
Appendix SA
Solutions to Appendix A exercises

Solution to Exercise A.1.

a) Yes. No. Yes. Yes. A field over itself is a linear space because all properties listed in Definition A.1 follow
from the properties of addition and multiplication of the field elements. R over C is not a linear space because
when you multiply a “vector” (real number) by a “scalar” (complex number) we may obtain a number that is
not real, i.e. no longer an element of the linear space. Finally, C over R is a linear space because addition of
complex numbers and multiplication of a complex number by a real number yields a complex number, which
proves that these operations are defined correctly. Their properties can be readily verified to be equivalent to
the axioms in Definition A.1.

b) Yes. Yes. No. Addition of two polynomials or their multiplication by a number (either real or complex) will
yield a polynomial of power that is not higher than the original ones. The set of polynomials of power > n
does not form a linear space, e.g. because it does not contain a zero element.

c) Yes. No. In the first case, the zero element is f (x) ≡ 0. The set of functions such that f (1) = 1 does not
contain this element.

d) Yes. A sum of two periodic functions with period T , or a product of such a function and a number is also a
periodic function with period T .

e) Yes. It is known from geometry that addition of vectors and multiplication of a vector by a number yields
a vector. The properties of these operations can be verified to satisfy the linear space axioms. Note that
because an N-dimensional vector can be defined by a column with N real numbers (the coordinates of the
vector), we can say that the linear space of N-dimensional geometric vectors is isomorphic (equivalent) to
the linear space of columns of N real numbers.

Solution to Exercise A.2.

a) Suppose there are two zero elements, |zero〉 and |zero′〉. Then, according to Axiom 3, we see that, on one

hand, |zero〉+ |zero′〉= |zero′〉 and on the other hand, |zero〉+ |zero′〉 Axiom 1
= |zero′〉+ |zero〉= |zero〉. There-

fore, |zero〉 and |zero′〉 are equal to the same element of V, thus they must be equal to each other.
b) Let us start with

|a〉+ |x〉= |a〉 (SA.1)

and add (−|a〉) to both sides of this equation. We can transform the left-hand side as follows:
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|a〉+ |x〉+(−|a〉) Axiom 1,2
= [|a〉+(−|a〉)]+ |x〉 Axiom 4

= |zero〉+ |x〉= |x〉 .

The right-hand side of Eq. (SA.1) is |a〉+(−|a〉) = |zero〉. The two sides are equal, i.e. |x〉= |zero〉.
c) |a〉+0 |a〉 Axiom 8

= 1 |a〉+0 |a〉 Axiom 6
= (1+0) |a〉= 1 |a〉= |a〉. It follows from Ex. A.2(b) that 0 |a〉= |zero〉.

d) (−1) |a〉+ |a〉 Axiom 6,8
= (−1+1) |a〉= 0 |a〉 Ex.A.2(c)

= 0

e) (−|zero〉)+ |zero〉 Axiom 4
= |zero〉. Using Ex. A.2(b) we see that −|zero〉= |zero〉

f) This is because (−|a〉) can be written as (−1) |a〉, and multiplication of a vector by a number yields a unique
vector.

g) Using Ex. A.2(d), we write −(−|a〉) = (−1)[(−1) |a〉] Axiom 7
= [(−1)(−1)] |a〉= 1 |a〉 Axiom 8

= |a〉.
h) If |a〉 = |b〉 then |a〉− |b〉 = |a〉− |a〉 = |a〉+(−|a〉) = 0. Conversely, if |a〉− |b〉 = 0 then, adding |b〉 to

both sides and using associativity, we find |a〉= |b〉.

Solution to Exercise A.3. Suppose one of the vectors (without loss of generality we assume it is |v1〉) can be
expressed as a linear combination of others: |v1〉= λ2 |v2〉+ . . .+λN |vN〉. Then the nontrivial linear combination
−|v1〉+λ2 |v2〉+ . . .+λN |vN〉 equals zero, i.e. the set is not linearly independent.

Conversely: suppose there exists a nontrivial linear combination λ1 |v1〉+ . . .+λN |vN〉 that is equal to zero.
One of the λ ’s (assume it is λ1) is not equal to zero. Then we can express |v1〉 = −(λ2/λ1) |v2〉 − . . .−
(λN/λ1) |vN〉.

Solution to Exercise A.4.

a) Two vectors ~v1 and ~v2 being parallel means that there exists a number λ such that ~v1 = λ~v2. But that also
means that one of the vectors can be expressed through the other, i.e. they are not linearly independent.
For the second part of the question, let us consider three vectors with coordinates~v1 = (x1,y1),~v2 = (x2,y2),
~v3 = (x3,y3). Their linear dependence means that, for example,~v1 = λ2 |v2〉+λ3~v3. This translates into a set
of equations

x1 = λ2x2 +λ3x3;
y1 = λ2y2 +λ3y3 (SA.2)

which we solve to obtain

λ2 =
x1y3− y1x3

x2y3− x3y2
;

λ3 =
x2y1− y2x1

x2y3− x3y2
, (SA.3)

meaning that the three vectors are linearly dependent. The above solution does not exist only if x2y3−x3y2 =
0, i.e. x2/y2 = x3/y3. The latter case means that~v2 and~v3 are parallel to each other, i.e. these two vectors are
not linearly independent.

b) The vectors being non-coplanar means that none of them is zero (because a zero vector can be ascribed to
any plane). Now let us consider any two of the three vectors,~v1 and~v2. These two vectors form a plane, and
any linear combination of theirs will lie within that plane. But the third vector,~v3, is known to lie outside of
that plane, and hence cannot be a linear combination of the first two.
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Solution to Exercise A.5. As shown in the solution to Exercise A.4(a), any two non-parallel vectors are sufficient
to express any other vector as their linear combination.

Solution to Exercise A.6. Suppose there exists a basis V = {|vi〉} in V containing N elements and another basis
W = {|wi〉} in V with M > N elements. Vector |w1〉 can be expressed through |v〉’s:

|w1〉= λ1 |v1〉+ . . .+λN |vN〉 . (SA.4)

One of the coefficients in this combination (without loss of generality we assume it is λ1) must be nonzero. Then
we can express |v1〉 through

{|w1〉 , |v2〉 , . . . , |vN〉}, (SA.5)

and therefore the above set spans V.
Next, |w2〉 can be expressed through the elements of this spanning set:

|w2〉= λ
′
1 |w1〉+λ

′
2 |v2〉+ . . .+λ

′
N |vN〉 . (SA.6)

At least one of the coefficients in front of |vi〉 must be nonzero, because otherwise set W would be linearly
dependent. Let this coefficient be λ2. Then we can express |v2〉 through

{|w1〉 , |w2〉 , |v3〉 , . . . , |vN〉}, (SA.7)

and hence this set is also spanning V.
We can repeat this procedure of replacing |v〉’s by |w〉’s and show that the set

{|w1〉 , |w2〉 , . . . , |wN〉}, (SA.8)

is also a spanning set. But then all |wi〉 with N < i ≤ M can be expressed as a linear combination of
|w1〉 , |w2〉 , . . . , |wN〉, which means that the set W is not linearly independent, i.e. is not a basis, which contradicts
our initial assumption.

Solution to Exercise A.7.

a) Let A = {|vi〉}N
i=1 be some basis in V. We need to prove that any linearly independent set of N = dimV

elements is a spanning set. Suppose this is not true, so there is another linearly independent set of N vectors
B = {

∣∣w j
〉
}N

j=1 not spanning V.
Consider all possible sets that contain all of the |w〉’s and some of the |v〉’s. Among these sets let us choose
one that has the largest number of elements, but is still linearly independent; denote it as C. Then all of the
|v〉’s that are not in C must be possible to express as a linear combination of the C elements. Indeed, if there
existed a |vm〉 that is linearly independent of |C〉, then |C〉∪|vm〉 would also be linearly independent, and this
contradicts our assumption about C.
Since all elements of A can be expressed through elements of C, so must be all elements of V because A is
a basis. Hence C is also a basis. But the number of elements in C is greater than N, which contradicts the
result of Ex. A.6.

b) Suppose there exists a set B = {|wi〉}N
i=1 of N vectors that spans V but not linearly independent: some of the

elements in this set can be expressed as a linear combination of others. Let us consider all possible subsets of
B, and choose among them such a subset that has the smallest number of elements, but is still a spanning set
in V; denote it as C. Then C must also be linearly independent, because if there existed an element in C that
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can be expressed through others, then it can be removed from C and C would remain a spanning set, which
contradicts our assumption about C. Hence C is also a basis. But the number of elements in C is smaller than
N, which contradicts the result of Ex. A.6.

Solution to Exercise A.8. Let {|wi〉}N
i=1 be the basis we are trying to decompose our vector |v〉 into. Suppose

that there is more than one decomposition, say

|v〉= λ1 |w1〉+ · · ·+λN |wN〉= µ1 |w1〉+ · · ·+µN |wN〉 (SA.9)

where λl 6= µl for at least one l. It follows that

0 = (λ1−µ1) |w1〉+ · · ·+(λN−µN) |wN〉 (SA.10)

where not all the coefficients on the right are equal to zero. The only way this can happen is if {|wi〉} is not
linearly independent, in other words, not a basis.

Solution to Exercise A.9.

|vk〉 '


0
...
1
...
0

← kth position (SA.11)

Solution to Exercise A.10. The ordered pair (x,y) can also be written as the 2-vector
(

x
y

)
and hence the

following holds:

(x,y)≡
(

x
y

)
= x
(

1
0

)
+ y
(

0
1

)
(SA.12)

This tells us that the pair (x,y) does indeed represent a decomposition into a basis consisting of unit vectors

along the x and y axes,
{

î =
(

1
0

)
, ĵ =

(
0
1

)}
.

Solution to Exercise A.11.

a) According to Exercise A.4(a), any two non-parallel vectors form a linearly independent set. Because the
space is two-dimensional, any linearly-independent set of two vectors must form a basis.

b) According to Exercise A.4(b), any three non-coplanar vectors form a linearly independent set. Because the
space is three-dimensional, any linearly-independent set of three vectors must form a basis.

Solution to Exercise A.12. Vectors~a and ~d are antiparallel, and hence linearly dependent. Pairs {~a,~c} and {~b, ~d}
are non-parallel, and hence bases according to Ex. A.11. The matrices of the given vectors in the {î, ĵ} basis are

~a'
(

2
0

)
; ~b' 1√

2

(
1
1

)
; ~c'

(
0
3

)
; ~d '

(
−1
0

)
.
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Accordingly, vector~b decomposes as~b =~a/(2
√

2)+~c/(3
√

2) in the {~a,~c} basis and simply as~b in the {~b, ~d}
basis.

Solution to Exercise A.13. Let subspace V′ consist of the first M elements of basis {|vi〉} with M < dimV. We
need to prove that, when we add two elements of V′ together or multiply an element of V′ by a number, the result
will be in V′ as well. And indeed, for any

|a〉=
M

∑
i=1

ai |vi〉 ∈ V′, |b〉=
M

∑
i=1

bi |vi〉 ∈ V′,

we have, using the commutativity of addition and the distributivity of scalar sums,

|a〉+ |b〉=
M

∑
i=1

(ai +bi) |vi〉

and, using the associativity of scalar multiplication,

λ |a〉=
M

∑
i=1

(λai) |vi〉 .

We see that both |a〉+ |b〉 and λ |a〉 are linear combinations of the first M elements of {|vi〉}, and hence they are
elements of V′.

Solution to Exercise A.14. We need to apply the definition of the geometric scalar product, ~a ·~b = xaxb + yayb,
to verify each of the inner product properties.

1. ~a ·(~b+~c) = xa(xb+xc)+ya(yb+yc) = xaxb+xaxc+yayb+yayc = (xaxb+yayb)+(xaxc+yayc) =~a ·~b+~a ·~c
2. ~a · (λ~b) = (xaλxb + yaλyb) = λ (xaxb + yayb) = λ~a ·~b
3. ~a ·~b = (xaxb + yayb) =~b ·~a (because this is a linear space over the field of real numbers, conjugation can be

omitted)
4. ~a ·~a = x2

a + y2
a is a real number greater or equal to zero. The only possibility for this number to be zero is to

have xa = ya = 0, i.e.~a = 0.

