write the evolution as
y(x,1) = NG |:We(x) exp (ihet) + Yo (x) exp <lh”r)]

_ % exp <if}';0t) [llfe(x) exp <i2t> + Wo(x) exp <12t>}

1 E A
= 5 exp (—i;t) l:(l[/single(x — a) + I[/Single(x+a)) exp (iht>

A
+ (V’Single(x— a) — l/lsingle(x+a)) exp (—ih[)]

Ey A . . [A
=exp | —i—1 | | Wsingle(x —a)cos | —1 | +iWingle(x+a)sin | —z | | .
h h h
A

Hence the probability to find the system in the state with wavefunction Wsingle (x+a) equals sin? (ﬁt).

Solution to Exercise Suppose there are two bound states, |y ) and |y, ), corresponding to the same energy
E. The time-independent Schridinger equation (3.60) for both states is

hz /1

AL (x) =[V(x) — E]y (x)

and 2 /
TVE() = V() ~ E)ya o).

Let us multiply the left-hand side of the first equation by the right-hand side of the second, and vice versa. At all
points where V (x) — E # 0, we have

v ()2 (x) = v (x) v (x),

v (x) s (x) — w1 (x) w3 (x) = 0.

This latter equality can be written as

(W () w2 (x) — w1 (x) w5 (x)] =0,

&l

from which we conclude that

(W1 (x) w2 (x) — w1 (x) w3 (x)] = const.
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The constant in the right-hand side of the above equation must be zero because it is known that the state is bound,
i.e. both wavefunctions and their derivatives vanish at x — *oo. Dividing both sides of the above equation by

W3 (x), we obtain ; "
vilx)|
dx Llfz(x)] -0

i (x)
va(x)
so the two wavefunctions are proportional to each other.
Admittedly, the above proof does not apply to points at which y,(x) =0 or V(x) = E. I suggest to the reader
to elaborate these cases as an independent exercise.

at all points where y»(x) # 0, or

= const,

Solution to Exercise[3.49] Since the phase velocity of the de Broglie wave with momentum p and wavenumber
kis vpn = p/2M = hk/2M, we have the following probability density currents:

h
s = — ) kolA]?
JA (2M)0||

. n ko—ki\?
= — ) kolA]?
JB (2M> 0lA] (ko—Hq)

for the incident wave,

for the reflected wave, and

for the transmitted wave.
Accordingly, the reflection coefficient is

and the transmission coefficient is

and their sum equals identity.
The reflection coefficient tends to 1 for E — Vj (so k; — 0) and to O for E — o (so kg — k; — 0). The behavior
of the transmission coefficient is opposite.

Solution to Exercise If the energy E is below the potential barrier level, the solution of the time-
independent Schrodinger equation after the barrier is a falling exponential:

[ Ae*o¥  Bemiho¥ x <0
W(va) - { Cefo, x Z 0 ) (S348)
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where ko = vV2ME /h, k = \/2M(Vy — E) /hi. Note that there is no D-wave in this case, because that wave would
exhibit exponential growth at x — co. The continuity condition now takes the form

A+B=C;

iko(A—B) = —«C.

This system of two linear equations is readily solved, giving

B_A l:ko + K';
lk() —K
2iko
C=A—r7—.
iky — K
Because ‘i’,ﬁgfi’ = 1, the amplitudes of the incident and reflected waves (A and B, respectively) have the same

absolute value. Furthermore these waves propagate with the same phase and group velocities, and hence have
the same probability density current. The reflection coefficient is therefore equal to unity.

Solution to Exercise[3.51] The initial wavepacket can be written in the wavenumber basis according to Eq. (3.52))
as

d? e 2 2
lw(0)) = (n) /e*”‘“e*'c /2 |ko + x) dx, (S3.49)
where x is small compared to ko and k;. Our goal is to calculate the evolution of this state. In Ex. [3.29] we had
the advantage that the momentum eigenstates in the right-hand side of Eq. (§3.49) were automatically the energy
eigenstates. Here it is no longer the case. However, under the assumptions that we made it is safe to replace the
momentum eigenstates in the above decomposition by corresponding energy eigenstates.

To see this, let us write the energy eigenstates in the form

. . iy [ (k 2721‘47‘/0)(
(x| Whar (1)) = Ae’ 0¥ g (—x) + Be~koTK)¥g (_x) + Ce y fo+10" T2 0(x), (S3.50)

where B and C are related to A by Eq. (3.78a)). The first term in the above equation (the A-wave) is identical to
the wavefunction (x| kg = k) = ﬁe’“‘ﬁK ¥ of the state |ko + k) on the left side of the barrier for A = \/% The
second term (the B-wave) is also located to the left of the barrier, but has a negative wavenumber. The third term
(the C-wave) is located to the right side of the barrier. The original wavepacket is located, almost completely, far

to the left of the barrier and consists, almost entirely, of waves with positive wavenumbers. This means that its
decomposition (53.49) can be rewritten as

d? b4t . 20
lw(0)) = <n> /e‘”‘“e"‘ T2 o () K. (S3.51)

—o0

Now since each | W, (k)) is an eigenstate of the Hamiltonian, we can find the time evolution of the above
state according to
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d? e . 22
n) /e—%EKfe—'K“e—" T2 |y (1)) dK, (S3.52)

—oo

i) = (

where the energy of each |y, (Kk)) is (neglecting quadratic terms in k) Ex = i (ko + &)?/2M = (K* /2M) (k3 +
2kox). We find for the state vector

2 1/4 . e . ik
|‘I/(t)> _ <d7r> e—thk%t/ZM /e—zk(a+70t)e—l<2d2/2 |Wbax(K)>dK~ (S3.53)
and for its wavefunction
2\ 1A e ik
Y1) = (i) e [ NS R o]y (1) dic (83.54)

We can now calculate the integral (S3.54) for each wave in Eq. (S3.50) separately. The overall phase factor
e~ MkGt/2M can be neglected, as well as the the variation of the amplitudes B and C as a function of the small k.

A-wave. Applying standard Fourier transform rules (Ex.[D.5), we obtain

\ \NATE ,
Wi (x,1) = AB(—x)e*o* (i) /ef”((“WO’)e*KZdz/ze’”dK (53.55)

—oo

— ¢ 242
T

d2>1/4\/ﬁ ,(”7%)2
T d

= AB(—x)eor (

1\ ,(”7%)2
) ; .

= 0(—x)e’ o <7rc12 22

This is a Gaussian wavepacket centered at the point x = a + %t and propagating with the speed fikg/M in the
positive direction. When the wavepacket reaches the barrier (i.e. at #,,, = %), it disappears due to the factor

o0
6 (—x). Before this happens, the total probability associated with this wavepacket is pry = [ |wa(x,7)]?dx = 1.

The B-wave is treated similarly, except that the integral corresponds to the inverse Fourier transform. We
obtain

Tk \ 2
1/4 (.++ Oz>
a2\ L)
— RE) 242

T

vs(x,1) =Be<—x>e”<OX( ’

nky \2
1/4 xtat

o ko — , 1 _
-WZE kO kl 9(—x)€ﬂk0x — e 272
ko +kq d
This wavepacket is a mirror image of the previous one. At r = 0, it is located at x = —a but is “invisible” due

to the factor 6(—x). It propagates in the negative direction. Once it reaches the barrier (simultaneously with the
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A-packet), it becomes “visible”. This wavepacket is associated with the reflection of the particle from the barrier.