Solution to Exercise A.15. For |x〉 = ∑i λi |ai〉, we find, using Properties 1 and 2 of the inner product, 〈b| x〉 =
∑i 〈b|(λi |ai〉) = ∑i λi 〈b| ai〉. According to Property 3, and 〈x| b〉= 〈b| x〉∗ = ∑i λ ∗i 〈b| ai〉∗ = ∑i λ ∗i 〈ai| b〉.

Solution to Exercise A.16. We write, for arbitrary |b〉, zero = |b〉− |b〉 and thus, by Property 1, 〈a| zero〉 =
〈a| b〉−〈a| b〉= 0. Inner product 〈zero| a〉 is then also zero by Property 3.

Solution to Exercise A.17. Let {|vi〉}M
i=1 be a set of orthogonal vectors. Suppose these vectors are linearly

dependent, i.e. one of them (say |v1〉) can be written as a linear combination of others:

|v1〉=
N

∑
i=2

λi |vi〉 . (SA.13)

We take the inner product of both sides of Eq. (SA.13) with |v1〉. Using Property 1 of the inner product, we find
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〈v1| v1〉=
N

∑
i=2

λi 〈v1| vi〉 . (SA.14)

In the above equation, the left-hand side cannot be zero because of Property 4 of the inner product; the right-hand
side is zero due to the ortogonality of the set {|vi〉}. We arrive at a contradiction.

Solution to Exercise A.18. Let |ψ ′〉= eiφ |ψ〉. Then, using the result of Ex. A.15, we write〈
ψ
′∣∣ ψ

′〉 = (eiφ )∗
〈
ψ
∣∣ ψ
′〉= (e−iφ )(eiφ )〈ψ| ψ〉= 〈ψ| ψ〉 . (SA.15)

Solution to Exercise A.19. This immediately follows from Ex. A.7 and A.17.

Solution to Exercise A.20. Let {|vi〉}N
i=1 be an orthonormal basis for V. Then |a〉 = ∑i ai |vi〉 and |b〉 =

∑i bi |vi〉. Using the result of Ex. A.15, we write

〈a| b〉 = ∑
i, j

a∗jbi
〈
v j
∣∣ vi
〉

(A.3)
= ∑

i, j
a∗jbiδ ji

= ∑
i

a∗i bi.

Solution to Exercise A.21. We begin with the decomposition

|a〉= ∑
i

ai |vi〉 (SA.16)

where we have assumed that {|vi〉}N
i=1 is our basis. We take the inner product of both sides of Eq. (SA.16) with

an arbitrary basis element
∣∣v j
〉

and find, using the basis orthonormality,

〈
v j
∣∣ a
〉
=
〈
v j
∣∣(∑

i
ai |vi〉

)
= ∑

i
ai
〈
v j
∣∣ vi
〉
= ∑

i
aiδ ji = a j.

Solution to Exercise A.22.

a) There are two vectors in set {|w1〉 , |w2〉}. Because our Hilbert space is two-dimensional, and according to
Ex. A.19, it is enough to show that the set is orthonormal in order for it to be a basis. Using the rules for the
inner product (remember to apply the complex conjugation when necessary!), we find

〈w1| w1〉 =
1√
2
(〈v1| w1〉− i〈v2| w1〉)

=
〈v1| v1〉− i〈v2| v1〉+ i〈v1| v2〉− ii〈v2| v2〉

2

=
1+0+0+1

2
= 1.
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Similarly,

〈w1| w2〉=
〈v1| v1〉− i〈v2| v1〉− i〈v1| v2〉− i(−i)〈v2| v2〉

2
= 0,

and hence 〈w2| w1〉= 〈w1| w2〉∗ = 0. It remains to test 〈w2| w2〉.

〈w2| w2〉=
〈v1| v1〉+ i〈v2| v1〉− i〈v1| v2〉+ i(−i)〈v2| v2〉

2
= 1.

b) Using the definition A.7 of a matrix form of a vector, we find

|ψ〉 v-basis'
(

4
5

)
; |φ〉 v-basis'

(
−2
3i

)
.

To decompose vectors |ψ〉 and |φ〉 in basis {|w1〉 , |w2〉}, we find their inner products with the basis elements
using the matrix multiplication rule (A.5):

〈w1| ψ〉 =
1√
2

(
1 −i

)(4
5

)
=

1√
2
(4−5i);

〈w1| φ〉 =
1√
2

(
1 −i

)(−2
3i

)
=

1√
2

;

〈w2| ψ〉 =
1√
2

(
1 i
)(4

5

)
=

1√
2
(4+5i);

〈w2| φ〉 =
1√
2

(
1 i
)(−2

3i

)
=
−5√

2
,

so

ψ
w-basis' 1√

2

(
4−5i
4+5i

)
; φ

w-basis' 1√
2

(
1
−5

)
.

c) For the inner product, we have

〈ψ| φ〉 v-basis
=

(
4 5
)(−2

3i

)
=−8+15i;

〈ψ| φ〉 w-basis
=

1
2
(

4+5i 4−5i
)( 1
−5

)
=−8+15i.

Solution to Exercise A.23. We begin by noting that |a〉 being a normalized vector means 〈a| a〉 = 1. On the
other hand,

〈a| a〉 (A.4)
= ∑

i
a∗i ai = ∑

i
|ai|2,

which means that ∑i |ai|2 = 1.

Solution to Exercise A.24. We first notice that none of the vectors |vi〉 defined by Eq. (A.9) can be zero because
each of them is a nontrivial linear combination of linearly independent vectors |w1〉 , . . .

∣∣w j
〉
.
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Second, we need to verify that the vectors |vi〉 are orthogonal to each other. To this end, it is enough to show
that each vector |vk+1〉 is orthogonal to all

∣∣v j
〉

for j ≤ k. We proceed as follows:

〈
v j
∣∣ vk+1

〉
=
〈
v j
∣∣(N

[
|wk+1〉−

k

∑
i=1
〈vi| wk+1〉 |vi〉

])

= N

[〈
v j
∣∣ wk+1

〉
−

k

∑
i=1
〈vi| wk+1〉

〈
v j
∣∣ vi
〉]

= N

[〈
v j
∣∣ wk+1

〉
−

k

∑
i=1
〈vi| wk+1〉δ ji

]
= N

[〈
v j
∣∣ wk+1

〉
−
〈
v j
∣∣ wk+1

〉]
= 0,

hence the set {|vi〉} is orthogonal. It is also normalized and contains N = dimV elements. According to Ex. A.19,
such a set forms a basis in V.

Solution to Exercise A.25. Let us first choose an arbitrary orthonormal basis {|wi〉}N
i=1 such that |wN〉 = |ψ〉.

Then we define the following vectors: ∣∣∣ψ(1)
〉
=

√
m−1 |ψ〉− |w1〉√

m
;

|v1〉=
√

m−1 |w1〉+ |ψ〉√
m

.

It is straightforward to verify that these vectors are normalized and orthogonal to each other as well as
to |w2〉 , . . . , |wN−1〉, so the set {|v1〉 , |w2〉 , . . . , |wN−1〉 ,

∣∣∣ψ(1)
〉
} forms an orthonormal basis. We also have

〈v1| ψ〉= 1/
√

m and
〈

ψ(1)
∣∣∣ ψ

〉
=
√

m−1/m.
We repeat this procedure m−1 more times. Specifically, for each i we define∣∣∣ψ(i)

〉
=

√
m− i |ψ〉(i−1)−|wi〉√

m− i+1
;

|vi〉=
√

m− i |wi〉+ |ψ〉(i−1)
√

m− i+1

so that 〈vi| ψ〉 = 1/
√

m and
〈

ψ(i)
∣∣∣ ψ

〉
=
√

m− i/m. After the last step, we obtain orthonormal basis{
|v1〉 , . . . , |vm〉 , |wi+1〉 , . . . , |wN−1〉 ,

∣∣∣ψ(m)
〉}

with 〈vi| ψ〉 = 1/
√

m for all 1 ≤ i ≤ m, but 〈vi| ψ〉 = 0 for

all m+1≤ i≤ N−1 as well as
〈

ψ(m)
∣∣∣ ψ

〉
= 0. According to Ex. A.21, this means that |ψ〉= 1/

√
m∑

m
i=1 |vi〉.

Solution to Exercise A.26. To prove the Cauchy-Schwarz inequality, we first note that for any vectors |a〉 , |b〉
and complex scalar λ , the relationship

0≤ ‖|a〉−λ |b〉‖2 (SA.17)
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holds. Expanding out the norm, we see that

0 ≤ 〈a| a〉−λ 〈a| b〉−λ
∗ 〈b| a〉+ |λ |2 〈b| b〉

If |b〉= 0, the Cauchy-Schwarz inequality becomes trivial. Otherwise, we set λ = 〈b| a〉/〈b| b〉= 〈a| b〉∗ /〈b| b〉,
and the above inequality turns into the following:

0 ≤ 〈a| a〉− 〈a| b〉
∗ 〈a| b〉
〈b| b〉

− 〈b| a〉
∗ 〈b| a〉
〈b| b〉

+

∣∣∣∣ 〈b| a〉〈b| b〉

∣∣∣∣2 〈b| b〉
= 〈a| a〉−2

| 〈a| b〉 |2

〈b| b〉
+
| 〈a| b〉 |2

〈b| b〉

= 〈a| a〉− |〈a| b〉 |
2

〈b| b〉
,

from which we find
| 〈a| b〉 |2 ≤ 〈a| a〉〈b| b〉 . (SA.18)

Taking the square root of each side yields the required result

| 〈a| b〉 | ≤ ‖|a〉‖×‖|b〉‖. (SA.19)

The only case the Cauchy-Schwarz inequality can saturate is if inequality (SA.17) also saturates, which
can only happen is |a〉 = λ |b〉. Conversely, if |a〉 = λ |b〉 for any λ , then both | 〈a| b〉 |2 = |λ |2| 〈a| a〉 |2 and
〈a| a〉〈b| b〉= |λ |2| 〈a| a〉 |2, so the two sides of Eq. (SA.18) equal each other.

Solution to Exercise A.27. The triangle inequality is a direct consequence of the Cauchy-Schwarz inequality.
To see this, we start by taking the norm of the vector |a〉+ |b〉

‖ |a〉+ |b〉‖2 = 〈a| a〉+ 〈a| b〉+ 〈b| a〉+ 〈b| b〉
= ‖|a〉‖2 +‖|b〉‖2 + 〈a| b〉∗+ 〈a| b〉
= ‖|a〉‖2 +‖|b〉‖2 +2Re{〈a| b〉}
≤ ‖|a〉‖2 +‖|b〉‖2 +2| 〈a| b〉 | (since Re{z} ≤ |z|)
≤ ‖|a〉‖2 +‖|b〉‖2 +2‖|a〉‖×‖|b〉‖ (by Cauchy-Schwarz)

= (‖|a〉‖+‖|b〉‖)2 .

Taking the square root of both sides gives us the required result.

‖|a〉+ |b〉‖ ≤ ‖|a〉‖+‖|b〉‖. (SA.20)

Solution to Exercise A.28. To show that V† is a linear space, we must check the linear space axioms set out in
Definition A.1. Let |a〉, |b〉, |c〉 be arbitrary vectors in V† and λ , µ arbitrary scalars in F. We find:

1. Commutativity.
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〈a|+ 〈b| = Adjoint(|a〉+ |b〉) = Adjoint(|b〉+ |a〉) = 〈b|+ 〈a|

2. Associativity.

(〈a|+ 〈b|)+ 〈c| = Adjoint((|a〉+ |b〉)+ |c〉) = Adjoint(|a〉+(|b〉+ |c〉))
= 〈a|+(〈b|+ 〈c|).

3. Zero Element. Since

〈a|+ 〈zero| = Adjoint(|a〉+ |zero〉) = Adjoint(|a〉) = 〈a| ,

〈zero| is the zero element in V†.
4. Opposite element. We define −〈a| ≡ Adjoint(−|a〉) and verify that it is the opposite of 〈a|:

〈a|+(−〈a|) = Adjoint(|a〉+(−|a〉)) = Adjoint(|zero〉) = 〈zero| .