2
The total probability associated with this wavepacket is prz = (ig;i: ) .

C-wave. Using k% = k(z, —2MVy/ 7? and again neglecting terms that are quadratic with respect to k, we can

replace in Eq. (S3.50)

2MV, 2MV, ki
\/(k()JrK')zhzo = \/k%+2k01(‘ h20 =kiy/ 1+2k0K/k%%k1+Kk£.
1

As a result, we obtain for the C-wave

o\ 1/4 T '
ye(x,r) = CO(x)e™* <65t> /efi’((a+%t)e* 22 kR

—oo

2
o\ /4 /5 (IZ*OX*“*%'
= CO(x)e 1 (d> iﬂe*]Tz)
T d
ko fky )2
1/4 TEX—a— it
BT 2ko 6(x)ehtt RS / ,M'
ko + k1 d?

This packet is narrower than the other two by a factor ko /k;. It begins to exist at 7 = f,, and propagates in
the positive direction at a speed 7ik; /M. This wavepacket is associated with the particle transmitted through the

2
barrier and has the probability prp = llz—(‘) ( kozf}q ) . A direct calculation shows that prg 4 pro = 1.

Solution to Exercise [3.52] Proceeding similarly to Ex. we find that the solution is a linear combination of
six wavefunctions as shown in Fig.[3.6)and is thus a function of six parameters. For each of the two interfaces,
there are two continuity conditions (for the wavefunction and its derivative):

A+B=C+D;

iko(A —B) = ki (C —D);
Ccl y pe™ Ml = E 1 F;
ki (CeME —De™ ) = iky (E — F),

where ko = V2ME /h, ki = \/2M (Vo — E) /h. Again, each energy value is doubly degenerate: the linearly inde-
pendent solutions correspond to the matter waves approaching from the left (F = 0) and from the right (A = 0).
We are interested in the first option and solve the above equations assuming an arbitrary £ and working our way
to the left. We then find the relation between the incident, transmitted and reflected amplitudes:

(ko k
A=E |coshkiL+ - (2~ 20 sinh(k,L) | ; (S3.56)
2\’ &

- i (ki ko) .
BE{ : (kOJrkl)smh(le)} (S3.57)
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The transmission and reflection coefficients are then given by Egs. (3.81).
Solution to Exercise[3.53} We proceed similarly to Ex. writing energy eigenstates in the form

(x| Whar (1)) = [Ae! K0T K)x 1 e=ilkotK)x] g (_y) (S3.58)
+ [Ce* + De 814)0 (x) 0 (L — x) 4 Ee/ k0¥ -L)g(x — L),
where the amplitude factors are related to each other as found in the previous exercise. Equations (S3.51)—(S3.54)

apply to our case unchanged, as well as the solution (S3.33)) for the A-wave. For the E-wave, on the other hand,
we have (approximating E to be independent of k)

o\ 1/4 T
Ve (x,1) = EO(x — L)eoL) (‘i) / ROL) iR (@t 50 o2 g (S3.59)

T

o\ 1/4 (Jc—L—a—%t)2
ot ppien (£) VBT

The center of the Gaussian wavepacket in the above equation is located at point x = L+ a + %t. Because of
factor O (x — L), it will emerge from the barrier at the moment when its center position exceeds L, i.e. at the same
time fyyr = % when the center of the A-wave enters the barrier at x = 0.

Solution to Exercise Taking a time derivative of both sides of Eq. 1= and substituting ‘2—’; from

Eq. (3:83p) we obtain

d%x

K
— =——x(1).
dr? M x(1)
The solution to this differential equation is

x(t) = Acos @t + Bsin ot (S3.60)

where @ = /& /M and A and B are constants determined ftom the initial conditions. Setting r = 0 into Eq. (3.54)
gives A = x(0). Taking the time derivatives of both sides of that equation we obtain

dx
pri —A®sin ot + Bw cos r.
Using p(t) = M%, we find
p(t) = —Amsin @t + Bm® cos ot . (S3.61)

Setting ¢ = 0 in the above equation yields B = pO), Substituting A and B into Egs. (S3.60) and (S3.61) and
recalling recall again that @ = \/W gives Eqs. (3.84).

Solution to Exercise Substituting x = X /A, p = P/B into Egs. (3.84), we obtain
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1 A .
X(t) =X(0)coswr + Vo EP(O) sin wt; (S3.62a)
B
P(t) = P(0) cos ot —Ma)XX(O) sin @z. (S3.62b)

In order for these equations to be of form (3.83)), we must have

—=Mo.
B

On the other hand, the commutator of the rescaled observables satisfies [X, P] = AB[%, p] = ihAB. Since we need
this commutator to equal i, we obtain the second equation:

1
AB= —.
h
Solving these two equations for A and B, we find that
M 1
A= —w; B= .
h Moh

Since 7 has the same dimension as the product of the position and momentum, i.e. kg-m? /s, the dimension of
Aism~! (i.e. the same as x~1) and that of B is s/(kg-m) (i.e. the same as p’l).

Solution to Exercise
a) Following the same logic as in Sec. we have

<X’X’>:6(X—X’):5l(x—x’)wﬁ/;w]: %5(x—xl)=<x’x/> %,

which means that |[X) = (5= )"/ |x). Similarly, |P) = (Mho)!/4|p).

b) For the de Broglie wave we have

no\ 1 1
X|P)=(——] Mho)/* =Vh ip/h = iXe,
(X|P) <Mw) (M) (x| p) ot T

)
C v == (o) = (o) o

¥(P) = (P| w) = (Mho)'* (p| y) = (Mho)"/*§(p).
d) Using the resolution of the identity, as well as the result from part (b), we find
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~+oo

X ) = [ (X P)(Ply)ap

~+oo
1

— L [y

—oo

and

—+oo

PP = [ (P1X) (X ) ax

—o0

~+oo
1 )
= — X)e PXdx.
ﬁlww

e) Using the relations from part (d), we proceed in a fashion similar to Ex.[3.20}

oo
x| Plw) = [PxiPyPly)ap

—oo

o0
e _1 / Py (P)dP
var ) ey (P)

o0
1 . d i
= / (i)™ w(P)aP
(3.91)

2D i LX)

The expression for the position operator in the momentum basis is obtained similarly.

f) From we find

Mo 1

(AX*)(AP?) = — Voh (Ax*) (Ap*) = %<sz> (Ap?). (83.63)

Now using the uncertainty principle (3:50) for the unrescaled position and momentum, we see that the right-
hand side of the above equation is greater than of equal to %.

Solution to Exercise

B Mo*X? 1

= = = —ho (X2 +P?). 64
it 2 Oh—+ - zha)( +P?) (S3.64)

Solution to Exercise
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a) Because the position and momentum operators are Hermitian, Xt =X and (iIA))T = —iP. Therefore, 4' =
()?JrilA’)T/ﬂ: ()A(fiﬁ)/ﬂ.

b) From part (a), d # a'.

¢) Since [X,P] =1,

s s s ]
1,0") = Z[X +iP,X —iP] =

[@,a"] = (X,X]—i[X,P]+i[P,X]+[P,P]) = 1.

N —

d) The position and momentum operators are expressed through @ and @' by solving Eqs. (3.96) and (3.97).
e)

A

A = —hoX*+P?)

—_ N | =

1
= ~ho|(@+a")?+(@—a’)?
1

-

—he [(@*+(@")* +aa" +a'a) — (a*+ @) —aa’ - a'a))

—ho2aa’ +24"a]

=

1 .
R 024! a+2+24'd

1
ho |afa+=|.
[a a—l—z}

f) Using Eq. (A-440):

Solution to Exercise

a) In order to verify if state @|n) is an eigenstate of the number operator /i = é@'d, let us subject this state to the
action of this operator and employ the result (3.100), rewritten in the form Ad = an — a:

Ad|n) = [ah — d]|n) = [an —a]|n) = (n—1)aln),

as was required.
b) Similarly, from Eq. (3.100) we find #a" = @'/ +a' and thus

Ad' |n) = [a"a+a']|n) = [a'n+a"]|n) = (n+1)a"[n).