5. Vector Distributivity.

λ (〈a|+ 〈b|) = Adjoint(λ ∗(|a〉+ |b〉)) = Adjoint(λ ∗ |a〉+λ
∗ |b〉)

(A.12)
= λ 〈a|+λ 〈b|

6. Scalar Distributivity.

(λ +µ)〈a| = Adjoint((λ +µ)∗ |a〉) = Adjoint((λ ∗+µ
∗) |a〉)

= Adjoint(λ ∗ |a〉+µ
∗ |a〉) = λ 〈a|+µ 〈a|

7. Scalar Associativity.

λ (µ 〈a|) = Adjoint(λ ∗(µ∗ |a〉)) = Adjoint((λ ∗µ∗) |a〉)
= Adjoint((λ µ)∗ |a〉) = (λ µ)〈a|

8. Scalar Identity.

1 · 〈a| = Adjoint(1∗ · |a〉) = Adjoint(1 · |a〉) = Adjoint(|a〉) = 〈a|

Solution to Exercise A.29. Let {|vi〉} be a basis for V. To show that {〈vi|} is a basis for V†, we must show that
the set is linearly independent and spans the space.

Spanning. Let 〈x| ∈ V†. Then, correspondingly, |x〉 ∈ V, and since {|vi〉} is a basis,

|x〉= ∑
i

λ
∗
i |vi〉

for some set of λi ∈ F. Taking the adjoint of both sides gives
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〈x| = Adjoint(|x〉)

= Adjoint

(
∑

i
λi |vi〉

)
= ∑

i
λ
∗
i 〈vi|

and hence we see that 〈x| is expressible via the set {〈vi|}. In other words, this set spans V†.
Linear independence. Suppose the zero element 〈zero| can be expressed as a linear combination 〈zero| =

∑λi 〈vi|. This means that

Adjoint(|zero〉) = Adjoint

(
∑

i
λ
∗
i |vi〉

)
,

which, in turn, implies that
|zero〉= ∑

i
λ
∗
i |vi〉 ,

so the basis {|vi〉} of V is not linearly independent. We arrive at a contradiction.

Solution to Exercise A.30.
Adjoint(|v1〉+ i |v2〉)'

(
1 −i

)
.

Solution to Exercise A.31.

a) Â is linear since

Â(|a〉+ |b〉) = 0 = 0+0 = Â |a〉+ Â |b〉

and

Â(λ |a〉) = 0 = λ0 = λ Â |a〉

b) Â is linear since

Â(|a〉+ |b〉) = |a〉+ |b〉= Â |a〉+ Â |b〉

and

Â(λ |a〉) = λ |a〉= λ Â |a〉

c) Â is linear since

Â
((

x
y

)
+

(
x′

y′

))
= Â

(
x+ x′

y+ y′

)
=

(
x+ x′

−y− y′

)
=

((
x
−y

)
+

(
x′

−y′

))
= Â

(
x
y

)
+ Â

(
x′

y′

)
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and

Â
(

λ

(
x
y

))
= Â

(
λx
λy

)
=

(
λx
−λy

)
= λ

(
x
−y

)
= λ Â

(
x
y

)

d) Â is not linear. On the one hand we know that

Â
((

x
y

)
+

(
x′

y′

))
= Â

(
x+ x′

y+ y′

)
=

(
x+ x′+ y+ y′

(x+ x′)(y+ y′)

)
=

(
x+ x′+ y+ y′

xy+ x′y+ xy′+ x′y′

)
but on the other hand

Â
(

x
y

)
+ Â

(
x′

y′

)
=

(
x+ y

xy

)
+

(
x′+ y′

x′y′

)
=

(
x+ y+ x′+ y′

xy+ x′y′

)
We see that operator Â is not compliant with Defn. A.15, and hence is not linear.

e) Operator Â is not linear. We have

Â
(

0
0

)(
1
1

)
but

Â
[(

0
0

)
+

(
0
0

)]
= Â

(
0
0

)
+ Â

(
0
0

)
=

(
1
1

)
+

(
1
1

)
=

(
2
2

)
.

Since
(

0
0

)
+

(
0
0

)
=

(
0
0

)
, operator Â is not compliant with Defn. A.15.

f) This operator is linear. This is easiest to picture geometrically: taking a sum of vectors ~a and~b each rotated
by an angle φ is the same as first adding the vectors and equal and rotating the sum. Similarly, rotating then
scaling a vector is the same as scaling it then rotating it.

Solution to Exercise A.32.

a) Assuming Â and B̂ are linear and recalling the definition of operator addition, we test both linearity condi-
tions at once:

(Â+ B̂)(µa |a〉+µb |b〉)
(A.15)
= Â(µa |a〉+µb |b〉)+ B̂(µa |a〉+µb |b〉)

(A.14)
= Âµa |a〉+ Âµb |b〉+ B̂µa |a〉+ B̂µb |b〉
= µaÂ |a〉+µaB̂ |a〉+µbÂ |b〉+µbB̂ |b〉
= µa(Â+ B̂) |a〉+µb(Â+ B̂) |b〉
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Hence Â+ B̂ is linear.
Similarly, assuming that Â is linear and testing both linearity conditions on λ Â at once, we have

λ Â(µa |a〉+µb |b〉) = λ (µaÂ |a〉+µbÂ |b〉)
λ µaÂ |a〉+λ µbÂ |b〉

= µa(λ Â |a〉)+µb(λ Â |b〉)

Hence λ Â is linear.
b) We define the zero operator as the operator that maps every vector onto |zero〉. For every operator Â, we can

define the opposite, −Â, according to
(−Â) |a〉 ≡ −(Â |a〉). (SA.21)

Solution to Exercise A.33. Assuming Â and B̂ are linear and recalling the definition A.18 of operator multipli-
cation, we see by testing both linearity conditions at once that

(ÂB̂)(µa |a〉+µb |b〉) = Â(B̂(µa |a〉+µb |b〉))
(A.14)
= Â(µaB̂ |a〉+µbB̂ |b〉)

(A.14)
= µaÂ(B̂ |a〉)+µbÂ(B̂ |b〉)
= µa(ÂB̂) |a〉+µb(ÂB̂) |b〉).

Hence ÂB̂ is linear.

Solution to Exercise A.34. Consider vector (1,0). If we rotate it by π/2, we obtain (0,1), and a subsequent flip
around the horizontal axis results in (0,−1). If we perform these operations in the reverse order, the flip will
have no effect so the resulting vector is (0,1).

Solution to Exercise A.35. Let us act with operator Â(B̂Ĉ) on some vector â. According to Definition A.18, we
find

Â(B̂Ĉ) |a〉= Â[(B̂Ĉ) |a〉] = Â[B̂(Ĉ |a〉)]. (SA.22)

In other words, in order to implement the action of operator Â(B̂Ĉ), we must first apply operator Ĉ to vector |a〉,
then apply B̂ to the result, then apply Â to the result.

Now let us look at operator (ÂB̂)Ĉ. We have

(ÂB̂)Ĉ |a〉= (ÂB̂)(Ĉ |a〉) = Â[B̂(Ĉ |a〉)]. (SA.23)

We see that operators Â(B̂Ĉ) and (ÂB̂)Ĉ map any vector in the same way, i.e. they are equal to each other.

Solution to Exercise A.36. In any basis {|vi〉}, we have the relation 1̂ |v〉 j = |v〉 j. Reconciling it with Eq. (A.19),
we find that the matrix of the identity operator is just the identity matrix:

1̂'


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1





S192 SA Solutions to Appendix A exercises

Solution to Exercise A.37. Relation (A.19) in the matrix form is

Â
∣∣v j
〉
'

 A1 j
...

AN j


Solution to Exercise A.38. Combining Eqs. (A.18) and (A.19), we find

Â |a〉 = Â

(
∑

j
a j
∣∣v j
〉)

= ∑
j

Ai ja j |vi〉 ,

which means that the ith element of the decomposition of vector Â |a〉 into our operating basis is ∑ j Ai ja j. This
is in agreement with Eq. (A.20).

Solution to Exercise A.39.

a) Let Ci j be the matrix of operator Ĉ = Â+ B̂. Then, according to the definition A.19 of the operator matrix,
we should have

Ĉ
∣∣v j
〉
= ∑

i
Ci j |vi〉 . (SA.24)

On the other hand,

(Â+ B̂)
∣∣v j
〉
= Â

∣∣v j
〉
+ B̂

∣∣v j
〉 (A.19)

= ∑
i

Ai j |vi〉+∑
i

Ai j |vi〉= ∑
i
(Ai j +Bi j) |vi〉

Comparing these results, we see that Ci j = Ai j +Bi j, so the matrix of Â+ B̂ is the sum of the matrices of the
component operators.

b) Similarly,

(λ Â)
∣∣v j
〉
= λ Â

∣∣v j
〉 (A.19)

= λ ∑
i

Ai j |vi〉= ∑
i
(λAi j) |vi〉 .

We see that the (i, j)th element of the matrix associated with operator λ Â is λAi j.
c) Let Ĉ = ÂB̂. According to Ex. A.19, we have B̂

∣∣v j
〉
= ∑k Bk j |vk〉. Therefore

Ĉ
∣∣v j
〉 (A.19)

= Â

(
∑
k

Bk j |vk〉
)

= ∑
k

Bk jÂ |vk〉)

(A.19)
= ∑

k
Bk j ∑

i
Aik |vi〉

= ∑
i

(
∑
k

AikBk j

)
|vi〉 .
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Comparing this with Eq. (SA.24), we find that

Ci j = ∑
k

AikBk j,

which corresponds to the standard row-times-column rule for the matrix multiplication.

Solution to Exercise A.40. Taking the inner product of both sides of Eq. (A.19) with 〈vk|, we have〈
vk
∣∣ Â
∣∣ v j
〉
= ∑

i
Ai j 〈vk| vi〉= ∑

i
Ai jδik = Ak j.

Solution to Exercise A.41. We first find the matrix representation of R̂θ . For our calculation we use the standard
basis of R2, {î, ĵ}, the unit vectors along the x- and y-axes, which are orthonormal under the standard dot product.
The effect of rotating î by angle θ is a new unit vector forming angle θ with the x-axis: R̂θ î = cosθ î+ sinθ ĵ.
Similarly, R̂θ ĵ =−sinθ î+ cosθ ĵ.

It remains to find the matrix elements of Rθ . We do so using Eq. (A.21).

Rθ xx = î · (R̂θ î) = î · (cosθ î+ sinθ ĵ)

= cosθ î · î+ sinθ î · ĵ = cosθ ;
Rθ xy = î · (R̂θ ĵ) = î · (−sinθ î+ cosθ ĵ)

= −sinθ î · î+ cosθ î · ĵ =−sinθ ;
Rθ yx = ĵ · (R̂θ î) = ĵ · (cosθ î+ sinθ ĵ)

= cosθ ĵ · î+ sinθ ĵ · ĵ = sinθ ;
Rθ yy = ĵ · (R̂θ ĵ) = ĵ · (−sinθ î+ cosθ ĵ)

= −sinθ ĵ · î+ cosθ ĵ · ĵ = cosθ ,

and hence

R̂θ '
(

Rθ xx Rθ xy
Rθ yx Rθ yy

)
=

(
cosθ −sinθ

sinθ cosθ

)
. (SA.25)

Similarly,

R̂φ '
(

cosφ −sinφ

sinφ cosφ

)
(SA.26)

Using the rules of matrix multiplication, we find

R̂φ R̂θ '
(

cosφ −sinφ

sinφ cosφ

)(
cosθ −sinθ

sinθ cosθ

)
=

(
cosφ cosθ − sinφ sinθ −cosφ sinθ − sinφ cosθ

sinφ cosθ + cosφ sinθ −sinφ sinθ + cosφ cosθ

)
=

(
cos(φ +θ) −sin(φ +θ)
sin(φ +θ) cos(φ +θ)

)
.
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As expected, the matrix of R̂φ R̂θ is identical to that of the rotation by angle θ +φ .

Solution to Exercise A.42. A basis in the space of linear operators is formed by N2 operators |vi〉
〈
v j
∣∣, where

{|vi〉} is any orthonormal basis in V. The fact that this set is spanning follows from Ex. A.46. To show linear
independence, suppose that there exist a pair (k, l) such that

|vk〉〈vl |= ∑
i, j

λi, j |vi〉
〈
v j
∣∣ ,

with either i 6= k or j 6= l for each element of the sum in the right-hand side. Let us sandwich the operators in the
left- and right-hand sides of the above equation by 〈vk| and |vl〉. We then have

〈vk| vk〉〈vl | vl〉= ∑
i, j

λi, j 〈vk| vi〉
〈
v j
∣∣ vl
〉
.

The left-hand side of this expression is 1, but the right-hand side is zero because {|vi〉} is orthonormal and hence
〈vk| vi〉= 0 when i 6= k and

〈
v j
∣∣ vl
〉
= 0 when j 6= l. We have arrived at a contradiction.

To visualize this argument, we can remember that each operator is represented by an N×N square matrix.
Treating these matrices as ordered sets of N2 numbers, we can see that they form a linear space. A basis in this
space is a set of N2 matrices where all the elements are zero except the element in the ith row and jth column,
which is one. Each such matrix corresponds to the operator |vi〉

〈
v j
∣∣.

Solution to Exercise A.43. We test both linearity properties at once. Let |x〉 , |y〉 ∈ V and λ ,µ ∈ F. Then

|a〉〈b|(λ |x〉+µ |y〉) = 〈b|(λ |x〉+µ |y〉) |a〉
= (λ 〈b| x〉+µ 〈b| y〉) |a〉
= λ (〈b| x〉 |a〉)+µ(〈b| y〉 |a〉)
= λ (|a〉〈b|) |x〉+µ(|a〉〈b|) |y〉

hence |a〉〈b| is linear.

Solution to Exercise A.44. This follows from Definition A.20 of the outer product operator:

〈a|(|b〉〈c|) |d〉= 〈a|(〈c| d〉 |b〉) = (〈a| b〉)(〈c| d〉).

Solution to Exercise A.45. Let {|vi〉} be the orthonormal basis in which we seek to find the matrix. Then the
(i, j)th matrix element equals, according to Eq. (A.21)

〈vi|(|a〉〈b|)
∣∣v j
〉 Ex. A.44

= 〈vi| a〉
〈
b
∣∣ v j
〉 (A.6)

= aib∗j .

Solution to Exercise A.46. The matrix of the operator in the right-hand side of Eq. (A.24),
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〈vk|
(

∑
i, j

Ai j |vi〉
〈
v j
∣∣) |vl〉= ∑

i, j
Ai j 〈vk| vi〉

〈
v j
∣∣ vl
〉
= ∑

i, j
Ai jδkiδ jl = Akl ,

equals the matrix of the operator Â.

Solution to Exercise A.47. Let us define B̂≡ ∑
i
|wi〉〈vi| and show that B̂ = Â. We notice that, for any m,

B̂ |vm〉
(A.22)
= ∑

i
|wi〉〈vi| vm〉= ∑

i
|wi〉δim = |wm〉 ,

so B̂ |vm〉 = Â |vm〉 for all elements of basis |vm〉. The fact that the two operators map all elements of a basis
identically means that they in fact map all vectors identically, i.e. they are identical.

Solution to Exercise A.48. Referring to Ex. A.46, we have

(
1 −3i
3i 4

)
' 1 |H〉〈H|+(−3i) |H〉〈V |+3i |V 〉〈H|+4 |V 〉〈V |

Solution to Exercise A.49. Using Eq. (A.25), we write

Â = |w1〉〈u1|+ |w2〉〈u2|

=
√

2 |v1〉
〈v1|+ 〈v2|√

2
+
√

2(|v1〉+3i |v2〉)
〈v1|− 〈v2|√

2
= 2 |v1〉〈v1|+3i |v2〉〈v1|−3i |v2〉〈v2|
(A.24)
'

(
2 0
3i −3i

)
.

Solution to Exercise A.50.

1̂ (A.24)
= ∑

i, j
〈vi| 1̂

∣∣v j
〉
|vi〉
〈
v j
∣∣

= ∑
i, j

〈
vi
∣∣ v j
〉
|vi〉
〈
v j
∣∣

= ∑
i, j

δi j |vi〉
〈
v j
∣∣

= ∑
i
|vi〉〈vi| .

Solution to Exercise A.51.

a) It follows from Eqs. A.28 that



S196 SA Solutions to Appendix A exercises

|v1〉=
1√
2
(|w1〉+ |w2〉);

|v2〉=
1

i
√

2
(|w1〉− |w2〉).

Using the expansion of Â we found in Ex. A.48, we substitute

Â = 1 |v1〉〈v1|−3i |v1〉〈v2|+3i |v2〉〈v1|+4 |v2〉〈v2|

= 1
(
|w1〉+ |w2〉√

2

)(
〈w1|+ 〈w2|√

2

)
−3i

(
|w1〉+ |w2〉√

2

)(
〈w1|− 〈w2|
−
√

2i

)
+3i

(
|w1〉− |w2〉√

2i

)(
〈w1|+ 〈w2|√

2

)
+4
(
|w1〉− |w2〉√

2i

)(
〈w1|− 〈w2|
−
√

2i

)
=

1
2
(|w1〉〈w1|+ |w1〉〈w2|+ |w2〉〈w1|+ |w2〉〈w2|)

+
3
2
(|w1〉〈w1|− |w1〉〈w2|+ |w2〉〈w1|− |w2〉〈w2|)

+
3
2
(|w1〉〈w1|+ |w1〉〈w2|− |w2〉〈w1|− |w2〉〈w2|)

+
4
2
(|w1〉〈w1|− |w1〉〈w2|− |w2〉〈w1|+ |w2〉〈w2|)

=
11
2
|w1〉〈w1|−

3
2
|w1〉〈w2|−

3
2
|w2〉〈w1|+

1
2
|w2〉〈w2|

and hence

Â
w-basis' 1

2

(
11 −3
−3 −1

)
.

b) Using the second method, we must first find the inner product matrices.

〈v1| w1〉 '
(

1 0
) 1√

2

(
1
i

)
=

1√
2

〈v1| w2〉 '
(

1 0
) 1√

2

(
1
−i

)
=

1√
2

〈v2| w1〉 '
(

0 1
) 1√

2

(
1
i

)
=

i√
2

〈v2| w2〉 '
(

0 1
) 1√

2

(
1
i

)
=
−i√

2

Now we can apply Eq. (A.27) to write
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w1
∣∣ Â
∣∣ w1

〉
= 〈w1| v1〉

〈
v1
∣∣ Â
∣∣ v1
〉
〈v1| w1〉+ 〈w1| v1〉

〈
v1
∣∣ Â
∣∣ v2
〉
〈v2| w1〉

+ 〈w1| v2〉
〈
v2
∣∣ Â
∣∣ v1
〉
〈v1| w1〉+ 〈w1| v2〉

〈
v2
∣∣ Â
∣∣ v2
〉
〈v2| w1〉

=
1√
2

1
1√
2
+

1√
2
(−3i)

i√
2
+
−i√

2
(3i)

1√
2
+
−i√

2
4

i√
2
=

11
2

;〈
w1
∣∣ Â
∣∣ w2

〉
= 〈w1| v1〉

〈
v1
∣∣ Â
∣∣ v1
〉
〈v1| w2〉+ 〈w1| v1〉

〈
v1
∣∣ Â
∣∣ v2
〉
〈v2| w2〉

+ 〈w1| v2〉
〈
v2
∣∣ Â
∣∣ v1
〉
〈v1| w2〉+ 〈w1| v2〉

〈
v2
∣∣ Â
∣∣ v2
〉
〈v2| w2〉

=
1√
2

1
1√
2
+

1√
2
(−3i)

−i√
2
+
−i√

2
(3i)

1√
2
+
−i√

2
4
−i√

2
=
−3
2

;〈
w2
∣∣ Â
∣∣ w1

〉
= 〈w2| v1〉

〈
v1
∣∣ Â
∣∣ v1
〉
〈v1| w1〉+ 〈w2| v1〉

〈
v1
∣∣ Â
∣∣ v2
〉
〈v2| w1〉

+ 〈w2| v2〉
〈
v2
∣∣ Â
∣∣ v1
〉
〈v1| w1〉+ 〈w2| v2〉

〈
v2
∣∣ Â
∣∣ v2
〉
〈v2| w1〉

=
1√
2

1
1√
2
+

1√
2
(−3i)

i√
2
+

i√
2
(3i)

1√
2
+

i√
2

4
i√
2
=
−3
2

;〈
w2
∣∣ Â
∣∣ w2

〉
= 〈w2| v1〉

〈
v1
∣∣ Â
∣∣ v1
〉
〈v1| w2〉+ 〈w2| v1〉

〈
v1
∣∣ Â
∣∣ v2
〉
〈v2| w2〉

+ 〈w2| v2〉
〈
v2
∣∣ Â
∣∣ v1
〉
〈v1| w2〉+ 〈w2| v2〉

〈
v2
∣∣ Â
∣∣ v2
〉
〈v2| w2〉

=
1√
2

1
1√
2
+

1√
2
(−3i)

−i√
2
+

i√
2
(3i)

1√
2
+

i√
2

4
−i√

2
=
−1
2

.

This calculation can be abbreviated if we write the last line of Eq. (A.27) as a product of matrices with

〈wi| vk〉=
1√
2

(
1 −i
1 i

)
;
〈
vm
∣∣ w j

〉
=

1√
2

(
1 1
i −i

)
and hence

Âw-basis '
1√
2

(
1 −i
1 i

)(
1 −3i
3i 4

)
1√
2

(
1 1
i −i

)
=

1
2

(
1 −i
1 i

)(
4 −2
7i −i

)
=

1
2

(
11 −3
−3 −1

)
.

Solution to Exercise A.52.

a) Utilizing Eq. (A.29), we write

(λ 〈b|+µ 〈c|)Â = ∑
i j
(λbi +µci)

∗Ai j
〈
v j
∣∣

= λ ∑
i j

b∗i Ai j
〈
v j
∣∣+µ ∑

i j
c∗i Ai j

〈
v j
∣∣

= λ 〈b| Â+µ 〈c| Â,

which implies linear mapping according to Defn. A.15.
b) We know from Ex. A.45 that the matrix of the outer product operator |b〉〈c| is 〈vi| b〉

〈
c
∣∣ v j
〉
= bic∗j . Now

using Eq. (A.29), we find
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〈a|(|b〉〈c|) = ∑
i j

a∗i bic∗j
〈
v j
∣∣ .

This is the same as

〈a| b〉〈c|=

(
∑

i
a∗i bi

)(
∑

j
c∗j
〈
v j
∣∣) .

c) We implement the proof in the matrix form. For the left-hand side of Eq. (A.30), we find

(
〈a| Â

)
|c〉 '

(
∑
i

a∗i Ai1 . . . ∑
i

a∗i AiN
) c1

...
cN

= ∑
ik

Aika∗i ck,

and for the right hand side,

〈a|
(
Â |c〉

)
'
(

a∗1 . . . a∗N
)


∑
k

A1kck

...
∑
k

ANkck

= ∑
ik

Aika∗i ck,

i.e. the same expression.
d) According to the result of part (c), the inner product of 〈a| Â with any arbitrary vector |c〉 equals 〈a|

(
Â |c〉

)
,

i.e. is independent of the basis {|vi〉} used in Eq. (A.29). This means that 〈a| Â itself is basis-independent,
too.

Solution to Exercise A.53. The matrix of operator Â is found from Eq. (A.21) as Ai j = 〈vi| Â
∣∣v j
〉
. If we denote

|b〉= Â
∣∣v j
〉
, it follows from the definition of the adjoint operator that 〈b|=

〈
v j
∣∣ Â†. Therefore,

Ai j = 〈vi| Â
∣∣v j
〉
= 〈vi| b〉= 〈b| vi〉∗ =

〈
v j
∣∣ Â† |vi〉∗ = (A†)∗ji,

where (A†) ji is the martix element of the operator Â† in the jth row, ith column. We see that the matrix of
Â† obtains from the matrix of Â by exchanging the row and column numbers (i.e. transposition) and complex
conjugation.