Solution to Exercise|3.60)

a) Let |w) = d|n). From the previous exercise, we know that |y) is an eigenstate of a'd with eigenvalue n— 1,
i.e. |y) = Aln— 1), where A is some constant. We need to find A. To this end, we notice that (y| = (n|a’
and calculate

(v] v) = (n| &Td’ n)y=n.
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But on the other hand,

(wly)=[AP(n—1ln—1) = AP,
where in the last equality we have used the fact that the eigenstates of the number operator are normalized.
From the last two equations, we find |A| = \/n.

b) Similarly, if |¢) = @' |n) = B|n+ 1), then, on the one hand,
(9] ) = (n| aa’| n) = (n| a'a+1|n) =n+1,

and on the other hand

(01 9) = B (n+1]n+1) = |BP.
Therefore |B| = v/n+ 1.

Solution to Exercise

g a° a4 _ (a")"

\/ﬁl’l

)

Solution to Exercise The vacuum state obeys the equation d|0) = 0, or
(R +iP)[0) = 0. (S3.65)

In order to find the wavefunction in the position basis, we use Eq. (3.93) to write the momentum operator in this
basis. Equation (S3.65)) then becomes
d
X+ — X)=0.
( + dX) v(X)

This is a first order ordinary differential equation which has a single solution
vx) =Ae 2,

where A is the normalization constant, calculated in the usual manner:

~+o0

~+oo
W)= [ WP =P [ e ax = Py

—oo

Requiring the norm of |y) to equal 1, we find A = 7—!/4,

The wavefunction in the momentum basis is calculated similarly.

Solution to Exercise

a) The single-photon Fock state is obtained from the vacuum state by applying a single creation operator. Using
Eq. (3.93), we express the creation operator in the position basis as
s 1

A o s d
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and thus the wavefunction of the state |1) = 4" |0) is

_ 1 d\ wp_ V2 xp

The two-photon Fock state is obtained by applying the creation operator to the single-photon state:

In the position basis,

_1f, 4 _ 1 _ ANy xp_ 2 X2
WZ(X)—2<X dX)wl(x)_ﬂn-l/‘l (X dX)Xe —ﬁn1/4(2X 1)e . (S3.68)

b) We now show by induction that Eq. describes the wavefunction of the Fock state |n). First, applying
Eqs. (3.109) and (3.110) for n = 0, we obtain the vacuum state wavefunction (3.106p). Next, let us suppose
Eq. (3:109) is valid for a given n = k and prove that it must be valid for n = k+ 1. We can write the recursion
relation |k + 1) = 4" k) /v/k+ 1 in the position basis using Eq. :

Vi1 (X) = 2(;+1> (X— d(;() Vi (X).

Applying this to Eq. (3:109), we find

_ 1 xp_ (4 -X2/2
= D) [2XHk(X)e (dXHk(X)> e
1

2
= H (X)e ™72,
T4 (k1) k1 (X)e

which is consistent with Eq. (3.109) for n = k + 1. To write the last equality, we observed from Eq. (3:110)
that

He o (X) = <2X - dc)l() H(X).

Solution to Exercise [3.64} The matrices of the two observables can in principle be obtained by integrating the
wavefunctions in the position and momentum bases. However, a more elegant way would be expressing these
observables in terms of the creation and annihilation operators according to Eq. (3:99). Using Eq. (3:103), we
find the matrices of the creation and annihilation operators in the Fock basis as
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O 1 0 o0 . 0o 0 0 O
1
S B R
4= 0O 0 O 7o : o= 72 ,
0 0 0 0. 0 0 5 0
Hence

O 1 0 O 0 1 0
1 _ L
., a+a’ 1 (1) (1) ? ?' s oa—-at 1 01 01 ?

X = =— VA R PR =— Vi
2 2 €1 2i 2i _ 1
V2o V2o 0 Lo V2 V2l o 0 -k

Solution to Exercise For an arbitrary Fock state |n), we have

N 1 A
0 810) = = (o @4 )
1
= ﬁ<n| (\/71|n—1>+\/n+l|n+l))
=0.

Similarly,

For the uncertainties, we have

(AX?) = (n] X2|n)

%@] (aa+aa"+a'a+a'a’)| n)

1

The same answer holds for the momentum uncertainty:
(AP?) = Ln+),
2

Solution to Exercise 3.66

a) For the evolution of a superposition of multiple Fock states we have

oS oo

S81

Sl [Vl T = 2) 4 VA T )+ Vi )+ s 2) et 2)

(S3.69)

(S3.70)

(S3.71)

(83.72)
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() =Y ye @02 |y,

n
The expectation value of the annihilation operator is then
(@) = (y(@0)laly())
= (Zviee ) a (Lume e m))
n m

=Y Vot 1y ype
Here we used the fact that the annihilation operator couples only consecutive Fock states with (n| d| n+1) =
vn+ 1. The above result can be rewritten as (@) (z) = (a)(0)e"“".

To derive the counterpart expression for the creation operator, we recall that it is the adjoint of the annihila-
tion operator:

(@) (1) = (w(n)| " |y(0)) = (w(n)|aly(n))" = [(@)(0)e "] = (@) (0)e"".

b) Writing the position observable as X = (a+a")/v/2, we find

X0 =—7 [{a) (1) +(a") (1)]
= =@ ) + (') )]
L [EOHB0), 0 $O O
V2 V2 V2

(P)(1) = T [(@) (1) —(a") (1)]
_L a e*l(()l aAT eiwt
= L@ e (@) 0]
_ L [E)O+i(P)O) o (K)(0)=i(P)(0) o
Vi V2 V2

= (P) (0)cos @t — (X) (0) sin wt.

Solution to Exercise[3.67) We will perform the calculation in the position basis. Similarly to Ex. we rewrite
Eq. GIT) as

% <X+d§(> v(X) = (Rea+ilma)y(X).
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Substituting Eq. (3:116a) in the left-hand side of the above, we find

1 X+ d (X) 1 l-PocZXa X4 d iPaX _(X*)z(a)z
— — = e — | e'ete
V2 ax ) Ve V2rl/4 dx

1 i PaXa

= gt | K iPa— (X = Xg)| e

1 .
= E(Xa-i-lpoc) Vo (X), (83.73)

so Eq. holds provided that X, = \/ERe(x and P, = \@Im o.

The wavefunction (3:116b) in the momentum basis is obtained from that in the position basis by means of
Fourier transform, similarly to Ex.[3.23]

The means and variances of the position and momentum can be obtained by integrating the wavefunction as
in Ex.[3.25] However, one can also employ the approach similar to that used for Fock states in Ex. [3.63] Taking
the adjoint of both parts of Eq. , we find that (a|4" = a* (a| and hence

(X—Xq)?
2

(] X| o) = %(04 (@+a")| a)
— %[(aua\a))ﬂ(a\d” )]
- %[(a“a\a))—k((a\a*ﬂ“ﬂ
_otar
2
Cx (S3.74)
Similarly,
. o—o*
<Oc P >_ i = Py.

For the uncertainties, we have

(o x| &)

%<a| (aa+aa* +a'a+a'a’)| a)

= %<a| (aa+2a"a+a‘a"+1)| o)

N = N =

(@® +2a% o+ (a*)* + 1)
[(o+a*)*+1], (S3.75)

(AX?) = (X%) — (x)? = 5.