Solution to Exercise A.54. Double transposition of a matrix, combined with a double complex conjugation of
each of its elements, will produce the same matrix.

Solution to Exercise A.55. Transposing and conjugating each of the matrices (1.7) will produce the same matrix.
According to Ex. A.53, this indicates that the corresponding Pauli operators are Hermitian.

Solution to Exercise A.56. For a simple counterexample, we will use the σ̂z and σ̂y operators, which are both
Hermitian:

σ̂zσ̂y '
(

1 0
0 −1

)(
0 −i
i 0

)
=

(
0 −i
−i 0

)
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The resulting matrix is not Hermitian: (
0 −i
−i 0

)†

=

(
0 i
i 0

)
.

Solution to Exercise A.57. According to Ex. A.45, the matrices of the outer product operators |b〉〈c| and |c〉〈b|
are, respectively is 〈vi| b〉

〈
c
∣∣ v j
〉
= bic∗j and 〈vi| c〉

〈
b
∣∣ v j
〉
= b∗jci. These matrices are transpose and conjugate to

each other.

Solution to Exercise A.58.

a) Let Ĉ = Â+ B̂. Then for the matrix of Ĉ† we have

(C†)i j =C∗ji = A∗ji +B∗ji = (A†)i j +(B†)i j,

where (A†)i j and (B†)i j are the matrices of operators Â† and B̂†, respectively.
b) Similarly, for the matrix of Ĉ† = (λ Â)†,

(C†)i j =C∗ji = λ
∗A∗ji = λ

∗(A†)i j.

c) The matrix of of the operator ÂB̂ is the product of the individual matrices [see Ex. A.39(c)]:

(AB)i j = ∑
k

AikBk j.

For the adjoint matrix, we have [
(AB)†]

i j = (AB)∗ji = ∑
k

A∗jkB∗ki. (SA.27)

On the other hand, the matrix product of B̂† and Â† equals

(B†A†)i j = ∑
k
(B†)ik(A†)k j = ∑

k
B∗kiA

∗
jk,

which is the same as (SA.27).

Solution to Exercise A.59. Let Â |ψ〉= |χ〉. Then 〈ψ| Â† = 〈χ| and thus

〈ψ| Â† |φ〉∗ = 〈χ| φ〉∗ = 〈φ | χ〉= 〈φ | Â |ψ〉 .

One can also obtain this result by arguing that the objects 〈ψ| Â† |φ〉 and 〈φ | Â |ψ〉 are adjoint to each other
because they are related by reversing the order and replacing the operator by its adjoint. Because these two
objects are adjoint to each other and are numbers, they must be complex conjugate with respect to each other.

Solution to Exercise A.60. Let us look for the eigenvalues and eigenvectors of this matrix such that Â |v〉= v |v〉,
or (

Â− v1̂
)
|v〉= 0. (SA.28)
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This equation can be satisfied for a nonzero |v〉 only if the determinant of the matrix in the left-hand side vanishes:∣∣Â− v1̂
∣∣= 0 (SA.29)

Equation (SA.29) is called the characteristic equation for matrix Â.
According to the fundamental theorem of algebra, this equation has at least one root, so Â has at least one

eigenvalue v1 and a corresponding eigenvector |v1〉:

Â |v1〉= v1 |v1〉 .

We first notice that because Â is Hermitian,

〈v1| Â |v1〉= 〈v1| Â |v1〉∗

according to Eq. (A.37), so the quantity

〈v1| Â |v1〉= v1 〈v1| v1〉= v1

is real.
We proceed by selecting vectors |v2〉 , . . . , |vN〉 such that, with the addition of the previously found eigenvector

|v1〉, they form an orthonormal basis in our Hilbert space V. Because the basis is orthonormal, we find for the
first column of the matrix of Â in this basis

Ai1 = 〈vi| Â |v1〉= v1 〈vi| v1〉= 0, i 6= 1. (SA.30a)

The first row of this matrix has the same property because Â is Hermitian:

A1i = A∗i1 = 0, i 6= 1, (SA.30b)

We conclude that the matrix of Â in the basis {|vi〉} has the form

Â'



v1 0 · · · 0

0

... Â1

0


,

where Â1 is an (N − 1)× (N − 1) matrix. Because of the relations (SA.30), the operator associated with this
matrix maps the subspace V1 ⊂ V spanned by the set {|v2〉 , . . . , |vN〉} onto itself. The above argument can thus
be repeated for the operator Â1 in V1 to obtain a basis {|v′2〉 , . . . , |v′N〉} in which |v′2〉 is an eigenvector of Â1, and
at the same time an eigenvector of Â. In the basis {|v1〉 , |v′2〉 , . . . , |v′N〉} this operator takes the form
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Â'



v1 0 0 · · · 0

0 v′2 0 · · · 0

0 0

...
... Â2

0 0


.

Repeating this procedure additional N−2 times, we fully diagonalize Â and find a set of eigenvectors {|vi〉} that
forms an orthonormal basis.

Solution to Exercise A.61. By comparing Eq. (A.38) with Eq. (A.24), we find

V̂ '


v1 0 0 . 0
0 v2 0 . 0
. . . . .
0 0 0 . vN

 . (SA.31)

Solution to Exercise A.62. Using the definition provided by Eq. (A.38), we write out the expression for the
operator V̂ acting on one of the elements of its eigenbasis

V̂
∣∣v j
〉
=

(
∑

i
vi |vi〉〈vi|

)∣∣v j
〉 (A.22)

= ∑
i

vi |vi〉
〈
vi
∣∣ v j
〉
= ∑

i
vi |vi〉δi j = v j

∣∣v j
〉
. (SA.32)

Solution to Exercise A.64.
The matrix representation for the rotation operator in R2 is (Ex. A.41)

R̂φ '
(

cosφ −sinφ

sinφ cosφ

)
(SA.33)

By transposing this matrix we find that it is not Hermitian. To find its eigenvalues, we write the characteristic
equation:

∣∣R̂φ − v1̂
∣∣ = ∣∣∣∣ cosφ − v −sinφ

sinφ cosφ − v

∣∣∣∣
= cos2

φ −2vcosφ + v2 + sin2
φ

= v2−2vcosφ +1 = 0. (SA.34)

Thus, our eigenvalues are

v1,2 = cosφ ±
√

cos2 φ −1

= cosφ ± isinφ = e±iφ (SA.35)
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The eigenvalues are complex; therefore, unless φ = 0 or φ = π , the matrix R̂φ has no eigenvectors in the two-
dimensional geometric space R2. This is not surprising: when we rotate a vector by an angle other than 0 or π ,
we will not produce a collinear vector. However, if we consider this matrix in the linear space C2 over the field
of complex numbers, it has two eigenvalues v1,2 and two corresponding eigenvectors, which we find in the next
step.

We begin with the eigenvalue v1 = eiφ = cosφ + isinφ . Equation (R̂φ − v1̂) |v〉= 0 then becomes(
−isinφ −sinφ

sinφ −isinφ

)(
α

β

)
=

(
0
0

)
,

or
iα sinφ +β sinφ = 0.

Solving this equation with the normalization condition α2 +β 2 = 1 we determine the eigenvector

|v1〉 '
1√
2

(
1
−i

)
. (SA.36)

Similarly, for the v2 = e−iφ eigenvalue:

|v/2〉 '
1√
2

(
1
i

)
. (SA.37)

This result can be illustrated in terms of the polarization vector (Appendix C): the circularly polarized state
(i.e. such that the trajectory of the tip of the electric field vector is a circle) remains circularly polarized when the
reference frame is rotated.

Solution to Exercise A.66. Let V̂ = ∑i vi |vi〉〈vi| be the spectral decomposition of operator V̂ . Let us decompose
vector |ψ〉 into the eigenbasis of V̂ : |ψ〉= ∑i ψi |vi〉. Then

V̂ |ψ〉= ∑
i

ψiV̂ |vi〉= ∑
i

ψivi |vi〉 .

Since |ψ〉 is an eigenvector of V̂ , we also have

V̂ |ψ〉= v |ψ〉= ∑
i

vψi |vi〉 .

But a vector can be decomposed into the same basis in only one way, so vψi = viψi for all i. Hence vi = v
whenever ψi 6= 0, so the only nonzero coefficients in the decomposition of |ψ〉 are for those basis elements for
which V̂ |vi〉= v |vi〉.

Solution to Exercise A.67.

a) Suppose there are two eigenbases, {|vi〉} and {|wi〉}. According to Ex. A.66, each of the |wi〉’s must be
proportional to one of the |vi〉’s. Because both bases are normalized orthogonal sets, they must be identical
to each other up to phase factors.

b) Similarly, each of the elements of the set must be proportional to one of the eigenbasis elements. Because
the set is normalized and linearly independent, it must then be identical to the eigenbasis.
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Solution to Exercise A.68. By definition, every vector is an eigenvector of the identity operator with eigenvalue
1. This also means that any basis is an eigenbasis of that operator: for example, the canonical and diagonal bases.

Solution to Exercise A.69. Let vectors |v〉 and |w〉 be eigenvectors of operator V̂ with eigenvalues v and w, re-
spectively. Suppose the spectral decomposition of V̂ has basis elements |v1〉 , |v2〉 , . . . associated with eigenvalue
v and basis elements |w1〉 , |w2〉 , . . . with eigenvalue w. Then we can decompose, according to Ex. A.66,

|v〉= ∑
i

vi |vi〉 ;

|w〉= ∑
j

w j
∣∣w j
〉
.

Because the spectral decomposition produces an orthonormal basis, all |vi〉’s and |wi〉’s are mutually orthogonal.
Therefore

〈v| w〉= ∑
i, j

v∗i w j
〈
vi
∣∣ w j

〉
= 0.

Solution to Exercise A.70. We need to show that any linear combination of eigenstates of V̂ with a given
eigenvalue v is also an eigenstate of V̂ with the same eigenvalue. This follows from the definition A.15 of a
linear operator. Indeed, for any two eigenvectors |v1〉 and |v2〉 of V̂ with eigenvalue v, we have

V̂ (a1 |v1〉+a2 |v2〉) = a1V̂ |v1〉+a2V̂ |v2〉
= a1v |v1〉+a2v |v2〉
= v(a1 |v1〉+a2 |v2〉).

Solution to Exercise A.71.

a) Let Ĉ = Â− B̂. The condition
〈
ψ
∣∣ Â
∣∣ ψ
〉
=
〈
ψ
∣∣ B̂
∣∣ ψ
〉

is equivalent to〈
ψ
∣∣ Ĉ
∣∣ ψ
〉
= 0 (SA.38)

for all |ψ〉. Suppose Ĉ 6= 0 — that is, there exists vector |a〉 such that Ĉ |a〉 6= 0. Let us denote |b〉 = Ĉ |a〉
and |c〉= Ĉ |b〉. It follows from Eq. (SA.38) that 〈a| b〉= 0 and 〈b| c〉= 0.
The linearity of operator Ĉ implies that

Ĉ(|a〉+ |b〉) = |b〉+ |c〉 .

Taking the inner product of both sides of this equation with |a〉+ |b〉 and using Eq. (SA.38) as well as
〈a| b〉= 〈b| c〉= 0, we have 〈a| c〉+ 〈b| b〉= 0.
On the other hand, we also have

Ĉ(|a〉+ i |b〉) = |b〉+ i |c〉 .

Taking the inner product of both sides of this equation with |a〉+ i |b〉, we find 〈a| c〉−〈b| b〉= 0, so 〈b| b〉
is equal to 〈c| a〉 and −〈c| a〉 at the same time. This can only happen when |b〉 = 0, which contradicts our
assumption.
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b) Using Eq. (A.37), we have
〈
ψ
∣∣ Â
∣∣ ψ
〉
=
〈
ψ
∣∣ Â†

∣∣ ψ
〉∗

for all |ψ〉. Since
〈
ψ
∣∣ Â
∣∣ ψ
〉

is known to be real, this
means

〈
ψ
∣∣ Â
∣∣ ψ
〉
=
〈
ψ
∣∣ Â†

∣∣ ψ
〉
, leading to Â = Â† according to part (a).