The same answer holds for the momentum uncertainty.
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Solution to Exercise[3.68] Let us assume some decomposition of the coherent state into the number basis,
o) =Y o |n), (83.76)
n=0

and apply the definition (3.115) of the coherent state to this decomposition. For the left-hand side of Eq. (3.115),
we have in accordance with Eq. (3.103a)),

ala)

Z 0d |n)

n=0

Y o/nln—1)
n=l1

"IN ). (S3.77)

n'=0

We changed the lower summation index from n = 0 to n = 1 in the second equality above because the term with
n = 0 comes with the coefficient +/0 and therefore vanishes.
At the same time, the right-hand side of (3.115) can be written as

ala) = i ooy |n'). (S3.78)
n'=0

Equalizing both sides, we find a recursive relation

oo,
O+l = —=—> S3.79
n'+1 \/m ( )
S0
o = Aoy,
ooy Aoy
0 =—= ;
V2 V2
ooy oy
a3 = = ;
V3 Ve
- (S3.80)
or in general
oo
On = N (S3.81)
It remains to find such a value of o that state is normalized to one. We find
e il 2\n
(04
(o a)=Y |ow|* =|oo|* ) ( n',) . (S3.82)
n=0 n=0 :
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Tthe sum in the above expression, is the Taylor decomposition of el@ so we have (al a) =a |ze‘°‘|2. Requiring
(a] o) =1, we find
ao|? = e 1o (S3.83)
or, up to a arbitrary phase factor,
o =e 192, (S3.84)
Combining Eqs. (S3.81)) and (S3.84) we obtain

_ a2 &
o, = e Nk (S3.85)

Solution to Exercise[3.69} For the Fock decomposition of the coherent state (3-121)), we immediately see
(0] ) = e 1o/2,

On the other hand, from the position basis decompositions (wavefunctions) of the vacuum and coherent states

[Egs. (3.106) and (3.116h), respectively] we find

1 x2 i PaXo

= — e 2e 2

. _ (x-Xa)?
efeX e 2 dX

1 3 <X2 XXq+ X
_iPaXa : - - a+T>
=—¢e "2 /e’P“Xe dx

—00
~+oo
1 . PuX X3 . Xo \2
= G e [ oPaX o~ (X—TF) gx

vE E
2
= V2e 1" s [e_(x_xg)z} (Pa)

OO e % e 5
2, e 2 ! 2 4

e e e

_ X§+FE
=e 4

€D —ja?/2.

Solution to Exercise[3.70} For the mean energy, we have

A

ata+ -

1 1
=h 24 -
5 oc> a)(|oc|+2>,

(E) = (| H| a>@ha)<a
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where we used the definition of the coherent state d|a) = a|a) and the Hermitian adjoint to this relation,
(ald" = (a] a*.
For the energy variance we find

(£%) = (o] A?| )

o7 (ol + 20+ ;)

and hence
(AE%) = (E%) ~ (E) = (ho)’|a.
Both these results are in agreement with Eq. (3.123) because H = ho (i + %)

Solution to Exercise 3.71} Given that the coherent state is decomposed into the Fock basis according to
Eq. (3.121) and that each Fock state is an eigenstate of the Hamiltonian with eigenvalue i®w(n + 1/2), we find

efilflt/hla> _ 7|a\ /22 ﬂHt/h
e*|a\ /ZZ 7za)(n+l/2 |l’l>
za)t)
—1a)t/2 —\a\ /ZZ |l’l>
n!
= 02 |0y, (S3.86)

Solution to Exercise|3.72|

a) According to Eq. (3.124), the coherent state, while evolving, remains a coherent state, i.e. an eigenstate of
the annihilation operator. Hence

ae—l(t)t

—~
>
=
—
~
=
Il
T~
Q
Q
g
&
Q
Q
g
~

and

(@) (1) = (@) (1)]" = ce™™.
b) Using Egs. (3.117) and (3.118), we find



S3 Solutions to Chapter [3|exercises S87

(X) (t) = V2Re(ate ")
= V/2Re[(Reat 4 ilmar) (cos @t — isin ot)]
= Re[(Xg + iPy)(cos ot — isin ot)]
= X cos @t + Py sin @t.

and
(P) (1) = V2Im(ote ")

= Im[(Xq + iPy)(cos ot — isin ot)]
= Py cos wt — X sin ot

Solution to Exercise Decomposing, according to Eq. (3.121)),
=) n\n
_ ey & N a2y (&)
a)=e n)and (') =e n,
@ Y i) and o) Sl

we find

/

{n[ )

(o))" ()"
Val Vi)

(a*a/)n
n!

(a] &y = eloP 22 i
n 0

'

— P laP 2y
=0

a2 /0—1a' 12 % o)
_ o lalkle P2 e

n

Solution to Exercise Suppose there exists an eigenstate of the creation operator:

a'|B)=pBIB).

where f3 is the eigenvalue. Let us assume some decomposition of this state into the number basis:
B) =Y. Buln).
n=0
Substituting this decomposition into Eq. (S3:87), we find

Y Ba i int 1) =B Y Buln).
n=0 n=0

(S3.87)

(S3.88)

(S3.89)

In the left-hand side of this equation, the vacuum state |0) is absent. This means it must also be absent in the
right-hand side, so either § =0 or By = 0. If § = 0, the entire right-hand side of Eq. (S3.89) vanishes, and so
does the left-hand side, hence all §; = 0. On the other hand, if Sy = 0, the left-hand side is also missing the term
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with the first Fock state |1), which in turn compels us to conclude that 8; = 0. Continuing this chain of argument,
we find that also in this case all f; must vanish, so |3) = 0.

Solution to Exercise[3.75} In the Schrodinger picture
| (t)) = e /M yp) (S3.90)
from which the expectation value of A is

A ei(ﬂ /hr & efi(ﬂ Jh)t

(W) 4l v(0) = (wo vo )

which is the same as the expectation value of operator (3.126) evolving in accordance with the Heisenberg
picture.

Solution to Exercise[3.76 Let us differentiate both sides of Eq. with respect to time.

d . d i 7y, A i 7y
*At:*(ﬁHtAO 7EHI)
” (t) o \¢ (0)e
d L7 A~ 'y iy A d 7
=3 (eﬁHt)A(O)e nht +eﬁH’A(O)& (e_ﬁH’)
= é (I:Ie%H’A(O)e A1 e%HlA(O)Ierflle

Solution to Exercise[3.77} Using the Heisenberg equation, we find

d._ i o i1 o ERERI L, P
T Rl = 0T sy (F2h) = o
and d . . .
R 1.~ LK. o . 1K, ... N
s IA.5 =2 = 2 (2ihg) = — Kk,
a? h[ , P hz[xm] hz(’x) KX

Solution to Exercise [3.78} The derivation of Eq. (3.132h) under Hamiltonian is identical to that in the
previous exercise. To derive Eq. (3.132p), we decompose the potential into a power series with respect to £:

V(E) =Y V. (S3.91)
n=0
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Then

. .
&ﬁ:%[V(A) 5 EDLED ! an” L(in) = an"—

The resulting expression equals —V’ (%) according to Eq. (S3.91).