Solution to Exercise A.72.

• Suppose all eigenvalues in the spectral decomposition Â = ∑i vi |vi〉〈vi| are positive (non-negative). We can
decompose any arbitrary nonzero vector |ψ〉 into Â’s eigenbasis: |ψ〉= ∑i ψi |vi〉. Then we have

〈
ψ
∣∣ Â
∣∣ ψ
〉
=

(
∑

i
ψ
∗
i 〈vi|

)(
∑

j
v jψ j

∣∣v j
〉)

= ∑
i
|ψi|2vi.

Because |ψ〉 is nonzero, so is at least one of the ψi’s. Then, if all vi’s are positive (non-negative), so is〈
ψ
∣∣ Â
∣∣ ψ
〉
, therefore Â is a positive (non-negative) operator.

• Suppose Â is a positive (non-negative) operator. For any nonzero eigenvector |v〉 of Â with eigenvalue v we
have

〈
v
∣∣ Â
∣∣ v
〉
= v〈v| v〉= v. If

〈
v
∣∣ Â
∣∣ v
〉

is positive (non-negative), so is v.

Solution to Exercise A.73. For any arbitrary vector |ψ〉, according to the definitions of the linear operator and
inner product, 〈

ψ
∣∣ (Â+ B̂

)∣∣ ψ
〉
=
〈
ψ
∣∣ Â
∣∣ ψ
〉
+
〈
ψ
∣∣ B̂
∣∣ ψ
〉
.

If both terms in the right-hand side are positive (non-negative), so is the left-hand side.

Solution to Exercise A.74.

a)
1
2
(
[Â, B̂]+{Â, B̂}

)
=

1
2
(
ÂB̂− B̂Â+ ÂB̂+ B̂Â

)
= ÂB̂

.
b)

[Â, B̂] = ÂB̂− B̂Â =−(B̂Â− ÂB̂) =−[B̂, Â]

.
c)

[Â, B̂]† = (ÂB̂− B̂Â)† (A.35)
= B̂†Â†− Â†B† =

[
B̂†, Â†] .

d)
[Â, B̂+Ĉ] = Â(B̂+Ĉ)− (B̂+Ĉ)Â = ÂB̂+ ÂĈ− B̂Â−ĈÂ = [Â, B̂]+ [Â,Ĉ];

[Â+ B̂,Ĉ] = (Â+ B̂)Ĉ−Ĉ(Â+ B̂) = ÂĈ+ B̂Ĉ−ĈÂ−ĈB̂ = [Â,Ĉ]+ [B̂,Ĉ].

e)
[Â, B̂]Ĉ+ B̂[Â,Ĉ] = ÂB̂Ĉ− B̂ÂĈ+ B̂ÂĈ− B̂ĈÂ = ÂB̂Ĉ− B̂ĈÂ = [Â, B̂Ĉ];

[Â,Ĉ]B̂+ Â[B̂,Ĉ] = ÂĈB̂−ĈÂB̂+ ÂB̂Ĉ− ÂĈB̂ = ÂB̂Ĉ−ĈÂB̂ = [ÂB̂,Ĉ].

f)
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[ÂB̂,ĈD̂]
(A.44a)
= Ĉ[ÂB̂, D̂]+ [ÂB̂,Ĉ]D̂

(A.44b)
= ĈÂ[B̂, D̂]+Ĉ[Â, D̂]B̂+ Â[B̂,Ĉ]D̂+[Â,Ĉ]B̂D̂

or alternatively

[ÂB̂,ĈD̂]
(A.44b)
= Â[B̂,ĈD̂]+ [Â,ĈD̂]B̂

(A.44a)
= ÂĈ[B̂, D̂]+ Â[B̂,Ĉ]D̂+Ĉ[Â, D̂]B̂+[Â,Ĉ]D̂B̂.

Solution to Exercise A.75.

a)

[ÂB̂Ĉ, D̂]
(A.44b)
= Â[B̂Ĉ, D̂]+ [ÂB̂, D̂]Ĉ

= ÂB̂[Ĉ, D̂]+2Â[B̂, D̂]Ĉ+[Â, D̂]B̂Ĉ.

b)

[Â2 + B̂2, Â+ iB̂]
(A.43)
= [Â2, Â]+ [B̂2, Â]+ i[Â2, B̂]+ i[B̂2, B̂]

= 0+ B̂[B̂, Â]+ [B̂, Â]B̂+ iÂ[Â, B̂]+ i[Â, B̂]Â+0

= (−B̂+ iÂ)[Â, B̂]+ [Â, B̂](−B̂+ iÂ).

Solution to Exercise A.76. Since ÂB̂ = B̂Â+ c, we have

ÂB̂n = Â B̂B̂B̂ . . . B̂︸ ︷︷ ︸
n times

= (B̂Â+ c) B̂B̂ . . . B̂︸ ︷︷ ︸
n−1 times

= B̂Â B̂B̂ . . . B̂︸ ︷︷ ︸
n−1 times

+cB̂n−1

= B̂BÂ B̂ . . . B̂︸ ︷︷ ︸
n−2 times

+2cB̂n−1

= . . .= B̂B̂B̂ . . . B̂︸ ︷︷ ︸
n times

Â+ncB̂n−1

= B̂nÂ+ncB̂n−1. (SA.39)

Therefore
[Â, B̂n] = ÂB̂n− B̂nÂ = ncB̂n−1. (SA.40)

Solution to Exercise A.77.



S206 SA Solutions to Appendix A exercises

a) Using Eq. (A.42) we find:(
i[Â, B̂]

)†
= −i

[
B̂†, Â†]

= −i[B̂, Â] [because Â and B̂ are Hermitian]
= i[Â, B̂],

which shows that (i[Â, B̂])† is Hermitian.
b) Similarly,

{Â, B̂}† = (ÂB̂)† +(B̂Â)† = B̂†Â† + Â†B̂† = B̂Â+ ÂB̂ = {Â, B̂}.

Solution to Exercise A.78. We work out the commutator relations according to Eq. (1.7).

[σ̂z, σ̂x] = σ̂zσ̂x− σ̂xσ̂z

'
(

1 0
0 −1

)(
0 1
1 0

)
−
(

0 1
1 0

)(
1 0
0 −1

)
=

(
0 1
−1 0

)
−
(

0 −1
1 0

)
= 2

(
0 1
−1 0

)
' 2iσy (SA.41)

Thus, we also know that [σ̂x, σ̂z] =−2iσy.

[σ̂y, σ̂z] =− [σ̂z, σ̂y] = σ̂yσ̂z− σ̂zσ̂y

'
(

0 −i
i 0

)(
1 0
0 −1

)
−
(

1 0
0 −1

)(
0 −i
i 0

)
=

(
0 i
i 0

)
−
(

0 −i
−i 0

)
= 2

(
0 i
i 0

)
' 2iσx (SA.42)

Finally,

[σ̂x, σ̂y] =− [σ̂y, σ̂x] = σ̂xσ̂y− σ̂yσ̂x

'
(

0 1
1 0

)(
0 −i
i 0

)
−
(

0 −i
i 0

)(
0 1
1 0

)
=

(
i 0
0 −i

)
−
(
−i 0
0 i

)
= 2

(
i 0
0 −i

)
' 2iσz (SA.43)
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Also, [σ̂x, σ̂x] = [σ̂y, σ̂y] = [σ̂z, σ̂z] = 0 because any operator commutes with itself.

Solution to Exercise A.79. For any nonzero vector |a〉 there exists vector |a1〉 = |a〉/‖|a〉‖ of length 1.
Operator Û maps this vector onto |a′1〉 = Û |a1〉, which also has length 1. Because Û is unitary, we have
|a′〉= Û‖|a〉‖ |a1〉= ‖|a〉‖ |a′1〉 and accordingly

‖
∣∣a′〉‖2 =

〈
a′
∣∣ a′
〉
= ‖|a〉‖2 〈a′1∣∣ a′1

〉
= ‖|a〉‖2.

Solution to Exercise A.80. If an operator preserves the inner product, it will also preserve the norm of a vector
because the norm is the square root of the inner product of the vector with itself.

To prove the converse statement, let us consider arbitrary two vectors, |a〉 and |b〉. Then for |c〉= |a〉+ |b〉 we
have

〈c| c〉= 〈a| a〉+ 〈b| b〉+ 〈a| b〉+ 〈a| b〉∗ . (SA.44)

At the same time, for |a′〉= Û |a〉, |b′〉= Û |b〉 and |c′〉= Û |c〉, we have〈
c′
∣∣ c′
〉
=
〈
a′
∣∣ a′
〉
+
〈
b′
∣∣ b′
〉
+
〈
a′
∣∣ b′
〉
+
〈
a′
∣∣ b′
〉∗

. (SA.45)

Since 〈a′| a′〉 = 〈a| a〉, 〈b′| b′〉 = 〈b| b〉, 〈c′| c′〉 = 〈c| c〉, we see from Eqs. (SA.44) and (SA.45) that 〈a′| b′〉+
〈a′| b′〉∗ = 〈a| b〉+ 〈a| b〉∗, i.e. Re〈a′| b′〉= Re〈a| b〉.

By conducting a similar argument with |c〉= |a〉+ i |b〉 , we obtain Im〈a′| b′〉= Im〈a| b〉.

Solution to Exercise A.81.

a) Since a unitary operator preserves inner products, it maps an orthonormal basis onto an orthonormal set.
According to Ex. A.19, such a set comprises a basis.

b) For any ket |a〉= ∑i ai |wi〉, we have |a′〉= Û |a〉= ∑i ai |vi〉. Accordingly,〈
a′
∣∣ a′
〉
= ∑

i
|ai|2 = 〈a| a〉 .

We see that operator Û preserves the norm of |a〉 and hence it is unitary.

Solution to Exercise A.82. If operator Û is unitary, it maps some orthonormal basis {|wi〉} onto another
orthonormal basis {|vi〉} (Ex. A.81). Hence it can be written in the form Û = ∑i |vi〉〈wi| (Ex. A.25). Then
Û† = ∑i |wi〉〈vi| (Ex. A.35). Accordingly,

ÛÛ† = ∑
i j
|vi〉
〈
wi
∣∣ w j

〉〈
v j
∣∣= ∑

i j
|vi〉δi j

〈
v j
∣∣= ∑

i
|vi〉
〈
v j
∣∣ (A.26)

= 1̂.

The argument that Û†Û = 1̂ is similar.
Now let us prove that any operator Û that satisfies Û†Û = 1̂ preserves the inner product between two arbitrary

vectors |a〉 and |b〉. Defining |a′〉= Û |a〉 and |b′〉= Û |b〉, we have〈
a′
∣∣ b′
〉
=
〈
a
∣∣ Û†Û

∣∣ b
〉
= 〈a| b〉 .
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Solution to Exercise A.83.

a) Because every unitary operator Û satisfies Û†Û = ÛÛ† = 1̂, the statement of Ex. A.63 applies, so Û is
diagonalizable. For any eigenvalue u with an associated eigenvector |u〉, we have |u′〉 = Û |u〉 = u |u〉 and
hence 〈

u′
∣∣ u′
〉
= u∗u〈u| u〉 .

Because a unitary operator preserves the norm, we must have u∗u = |u|2 = 1. This can be satisfied by any
u = eiθ with θ ∈ R.

b) If an operator Û is diagonalizable, its matrix in its eigenbasis has the form

Û '


u1 0 · · · 0
0 u2 · · · 0
...

...
...

0 0 · · · uN

 , (SA.46)

where ui are the eigenvalues of absolute value 1 (i.e. such that u∗i ui = 1). The adjoint matrix is then

Û† '


u∗1 0 · · · 0
0 u∗2 · · · 0
...

...
...

0 0 · · · u∗N

 (SA.47)

and their product is

Û†U =UU† '


u∗1u1 0 · · · 0

0 u∗2u2 · · · 0
...

...
...

0 0 · · · u∗NuN

=


1 0 · · · 0
0 1 · · · 0
...

...
...