Solution to Exercise[3.79} The evolution operator is a function of the Hamiltonian and hence commutes with it.
Therefore

A~

A(r) = et 01 (0)e#40)

=
I
un
~—~
(=]
=
Q
SH~.
o
NS
=
r“I
St~
jun
e
=
I
an
~—~
(=]
=

where U (t)= ¢ #11 is the evolution operator. Substituting these into the right-hand side of Eq. (3.137) and using
the power decomposition (S3.91) of the potential, we find

V) + 29 ¥ v, [0 02000 0] + 2= (070500 0))
M A M
KOO s 070 00
LU0 OROI 00+ 5,0'0 HOFO0
oo AT\ 2

= 00| T visor | 00+0"0 | 55| 0w
=U"0)H0)U (1)
EXI:I(O)

For the second equality in the chain above, we used the unitarity of the evolution operator U (1)U (r) =1, e.g. as
in
M A 12 A s . N
[TF0)p(0)T(1)]” =T (0)p(0)U ()T (1)p(0)T (1) = T (1) p(0)*T (1)
We thus find that the right-hand sides of Egs. (3.136) and (3.137) are equal.

Solution to Exercise[3.81} The power decomposition of a multi-variate function is a sum of form
f((Al(t) Z A/Z)( )H.AUZJV_/)(t)7

where C; is a constant coefficient and each A1)(¢) is one of the operators Aj(r),...,A,(f). Substituting the
expression for the Heisenberg evolution of these operators, we find
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=
B
5,
3

[
(aok
k)

0T 0A 0 ()] [0 0200 0)] ... [0 AT ©0)0 (1)

T
(=)
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—~
=]
S

— e%I:IZ‘xA 0 e*%ﬁte%ﬁtﬁ(o)ef%ﬁt _e%Htﬁ(O)ef%Hte%ﬁtx\(o)ef%ﬂt

©
= ei5(0)p(0)e i — i p(0)2(0)e "

Solution to Exercise|3.83 Substituting solution (3.130) into Hamiltonian (3.82) and using @ = /-, we find

M’
(1) k(1) K 1 2 K 2
pz(jv)[ + xé) =3 %(0) cosa)t+mﬁ(0) sinwt} +W [ﬁ(O)cos wt—aﬁ(O) sinwt}
_ P07 KE(0)
M 2

Solution to Exercise[3.84} The Heisenberg equation for the position and momentum takes the form

d, i, N n.
&x_ﬁ[Hﬂd_hﬁ( lh)_ﬁ’
d I A

S5t l =0

P = 5Pl

Evolution for time 7p = xo/f will lead to displacement (3.142).

Solution to Exercise 3.85] The displacement operator is a complex exponential of a Hermitian operator, and
hence unitary according to Ex.[A.92] Hence D (x) = D, ! (x). Further, using Eq. (3.144) we find

Dy (x)Dy(—x) = e*%ﬁxoe%ﬁxo - i,
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and hence D,(—x) = D; ' (x).
Solution to Exercise
a) Let us first rewrite |x) in the momentum basis:
oo

o 1 A .
efszo/h |x> 7efsz0/h / e*lpx/h |I7> dp.
V2rh

—oo

Each eigenstate |p) of the momentum observable is also an eigenstate of e~Px0/" Hence the above expres-
sion can be rewritten as

o0
1 .
o [ ) dp = -t )
b) Denoting the wavefunction of the displaced state as W, (x) we find

Va() = (xle P |y
—+o0

/ <x|e*iﬁx0/fl ‘x/> <x” V/> dx’

—oo

~+oo
D [ (] +20) (| y)ar

—+o0
/ S(x' +xo —x)y(x)dx

= y(x—xp).
¢) This follows directly from Ex.[A:83]
o0
d) If|y) = | w(p)|p)dp then
~+oo
e y) = [ e (p) |p) dp. (83.92)

—o0

The wavefunction of this state in the momentum basis is iy (p) = e~ P%/"(p).

Solution to Exercise 3.87,
a) In the Heisenberg picture, we have £(¢) = £(0) +xo and p(¢) = p(0). Hence
(x(1)) = (W 2(0)] ¥) + (] xo| w) = (W] £(0)] W) +x0 (W] y) = (x(0)) +x0

and
(p()) =yl (1) v) = (y| p(0)| y) = (x(0)).
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In the Schrodinger picture we can argue that, since the operator displaces the whole wavefunction by xg
(Fig. 3.T1), it must also add xo to the mean position value. Formally this can be expressed as follows. For
the mean position value in the state |y;) = e~70/"|y), we have

+oo

Wy = [ Hwlr— )P

—o0

o0
[ x=xo)wtx—x0) dx+xo/|wx x0) P

—oo

(S3.93)

The first term in the expression above is equal to <x>W> (we can see that by replacing the integration variable

to X' = x — xo). The second term is xy because the wavefunction is normalized.
For the momentum uncertainty, we obtain from Ex. d) that |z (p)|> = |¥(p)|? and hence

Py = [ PlPatp)Pap

~+oo
= /plli/(p)\zdp
— <p>\llf>' (S3.94)

b) The fact that the uncertainties of the position and momentum of the displaced state are the same as those in
the original state is, again, intuitive (Fig.[3.11). A rigorous proof can be done as follows.
In the Heisenberg picture, we have

(Ax(t)*) = (x(t)*) — (x(t))*

= ((x(0) +x0)*) = ((x(0)) +x0)?
= ((x(0)%) +2x0 (x(0)) 4 x5 — (x(0))* —2x0 (x(0)) — x5
= ((x(0)*) - (x(0))?

= (Ax(0) 2>

and

(Ap()?) = <P 2> t)

= <AP 0>2>

In the Schrodinger picture, we have for the position:
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+o0

@)y, = [ ()

—o0

—+oo

= [ (v Wy ) Tl P

—oo0

+oo

0 [ (¢ y,) v Pay

—o0

<<x—<x>|w>)2>

V)
= <Ax2>|l//>' (§3.95)
and for the momentum:
e 2
(A9 = [ (p= 0hy) 19ap)Ptp
,J,:Q 2
~ [ (p= ) 19(p)Pap
=(Ar*),,- (S3.96)

Solution to Exercise[3.88} The proof proceeds similarly to Ex.[3.86] For example:

400
&P/ ) — ﬁ oiiPo/ / P71 dx

—oo

+oo
_ 1 ix(p+po) /h
T 27h / ¢ be) dx

|p+ po) -

Solution to Exercise|3.89|

a) Similarly to the case discussed in Ex. [3.86{c), the action of the momentum displacement operator in the
position basis corresponds to multiplication by a complex exponential:

(x

Here we used the fact that vector (x| is an eigenstate of the operator e/?0%/",

e,-po)e/h‘ W> — oiPox/h (x| y) = eipox/hw(x).
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b) We are acting with the position displacement operator on the state eiPot/h |w), whose wavefunction we found
in part (a). This results in a shift of the argument by xo, i.e. a state with wavefunction

<x‘ e*iXOﬁ/heil)of/h’ ‘/’> — ¢iPo(x—xo)/h w(x—xo).
c) First applying the position displacement operator to state |y), we obtain the state with the wavefunction

v (x—xp). A subsequent application of the momentum displacement multiplies this wavefunction by eiPox/h
[as we found in part (a)], so we obtain

(x

Solution to Exerc1se@]. Equation (3.147) dlrectly obtams from the Baker-Hausdorff-Campbell formula (A-54))
if we set A = #poX and B= —#x0p. Then ¢ = [A B = hX()p()

eipgﬁ/he—ixoﬁ/h‘ ‘I/> — Py (x — xp).

Solution to Exercise The Hamiltonian leading to the phase-space displacement is H = B,p — Bpx, where
Bx = xo/to and By =po /1o, with 1y being the amount of displacement. Indeed, in this case we have in the Heisen-
berg picture

Solution to Exercise M In order to verify that the vector e — A |x) is an eigenvector of operator £, let us
subject it to the action of that operator.