0 0 · · · 1

' 1̂. (SA.48)

This shows that operator Û is unitary.

Solution to Exercise A.84.

a) For the Pauli operators:

σ
†
x σx '

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
' 1̂;

σ
†
y σy '

(
0 −i
i 0

)(
0 −i
i 0

)
=

(
1 0
0 1

)
' 1̂;

σ
†
z σz '

(
1 0
0 −1

)(
1 0
0 −1

)
=

(
1 0
0 1

)
' 1̂.

So all three Pauli operators are unitary.
b) For the rotation operator:
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R̂φ R̂φ

† '
(

cosφ −sinφ

sinφ cosφ

)(
cosφ −sinφ

sinφ cosφ

)†

=

(
cosφ −sinφ

sinφ cosφ

)(
cosφ sinφ

−sinφ cosφ

)
=

(
cos2 φ + sin2

φ cosφ sinφ − sinφ cosφ

sinφ cosφ − cosφ sinφ sin2
φ + cos2 φ

)
=

(
1 0
0 1

)
' 1̂,

so this operator is unitary, too. This can be understood intuitively: when vectors are rotated, their lengths
(norms) do not change.

Solution to Exercise A.85. Operator f (Â) acting on vector |a〉 yields

f (Â) |a〉 (A.49)
= ∑

i
f (ai) |ai〉〈ai| a〉 .

Because Â is Hermitian, its eigenvectors are orthonormal. Hence all 〈ai| a〉= 0 except when |ai〉= |a〉, in which
case this inner product is 1. Hence

f (Â) |a〉= f (a) |a〉〈a| a〉= f (a) |a〉 .

Solution to Exercise A.86. The matrix of the operator function (A.49) in its eignebasis is diagonal with real
values, i.e. self-adjoint.

Solution to Exercise A.87. For a non-negative function f (x), all eigenvalues f (ai) of the operator function
(A.49) are non-negative, which means that the operator is also non-negative according to Ex. A.72.

Solution to Exercise A.88. The first step is to diagonalize Â. The characteristic equation for this matrix is:

|Â− v1̂| =
∣∣∣∣1− v 3

3 1− v

∣∣∣∣= 0,

from which we find our eigenvalues v1,2 = {4,−2}. The normalized eigenvector associated with the first eigen-
value is

|v1〉 '
1√
2

(
1
1

)
and with the second

|v2〉 '
1√
2

(
1
−1

)
.

This means that our operator can be written as
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Â = 4 |v1〉〈v1|−2 |v2〉〈v2| .

Now we apply Eq. (A.49) to express
√

Â as√
Â =
√

4 |v1〉〈v1|+
√
−2 |v2〉〈v2|

= 2 |v1〉〈v1|± i
√

2 |v2〉〈v2|

' 2
1√
2

(
1
1

)
1√
2

(
1 1
)
± i
√

2
1√
2

(
1
−1

)
1√
2

(
1 −1

)
=

(
(1± i√

2
) (1∓ i√

2
)

(1∓ i√
2
) (1± i√

2
)

)
,

where all matrices are in the same basis as the matrix of Â.
To determine ln Â, we need to find the logarithm of its eigenvalues, one of which (v2) is negative. The log-

arithm of negative numbers is not defined in the real number space. In the complex number space, we can use
the fact that e(2m+1)iπ = −1 (where m is an arbitrary integer) and thus e(2m+1)iπ+ln2 = (−1)× 2 = −2. Hence,
ln(−2) = (2m+1)iπ + ln2.1 Thus,

ln Â = ln4 |v1〉〈v1|+ ln(−2) |v2〉〈v2|

=
1
2

(
ln4+ ln2+(2m+1)iπ ln4− ln2− (2m+1)iπ
ln4− ln2− (2m+1)iπ ln4+ ln2+(2m+1)iπ

)
=

1
2

(
ln8+(2m+1)iπ ln2− (2m+1)iπ
ln2− (2m+1)iπ ln8+(2m+1)iπ

)
.

Solution to Exercise A.89. The eigenvalues of Â are a1 = 0 and a2 = 1 with corresponding eigenvectors |a1〉=
1√
2

(
1
−1

)
and |a2〉= 1√

2

(
1
1

)
. Therefore

eiθ Â = e0 |a1〉〈a1|+ eiθ |a2〉〈a2|=
1
2

(
eiθ +1 eiθ −1
eiθ −1 eiθ +1

)
.

Solution to Exercise A.90. The matrices of Â and f (Â) in the eigenbasis of Â are

Â'

 a1 · · · 0
...

...
0 · · · aN

 ; f (Â)'

 f (a1) · · · 0
...

...
0 · · · f (aN)


(with ai being the eigenvalues) and therefore

1 The logarithm and the square root are examples of multivalued functions that are common in
complex analysis.
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Â f (Â) = f (Â)Â'

 a1 f (a1) · · · 0
...

...
0 · · · aN f (aN)

 .

Hence [Â, f (Â)] = Â f (Â)− f (Â)Â = 0.

Solution to Exercise A.91.

f (Â) = ∑
i

f (ai) |ai〉〈ai|

= ∑
i

(
f0 + f1ai + f2ai

2 + · · ·
)
|ai〉〈ai|

= f0 ∑
i
|ai〉〈ai|+ f1 ∑

i
ai |ai〉〈ai|+ f2 ∑

i
ai

2 |ai〉〈ai|+ · · ·

= f01̂+ f1Â+ f2Â2 + · · · .

Solution to Exercise A.92. Any Hermitian operator may be diagonalized with real eigenvalues ai (see Ex.A.60):

Â = ∑
i

ai |ai〉〈ai| .

The exponent of this operator,
eiÂ = ∑

i
eiai |ai〉〈ai| ,

has the same eigenvectors, but eigenvalues eiai . Because all ai are real, all eiai have absolute values equal to 1, so
eiÂ is unitary according to Ex. A.83.

At the same time, e−iÂ = ∑
i

e−iai |ai〉〈ai|, so

eiÂe−iÂ = ∑
i

eiaie−iai |ai〉〈ai|= ∑
i
|ai〉〈ai|

(A.26)
= 1̂.

Solution to Exercise A.93. In the canonical basis, the operator~s~̂σ has the following matrix:

~s~̂σ ' sx

(
0 1
1 0

)
+ sy

(
0 −i
i 0

)
+ sz

(
1 0
0 −1

)
=

(
sz sx− isy

sx + isy −sz

)
.

This matrix is Hermitian; hence (Ex. A.60)~s~̂σ has two eigenvalues v1,2 and two associated orthogonal eigenvec-
tors |v1,2〉. The eigenvalues of~s~̂σ are found by solving the charateristic equation:
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|~s~̂σ − v1̂| =
∣∣∣∣ sz− v sx− isy
sx + isy −sz− v

∣∣∣∣
= −(sz− v)(sz + v)− (sx− isy)(sx + isy)

= v2− s2
x− s2

y− s2
z

= v2−|~s|2 = 0.

Because~s is a unit length vector, the eigenvalues are v1,2 =±1 and thus

~s~̂σ = |v1〉〈v1|− |v2〉〈v2| . (SA.49)

We can now write the exponent of the operator as:

eiθ~s~̂σ = eiθ |v1〉〈v1|+ e−iθ |v2〉〈v2|
= (cosθ + isinθ) |v1〉〈v1|+(cosθ − isinθ) |v2〉〈v2|
= cosθ(|v1〉〈v1|+ |v2〉〈v2|)+ isinθ(|v1〉〈v1|− |v2〉〈v2|). (SA.50)

Although we have not found explicit expressions for |v1〉 and |v2〉, we know from Eq. (A.50) that |v1〉〈v1|+
|v2〉〈v2|= 1̂. Using this and Eq. (SA.49), we can rewrite Eq. (SA.50) as

eiθ~s~̂σ cosθ 1̂+ isinθ~s~̂σ .

Solution to Exercise A.95. Let us decompose |ψ(t)〉= ∑i ψi(t) |vi〉, where {|vi〉} is an orthonormal basis that is
constant with respect to t. Using the Hilbert space linearity, we find

d |ψ〉
dt

= lim
∆ t→0

∑
i

ψi(t +∆ t)−ψi(t)
∆ t

|vi〉= ∑
i

dψi

dt
|vi〉 .

By a similar token, the derivative of an operator with matrix (Yi j(t)) is the matrix (dYi j(t)/dt).

Solution to Exercise A.96. In the orthonormal basis {|ai〉} that diagonalizes Â, we have

d
dt

eiÂt =
d
dt ∑

i

(
eiait
)
|ai〉〈ai|

= ∑
i

d
dt

(
eiait
)
|ai〉〈ai| (SA.51)

= ∑
i

iaieiait |ai〉〈ai| . (SA.52)

Operators iÂeiÂt and ieiÂt Â have the same spectral decomposition.

Solution to Exercise A.97.

a) We use the Taylor decomposition of the exponential function of the operator to write
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[Â,eB̂] =
∞

∑
n=0

1
n!
[Â, B̂n]

(A.46)
=

∞

∑
n=0

1
n!

ncB̂n−1

=
∞

∑
n=1

1
(n−1)!

cB̂n−1

n′=n−1
=

∞

∑
n′=0

1
(n′)!

cB̂n′

= cêB̂. (SA.53)

b) We begin by using the result of Ex. A.96 and writing

dĜ(λ )

dλ
= Âeλ Âeλ B̂ + eλ ÂB̂eλ B̂.

In order to bring the above result to the form of the right-hand side of Eq. (A.56), we need to move both
Â and B̂ to the right of the exponentials. Each operator commutes with the exponential of itself (Ex. A.90),
but in order to commute operators Â and eλ B̂, the result of part (a) must be used, which we write as Âeλ B̂ =

eλ B̂(Â+λc). We have

dĜ(λ )

dλ
= eλ Âeλ B̂(Â+λc)+ eλ Âeλ B̂B̂ = Ĝ(λ )(Â+ B̂+λc).

c) Let Ĝ′(λ ) = eλ Â+λ B̂+λ 2c/2 By taking the derivative of both sides of this equation, we obtain Eq. (A.56):

d
dλ

Ĝ′(λ ) =
d

dλ
eλ Â+λ B̂+λ 2c/2

= eλ Â+λ B̂+λ 2c/2
[

d
dλ

(λ Â+λ B̂+λ
2c/2)

]
= eλ Â+λ B̂+λ 2c/2(Â+ B̂+λc)

= Ĝ′(λ )(Â+ B̂+λc).

We see that both operators Ĝ(λ ) and Ĝ′(λ ) satisfy Eq. (A.56). In order to verify that these two operators
are equal, we also need to check the Cauchy boundary condition, e.g.. that Ĝ(λ ) = Ĝ′(λ ) for λ = 0. And
indeed, in this case both Ĝ(λ ) and Ĝ′(λ ) become the identity operator, so the equation holds.

d) For λ = 1, Eq. (A.57) becomes
eÂeB̂ = eÂ+B̂+c/2. (SA.54)

Because c is a number, this equation is equivalent to the Baker-Hausdorff-Campbell formula.
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Solutions to Appendix B exercises

Solution to Exercise B.1. If we have a fair, six-sided die the chance of it landing on any given side will be 1
6 .