Lhf o

1 o 1At go= 11 |x)

In the third equality above, we used the fact that an eigenstate of an operator with eigenvalue x is also an
eigenstate of a function of that operator with elgenvalue f(x,1) (Sec. m The result of this calculation shows
that the action of the operator X on vector e —ft |x) is equivalent to multiplication by the scalar f(x,t), which is
what was required to prove.

Solution to Exercise Because f(x,r) is an invertible function, the overlap (f(x,t)| f(x',t)) takes nonzero
values only in the ifinitesimal interval of x ~ x’. Decomposing f(x’,¢) in the neighborhood of x as f(x',t) ~
Fet)+ f (x,6) (X —x), we find

S(x—x)

(Fen)] F6.0) = B (er) = F0.0) = (7 ) —) B 25,
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Solution to Exercise Applying Eq. (3.149) to arbitrary x and x’ and taking the inner product of both sides
of the two resulting equations, we find

(x| ¥y = [K(x,t) > (f(x,0)] f(X,2)). (83.97)
Now using (x| x') = §(x—x') as well as Eq. (3.150)), we obtain the desired result.
Solution to Exercise[3.95] We can write Eq. (3.149) for a negative time as follows:
el |x) = K(x,—1) | f(x,~1)) .

Now taking the adjoint of both parts of the above and using the definition of the wavefunction, we write

W) = y(0) = (x| e | y(0)) = K* (v, =) (£, —0)| w(0)) = K" (v, )W (£ (x,~1),0).

Solution to Exercise M Let the evolution operator e’ 7t corresponding to the negative time —¢ act upon both
sides of Eq. (3.149). We obtain

e%Hte th|x> K(xJ)e%m‘f(x,t»:K(x DK (x,—t) [f(f(x,1),—1)) .

The left-hand site of this equation is also equal to |x) for any x. This means that f(f(x,z),—t) = x [which
means that f(x —t) = f~'(x,t)] and K (x,)K (x, —t) = 1. Combining the latter result with Eq. (3.151), we obtain
K (x,—1)|* =

"(x,t)"
Solution to Exercise[3.97, Combining the results of Exercises[3.95]and [3.96] we find

1

(W) = K (e, —0)Pw(f(x,—1),0) = Tex,

2
)||W( H(x,1),0).

Solution to Exercise[3.98} We notice that the displacement operator can be written as evolution
Dxp(Xo, Py) = ePoX %P — o= 7iHt (S3.98)

under Hamiltonian
H =ho(—PX +XoP),

where @ = 1/¢. Consequently, _
Dip(Xo, Ro) = ei™". (53.99)

The position and momentum operators evolve under this Hamiltonian under the Heisenberg picture according to
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Hence

As we know from Eq. (3.126),

Bringing these results together, we obtain Egs. (3.154h,b).
For the annihilation operator, we use its definition (3.96) to write

Xo+iPy
Nl

i) = X(r)+iP(t)  X(0)+iP(0) L Xotiky

i vz Ao

Solution to Exercise[3.99] We know from Eq. (3.154k) that in the Heisenberg picture the displacement operator
transforms the annihilation operator 4 into its function f(d) = a+ %. According to Ex. it means that

this evolution in the Schrodinger picture should transform the vacuum state — an eigenstate of 4 with eigenvalue
0 — into an eigenvector of the same operator with the eigenvalue %.

Solution to Exercise [3.100)
a) Using o = % and Eq. 1i we write

Dxp(Xq,Py) = exp(iPoX — iXoP)
(_a—a*a—i—a% ,a—i—a*a—aT)
=exp|! —1
V2i V2 V2 V2i
=exp(ad’ —a*d). (S3.100)

b) Since the commutator
[@d", —a*a) = ~|a*[a",a] = |af?,
is a number, we can use the Baker-Hausdorff-Campbell formula (A-34) and obtain Eq. (3:157).
¢) We decompose the exponent into a Taylor series:

s < (_oqf )n

“a0) = 7< 3" |0) = |0).

) = X o) =10

The last equality above holds because, since a is the annihilation operator, all the terms in the sum vanish
except for n = 0.

It follows that
N 2 AT * A 2 AT
DXP(Xoc,Pa) |0> @ ef|a\ /Zeaa e~ a |0> _ eila‘ /Zeaa ‘O) )
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Solution to Exercise[3.101} Decomposing Eq. (3.138) into the Taylor series, we find

|(X> _ e—\a\z/zetxdlf ‘0>

o o
e Y = (@) o)
n=0 """

GI0%) a2y & $3.101
e ’;ﬁ|n> (S3.101)

Solution to Exercise|3.102|

a) This follows from the statement of Ex.[A-83]
b) Using the previous result and the Fock decomposition (3.121) of the coherent state, we write

F(g) o) = 19772 ioj‘%mp) In)

— o lal/2 i Oie—iwn In)
n=0 \/I’F

_ ey (@)
e ,,;) T |n)

= |ae_i(p>.

Solution to Exercise 3.103, We follow the same logic as in Ex. [3.98 The fictitious Hamiltonian such that

F(@) = e 9" = ¢~ #" is in this case H = hon with ® = @/r. The annihilation operator evolves under this
Hamiltonian as follows:

d [ A
Sa= %[H,d] — o[, a) B _iga
and hence . .
a(t) = a(0)e " = a(0)e .
Therefore

a' (1) = [a(0)e @)]" = a®(0)e™®.

Now using the results of Ex. [3.58] to express the position and momentum observables through the creation and
annihilation operators and vice versa, we find

}?(I) — aA(t) j};’w(l‘)
a(0)e™'? +4a"(0)e'?
V2
[X(0)+iP(0)]e~'® + [X(0) — iP(0)]e'®
2
= X(0)cos @+ P(0)sin g
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and

A

[X(0) +iP(0)]e~ —[X(0) — iP(0)]e'®
2i
= P(0)cos @ — X (0)sin .

Solution to Exercise[3.105 Here we again follow the lines of the solution to Ex.[3.98] We can write

S"(r) _ er(&z—d%Z)/Z — e—%lflt

3

where the fictitious Hamiltonian is given by Eq. (3.169). This Hamiltonian can be transformed:

O P A | U
A= 5hy[a2 —(a"?] = Zh}/[(X+zP)2 —(X—iP)? = —5hy[XP+PX].

The position and momentum operators evolve under this Hamiltonian as follows:

d. i~ 1 mnon
—X=_[A,X]=—i—yX[P.X] = —yX
o h[,] zzy[,] 7X;
d . i . A 1 an n .
—P=_[A, P =—i-yPX, P|=7yP.
& h[,] 127[,] Y

Hence

For the annihilation and creation operators, we find
X()+iP(t
o)~ KOF P
V2
X(0)e " +iP(0)e"
V2

= 4(0)coshr —a'(0)sinhr

and
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a' (t) = [a(0) coshr — 4" (0) sinh r]*
= 4"(0)coshr —a(0)sinhr.

Solution to Exercise[3.100!
For the mean square position uncertainty of the state S(r) |y) we can write

(W8T (NAX?S(r) lw) = (w|S"(NX>3(r) [w) — (W] §T(NXS(r) |y))?
= (y|(Xe")?|y) — ((w|Xe " |y))?

= [(yIX*|y) - (WX |w))?]

= (y|AX? |y).

The argument for the momentum uncertainty runs similarly.

Solution to Exercise 3.107}

+oo
a) We need to verify the integral | |y, (X)[>’dX = 1. To calculate the integral, let us change the integration

variable according to X’ = Xe". Then dX = dX’e™" and

Fo0 +oo
[l CoPax = [ ¢ lyn(xenax
o0

where we used the known fact that the vacuum state wavefunction is normalized.

b) From Eq. (3.170), we find f(X,t) = Xe " = Xe™", so f'(X,t) = e" and f~'(X,t) = Xe". Therefore

Eq. (3153) takes the form
[w(xn)” = e"yo(e'X) .

This is consistent with Eq. (3.174p).

Solution to Exercise[3.108| Hamiltonian (3:169) can be written in the position basis

A DO L 0] @5 d 1
H=—- P+ PX| =— XP——| = ihy | X—=+=]|.
Zh}/[ + PX] hy{ 2} zhy{dXJrz]
The Schrodinger equation
d|y) i A
A 41
i »H|v)

in the position basis takes the form

(S3.102)
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where
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4 (X,1)= XiJrl (X,1)
dt‘/’sq 1))=Y dx 2 qu sb)y

en/2

_ —X2e21 2
‘Ilsq(XJ)* 7[1/46 .

(S3.103)

A direct calculation shows that the two sides of Eq. (S3.103) are equal. The proof for the wavefunction in the

momentum basis is analogous.

Solution to Exercise

a) The evolution operator under Hamiltonian (3.176)) is

A

i 5oa AT AT
eféHz _ eyt(faAuBJraAaB) — SQ(’YZ‘).

Writing the creation and annihilation operators in terms of position and momentum, we transform the Hamil-

tonian as follows

AL 5 ANG B s AN A
H= EBY[_(XA + lPA)(XB + lPB) + (XA — lPA)(XB — lPB)]

i

= *h’}/[fziXApB — ZiPAXB]

2

= fl’)/[XAPB + PAXB] .

b) Applying Heisenberg’s equation to the position and momentum observables and recalling that the operators
associated with different oscillators commute, we find

from which it follows that

These results lead to

9 = LA R = iyXp [P Ra) = X
T yXA| = 1YAB|LA,&A| = YAB;
s = 10, Re] = iyXa [P, Re] = 7X
J— - =1 fr— N
TR YXA LB, XB] = YXA;
d . I on . A

aPA = g[HyPA] = iYPg[X4,Ps] = —YPs;
d .

I .~ & . A oA
—Pp = —[H,Pg| = iYPA[Xp,Ps] = —YPs

d, dXu+Xs XptXy

PR NG Y NG YA+

d. dP+h Py + Py

—Py = — =— = FYPs.

ETRE P /A Y V2 Frrx
Xj: 1 ZXi(O)eiW,

~
H,
—~
=
NN

= Pi (0)6;}47

(S3.104)
(S3.105)
(S3.106)

(83.107)

(S3.108)

(S3.109)
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which is equivalent to Eqs. (3.177) and (3.178)) because r = yr.
To find the evolution of the annihilation operators, we define the operators

R as tap Xi + lf’i
a+ = = .

V2 V2

The evolution of these operators can be found similarly to the single-mode case:

X:t(t) +iﬁi(l‘)
V2
. Yi (O)Ei_r + lf)i (0)€$r
V2
|42 (0) +a. (0)]e™ +[a (0) —a’. (0)]e™
2
a’,(0)[e*r —e¥]

ai(t):

a2 (0)fe* + 7]

+
- 2
= 4. (0)coshr+4’.(0)sinhr,
from which it follows that
ag(t)+a_(r)
V2
G4 (0)coshr+a’ (0)sinhr+d_(0)coshr—a’ (0)sinhr
V2

dA(l‘) =

A (0

= 70 COShr—|—
2

= d4(0) coshr+ag(0)sinhr.

The calculation for dg(t) is analogous.

¢) Similarly to Ex. [3.106] we will use the fact proven when the Heisenberg picture was introduced: the ex-
pectation value of any observable A = A(0) in the state $»(r)|0,0) is equal to the expectation value of the
“squeezed” observable §;(r)A§2(r) = A(t) in the vacuum state |0,0). However, before we proceed with
proving relations (3.182) and (3.183), it is convenient to first determine the moments of the “unsqueezed”

observables X (0) with respect to the vacuum state. We find:



S102 S3 Solutions to Chapter [3|exercises

% X4(0))£(Xp(0
<Xi(())>_< A( )>\/§< 5(0)) o
(R2(0)) = <X/%(O)>:|:2<XA(02) 5(0)) +(X3(0)) _ éig‘f'é B %
(X (0)%_(0)) = (R3(0)) = (Ra(0)%5(0)) ; (X5(0)%a(0)) — (X3(0)) _ 3 70;0 -4,
(108 (0= FEO+ OB ~(oOR0) ~ (FFO) _ 3+0-0-3 _

For the squeezed observables X (¢), it then follows from Eqs. (3.177) and (3.178) that
(Xe(1)) = (X£(0)) ™ = 0;
A . 1
(R2(0) = (R2(0)) e = 2527,

where the averaging is still performed with respect to the vacuum state because we work in the Heisenberg
picture. Hence for Alice’s position we have

and

A A A~ A

(X3(1)) = (X2(0) + (X ()X (1) + (X_ ()X (1)) + (X2(1))
T 2

_ (X2(0)e*") 4 (X1 (0)e”X_(0)e ) + (X _(0)e "X, (0)e™) + (X2 (0)e ")
B 2

_ 3 +0+0+ 172" _ cosh2yr
2 2

For Bob’s position, and for the momentum observable, the calculation is analogous.
Solution to Exercise[3.110] In the position basis, Hamiltonian becomes

N d d
H~—ihy | X4— +Xp—
IY{AdXB-F BdXA]’

so the Schrédinger equation (T.3T) takes the form

d d d
aq{uﬂ(XAaXB;t) =-v {XAde +XBdXA} W2 (X4, Xp,1). (83.110)

where ¥,» (X4, Xp) is given by Eq. (3.185a) with = yr. The validity of Eq. (S3.110)) is readily verified by way
of a direct calculation.
The proof for the wavefunction in the momentum basis is analogous.
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Solution to Exercise 3.111]

a) When Alice detects a particular position value X4, state |¥) collapses onto (X4| ¥) in Bob’s Hilbert space.
The wavefunction of this state is

Vs(Xg) = (Xp| (Xa| ¥)) = (Xa,Xp| ¥) = ¥(Xa, Xs),

which the same as the wavefunction of the original two-mode squeezed vacuum state. This wavefunction
should however be interpreted differently: now Xy is the specific value that has already been observed by
Alice while Xp is the argument of Bob’s wavefunction that has not yet been measured. Note that the above
wavefunction is unnormalized in Bob’s Hilbert space because it incorporates the probability for Alice to
detect a specific X4.

To find the position uncertainty, we rewrite this wavefunction as

y(Xp) = A exp [—MZXX +2v?Xa Xp — uzX,%] ,

where

, e e cosh2r , €” e ¥  sinh2r

U =— V= — — = .

4 4 2 4 4 2
Transforming this expression further, we obtain

4 4
v %
y(Xp) = N exp |:—M2X§ + ﬁXf . ;Xf +2v*XaXp — uzXé}

V2 2
—Lt2 <XB — 2XA>
u

While the first of the above exponentials is a constant factor (because Xy is constant), the second one is a
Gaussian function of Xp of width 1/u. By comparing it with the Gaussian in Ex. [3.25] we find

4
= AN exp [—uzXf + ;Xj} exp

1

b) The solution is analogous to part (a) and yields the same answer.

Solution to Exercise 3.112]

a) Letusset{ = \/%. Then the wavefunction will take the form

2
(X4 —Xp)?  _ (Xa+Xp)

Y2 (X4, Xp) = Ne e 42

where s = \/g . It is equivalent to the two-mode squeezed state wavefunction with s =e".

b) Since [£4 5, Pa g] = ih, we need Pip= %ﬁA,B in order to obtain [YA,B, ﬁA’B] = 1. Note that this transformation

is equivalent to Eq. (3.87) with { = %
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Solution to Exercise [3.113|

a) Decomposing operator [3.168] into the power series up to the first term and applying it to the vacuum state,

we find
$(r) 10y~ |1+ 5 (@2 =) |o>=|o>—é|z>. (S3.111)

The squared norm of this state is (Y| ) = 1+ r%/2, which is approximated by 1 in the first order in r.
The expectation values of the position and momentum in this state are

o= ((01- ﬂ)“f/g (10-512)
— (0= @) (= m+m-Zm)

=0;
= (o-50) % (- 5

—— (1= Zel) (=i -m+ 7 13)

=0.

The position uncertainty of this state is

o _ro )\ @ 4aat+ata+(a')? o
(x*) = (<0l \/§<2|> 5 (|0> \/2|2>>
1 r 3r 2r
=5 (0= Z51) (=r10+10) - S22 = 212y v212) - Voria) )
% (1-=2r);

_ ( 0|—7 2|> —d2+ddT—;de—(dT)2 <|0>_é2>>

3r 2r
5 (10~ \ﬂ) (034100 = 212) = 22 12) - v2[2) + Verla)

1
~ §(1+2r),

where we removed terms of higher than the first order in r.
These results are consistent with those expected from the calculation in the Heisenberg picture (Ex.[3.106).
Indeed, according to that calculation we expect in the first order of r:
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where we used the fact that the position and momentum uncertainties of the vacuum state are equal to %
b) Applying the two-oscillator squeezing operator (3.175) to the double vacuum sate, we find

SEUjKLO>:z[i+¢(—ﬁAaB—%dZagﬂ\O,O)z\OJD—+rH,1>. (S3.112)

The squared norm if this state is (y| ) = 1+ r2, which, again, approximates to 1 in the first order in r.
The expectation values of the observable X in this state are

aa +a) +ag +aj,
2
(0,04 r{1,11) (710, 1) +[1,0) + rv2[2,1) £ 7[1,0) &[0, 1) £ rv2[1,2))

(Xy) =

—~

(0,0 +r(1,1]) (10,0) +r[1,1))

S =

A similar expression for <Xi> would contain 64 terms, which is unwieldy. To simplify it, we notice that we
can obtain nonvanishing contributions only from those terms in X7 that keep number of photons in the two
oscillators equal. These terms are &A&;, &I\&A, &Bdg, &;dg, dadp = dpdy and &I‘dg = d;é;. Hence

Al +a%\aa + apal + ayag + 2a4dp £ 244y,

(X3)=((0,0]+r(1,1]) Z (10,0) + |1, 1)
1
= Z(<O,O|+r<1,1|)(|0,0>+2r\1,1>+r|1,1)+|O,0>+2r|1,1>+r\1,1):|:2r|0,0>:|:2|1,1>:|:4r|2,2>)
1
S (142r),

where we again removed terms of higher than the first order in r.
Similarly to part (a), these results are consistent with those expected from the Heisenberg picture. The
calculation for the momentum observable P. is analogous to the above.

Solution to Exercise 3.114

a) We calculate the required inner product using wavefunctions (3.116a) and (3.174h), remembering that « is
real:
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<a|§(r)|o>:/q/a(x)%q(x)dx (S3.113)
o2 7 (X — Xo )2 + X2
- /T / xp [_ 2 ]dX
~+oo
_e? X2(14¢€*) —2XXq + X2
=75 exp |— 5 dx
+oo X2 X3
B e'/? X2(1+e2’)*2XXa+@* HleJFng X
BV e 2
er/z lel2r +X(§ 1 “Fezr Xa 2
= exp te /exp - X — dx
Nz 2 2 1+e*
r/2 2 2r
@BI7 € exp Xy e 2r
VT 2 14e¥ |V 14e>

2r
Xo=02 , e [ 1
= — O _—
exp { 1+ ezr} coshr

b) Using the Fock decomposition (3.121)) of the coherent state we transform the previous result (S3.113) into

] & 5 o" 1 e

n=0
or
> o” 1 o2 e? —1
S 0 = —
n;()@‘ (1) N coshr P [ 2 1+e2’}
1 ,tanhr
= exp | —
coshr p 2

Now decomposing the right-hand side according to

o 2m m
,tanhr o tanhr
—a — | =
P { 2 ] mZ:() m { 2

we obtain

=

> [—tanhr]” a®"
[ an r] ‘j‘n—' (S3.114)

A o 1

$(r)|0) —= =

n;)<n| (r)| ) V! coshrmg’0 2
We can now argue that, because the above equation is valid for all values of ¢, each pair of terms of the
sums in the two sides corresponding to the same power n = 2M of & must be equal to each other. Therefore
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(2M| S(r)

o2m 1 —tanhr]™ a?m
m!

‘ 0> \2m coshr 2 m!

This result is equivalent to Eq. (3.190) because the single-mode squeezed state only contains terms with
even numbers of photons.

Solution to Exercise

a) Using the wavefunction (3.185ah) of the 2-mode squeezed vacuum state, we find

(o, 0] 85(r)| 0,0) (S3.115)

:// Vo (Xa) Vo (XB) Fsg2 (Xa, Xp)dXadXp

// [ (X4 —av2)? + (X5 — aV2)? + X2V 4 XFe ¥
=— exp

dX,dX;
) ]AB

1 /“/e . [ X2+ X2 —2v20(Xa + Xp) + 402 + X2 ¥ +X2e
T exn | =

dX4dX
2 oo

+oo _
1 // X2 +X2 —daX, +402 +X2e¥ + X272
| exp |-

2

] dX_dX,

2 2

X314 ) —dax, + L _4a
fexp —20] / / )— 2+ 1+ The  Tte? ax,

1
_ﬂexp{ 20 1+e2r]”1—|— 2r/
l 72r \/ \/
eXp 1_|_672r 1_|_le 1—|—€72r

2
o
1_~_le :| (e’—l—e* )2

-2 5] 1
=e :
Ty coshr

oo oo
1 X2 (14e* X2(14+e72) —daX
Eexp[—2a2} /exp [—M} dx_ /exp [— p(14e)—4a +] dx,

exp[

At some point during this transformation, we have changed the integration variables from (X,Xp) to
(X1,X_). The associated Jacobian is
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X, x| |1 1

_ | 9x4 0X _ 2 2 _

T=loxt oxt | =0 Y1 =1
JdXp JXp V2 V2

b) We now decompose the coherent states in the left-hand side into the Fock basis and recall that the only terms
that contribute to S>(r) |0,0) are those with equal number of quanta. The above result then becomes

=

2 —
e Y (n.n| $2(r)] 0,0) O:T" =exp [ 2 062] !

= 14 e2r coshr
or
L R a2n -1+ le 5
n;()<n,n‘s2(r)‘0,0>7:exp |:1+62r06 :|

= exp [ tanh ] o

¢) Decomposing the exponent in right-hand side of the above equation into the power series in @, we obtain
=) 1 =) 2n

R o o
y;)<n7n| Sz(r)| 070> T coshrn;0 n!

tanh" r.

We now set the terms with the same n equal to each other and obtain Eq. (3.192).