Thus, pri =
1
6 for all i. The quantity Qi is the value displayed on the die. Inserting these values into the equation

for the expectation value we obtain:

〈Q〉=
6

∑
i=1

priQi =
1
6
(1+2+3+4+5+6) =

21
6

= 3
1
2

(SB.1)

Solution to Exercise B.2. We expand the right-hand side of Eq. (B.2) to write〈
∆Q2〉= ∑

i
priQ

2
i −2∑

i
priQi 〈Q〉+∑

i
pri 〈Q〉

2 . (SB.2)

In the last two terms of the above expression, the quantity 〈Q〉 is the same for all values of i, so it can be factored
out of the sum: 〈

∆Q2〉= ∑
i

priQ
2
i −2〈Q〉∑

i
priQi + 〈Q〉2 ∑

i
pri. (SB.3)

Using
∑

i
priQ

2
i =

〈
Q2〉 ; ∑

i
priQi = 〈Q〉 ; ∑

i
pri = 1, (SB.4)

we obtain 〈
∆Q2〉= 〈Q2〉−2〈Q〉〈Q〉+ 〈Q〉2 =

〈
Q2〉−〈Q〉2 . (SB.5)

Solution to Exercise B.3. The expectation value of the value on top of the die 〈Q〉= 7/2 (see Ex. B.1) and the
probability of each event is 1

6 . Applying the definition of the uncertainty, we calculate

S215



S216 SB Solutions to Appendix B exercises〈
∆Q2〉 = ∑

i
pri (Qi−〈Q〉)2

=
1
6

(
1−3

1
2

)2

+
1
6

(
2−3

1
2

)2

+
1
6

(
3−3

1
2

)2

+
1
6

(
4−3

1
2

)2

+
1
6

(
5−3

1
2

)2

+
1
6

(
6−3

1
2

)2

=
35
12

We can also solve this problem using the result of the previous exercise:〈
∆Q2〉 = 〈Q2〉−〈Q〉2 = ∑

i
priQ

2
i −〈Q〉

2

=
1
6

12 +
1
6

22 +
1
6

32 +
1
6

42 +
1
6

52 +
1
6

62−
(

7
2

)2

=
35
12

.

Solution to Exercise B.4. The quantity QR can be viewed as a random variable that takes on value QiR j when
Qi and R j occur at the same time, which happens with probability prQ

i prR
j for each pair (i, j). Now applying the

definition of the expectation value we find

〈QR〉=∑
i

∑
j

pr(QiR j)QiR j

=∑
i

∑
j

prQ
i prR

j QiR j

=

(
∑

i
prQ

i Qi

)(
∑

j
prR

j R j

)
=〈Q〉〈R〉 .

If Q and R are not independent, the statement that Qi and R j occur at the same time with probability prQ
i prR

j no
longer holds, and neither does the identity 〈QR〉= 〈Q〉〈R〉. For example, if Q = R, then 〈QR〉=

〈
Q2
〉
6= 〈Q〉2 =

〈Q〉〈R〉.

Solution to Exercise B.5. We can treat each kth time we toss the die as an independent random variable Q(k).

Then Q̃ =
N
∑

k=1
Q(k) and

〈
Q̃
〉
=

N

∑
k=1

〈
Q(k)

〉
= N 〈Q〉

and
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Q̃2〉=〈 N

∑
k=1

N

∑
`=1

Q(k)Q(`)

〉

=
N

∑
k=1

N

∑
`=1

〈
Q(k)Q(`)

〉
.

The latter expression has N2 terms, of which N terms have k = ` and N(N−1) terms have k 6= `. For k = `, we
have

〈
Q(k)Q(`)

〉
=
〈
Q2
〉
; otherwise

〈
Q(k)Q(`)

〉
= 〈Q〉2 according to Ex. B.4. Hence

〈
Q̃2〉= N

〈
Q2〉+N(N−1)〈Q〉2 .

For the variance of Q̃, we use Eq. (B.3) to write〈
∆ Q̃2〉= 〈Q̃2〉−〈Q̃〉2

= N
〈
Q2〉+N(N−1)〈Q〉2−N2 〈Q〉2

= N
〈
Q2〉−N 〈Q〉2

= N
〈
∆Q2〉 ,

and hence for the standard deviation √〈
∆ Q̃2

〉
=
√

N
√
〈∆Q2〉.

Solution to Exercise B.6. Using Eq. (B.5), we find prA|Bi
prBi

= prA and Bi
. Because events Bi are mutually exclu-

sive we have ∑i prA and Bi
= ∑i prA and (B1 or ... or Bn). The latter quantity equals prA because events Bi are collec-

tively exhaustive, so event (B1 or . . . or Bn) occurs with certainty.

Solution to Exercise B.7.

a) According to Eq. (B.5), we have

prpositive|not infected = prpositive and not infected/prnot infected,

so

prpositive and not infected = prpositive|not infected×prnot infected

= prpositive|not infected× [1−prinfected] = 0.04995.

b) We divide all people with positive results into two subsets: those who are infected and those who aren’t:

prpositive = prpositive and not infected +prpositive and infected

= prpositive and not infected +prinfected

= 0.051.
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The second equality above is because the test has no false negatives, i.e. the set of people who are infected
and show positive results is the same as the set of people who are just infected.

c) Using the previous two results, we find:

prnot infected|positive =
prpositive and not infected

prpositive
≈ 0.98.

This result may appear surprising. Even though Alice’s result is positive, the probability that she is actually
infected is very low — because such is the fraction of people who are actually infected. The positive result
for a random person is most likely false, in spite of a formally specified low rate of false positives.

Solution to Exercise B.8.

a) Each of the n tosses is an independent random event. Therefore there are 2n possible sequences of outcomes

of length n, and the probability of any specific sequence is 1/2n. Among these sequences, there are
(

n
k

)
those that have k heads and n− k tails. Hence the answer is prk =

(
n
k

)/
2n.

b) In this case, the probability of any specific sequence containing k heads and n− k tails outcomes is pk(1−

p)n−k. Hence the answer to part (a) becomes prk =

(
n
k

)
pk(1− p)n−k.

Solution to Exercise B.10. For the mean, we have

〈k〉=
n

∑
k=0

n!k
k!(n− k)!

pk(1− p)n−k

=
n

∑
k=1

n!
(k−1)!(n− k)!

pk(1− p)n−k

(note that we changed the lower summation limit because the term corresponding to k = 0 equals zero). Now
replacing the summation variable to m = k−1 we find

〈k〉=
n−1

∑
m=0

np
(n−1)!

m!(n−1−m)!
pm(1− p)n−1−m

= np
n−1

∑
m=0

(
n−1

m

)
pm(1− p)n−1−m.

In the above, the expression subjected to summation is the binomial probability corresponding to m successes
out of n−1 events. The sum of these probabilities for all values of m equals 1. Therefore 〈k〉= np.

For the mean square, we find, acting in a similar fashion:
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〈
k2〉= n

∑
k=0

n!k2

k!(n− k)!
pk(1− p)n−k

=
n

∑
k=0

[
n!k(k−1)
k!(n− k)!

+
n!k

k!(n− k)!

]
pk(1− p)n−k

=
n

∑
k=2

n!
(k−2)!(n− k)!

pk(1− p)n−k + 〈k〉

m:=k−2
=

n−2

∑
m=0

p2n(n−1)
(n−2)!

m!(n−2−m)!
pm(1− p)n−2−m + 〈k〉

= p2n(n−1)
n−2

∑
m=0

(
n−2

m

)
pm(1− p)n−2−m + 〈k〉

= n(n−1)p2 +np.

Hence 〈
∆k2〉= 〈k2〉−〈k〉2 = np−np2.

Solution to Exercise B.11.

a) The probability for a baby to be born per unit of population per day is p = 10/100000 = 10−4. Using the
binomial distribution with n = 100000, we find

pr12 =
n!

12!n−12!
p12(1− p)n−12

=
n(n−1) . . .(n−11)

12!
e12ln p+(n−12) ln(1−p) = 0.0947841.

b) In a similar way, pr12 = 0.0947807.

Solution to Exercise B.12.

a)
1
nk

(
n
k

)
= lim

n→∞

n(n−1) . . .(n− k)
nk

1
k!

=
1
k!
.

b) We know from calculus that lim
n→∞

(
1− λ

n

)n
= e−λ . Using this, we find

lim
n→∞

(1− p)n−k = lim
n→∞

(
1− λ

n

)n−k

= lim
n→∞

(
1− λ

n

)n

lim
n→∞

(
1− λ

n

)−k

= e−λ .

c) From the above results, we obtain

lim
n→∞

prk = lim
n→∞

(
n
k

)
pk(1− p)n−k = lim

n→∞

nk

k!

(
λ

n

)k(
1− λ

n

)n−k

=
λ ke−λ

k!
.
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Solution to Exercise B.13.

e−12 1012

12!
= 0.0947803.

Solution to Exercise B.15. In the limit p→ 0, n→ ∞, λ = pn = const, Eq. (B.8) becomes

〈k〉= np = λ ;
〈
∆k2〉= np−np2→ λ .

Solution to Exercise B.16.

a) For a given discretized distribution, the probability that Q falls within the range between Q′ and Q′′ is the
sum of the probabilities for all the bins located between these values:

pr[Q′,Q′′] ≈
i(Q′′)

∑
i(Q′)

prQ̃i
.

In the limit δQ→ 0, this approximation becomes equality because Q̃i(Q′) → Q′ and Q̃i(Q′′) → Q′′. Hence,
according to the definition (B.10) of the continuous probability density as well as the definition of the
integral, we have

lim
δQ→0

i(Q′′)

∑
i(Q′)

p̃rQ̃i
= lim

δQ→0

i(Q′′)

∑
i(Q′)

pr(Q)δQ =

Q′′∫
Q′

pr(Q)dQ,

where i(Q) is the number of the bin to which the value Q belongs.
b) According to part (a), integral (B.12) corresponds to the probability to detect any value of Q between −∞

and +∞, which is one.
c) In the discretized case,

〈Q〉= ∑
i

Q̃ip̃rQ̃i
,

where the summation is performed over all bins. The transition from summation to integration in the limit
δQ→ 0 is performed similarly to part (a).

Solution to Exercise B.17. The probability for the nucleus to remain undecayed after time t from the start of
the experiment is 2−t/τ . The probability that the decay event occurs between the moments t and t +δ t must then
also be proportional to 2−t/τ . Accordingly, pr(t) =C×2−t/τ , where C is the normalization constant, which we
can find using Eq. (B.12):

1 =
∫

∞

0
pr(t)dt =C

∫
∞

0
×e−t ln2

τ dt =C
τ

ln2
,

so C = ln2
τ

.
For the expectation, we have

〈t〉 (B.13)
=

∫
∞

0
tpr(t)dt =

ln2
τ

∫
∞

0
te−t ln2

τ dt =
τ

ln2
= 1.44 ms

and for the mean square
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t2〉= ∫ ∞

0
t2pr(t)dt =

ln2
τ

∫
∞

0
t2e−t ln2

τ dt = 2
(

τ

ln2

)2
= 4.16 ms2.

Hence the uncertainty is √
〈∆ t2〉=

√
〈t2〉−〈t〉2 = τ

ln2
= 1.44 ms.

Solution to Exercise B.18.

a) This follows directly from Eqs. (B.15) and (B.17).
b)

〈x〉= 1
b
√

π

+∞∫
−∞

xe−(x−a)2/b2
dx

=
1

b
√

π

+∞∫
−∞

(x−a)e−(x−a)2/b2
dx+

1
b
√

π

+∞∫
−∞

ae−(x−a)2/b2
dx

=
1

b
√

π

+∞∫
−∞

te−t2/b2
dt +a

1
b
√

π

+∞∫
−∞

e−(x−a)2/b2
dx,

where we replaced the integration variable according to t = x− a. The first term in the expression above
vanishes because it is an integral of an odd function. The second term equals to a as per part (a).

c) We have 〈
∆x2〉= 1

b
√

π

+∞∫
−∞

(x−a)2e−(x−a)2/b2
dx

(B.18)
=

b3√π

2b
√

π
=

b2

2
.
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Solutions to Appendix C exercises

Solution to Exercise C.2. See Fig. SC.1.
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Fig. SC.1 Solution to Ex. C.2.

Solution to Exercise C.3. The polarization pattern (C.2) at point z+∆z at moment t is the same as that at point
z at moment t− (k/ω)∆z = t−∆z/c. Because the field vector is a periodic function of time, a shift in time will
not change the shape of its trajectory.

Solution to Exercise C.4.

a) According to Eq. (C.1),

EH(z, t) = AH cos(kz−ωt +ϕH), (SC.1)
EV (z, t) = AV cos(kz−ωt +ϕV ).

S223
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The polarization is linear if and only if EH(z, t) = 0 or EV (z, t) = 0 or EH(z, t) = λEV (z, t) with some
coefficient λ . The first two conditions fulfill if and only if AH = 0 or AV = 0, respectively. The third condition
implies that the two cosine function are proportional to each other, which can happen if and only if they are
shifted in phase by mπ .

b) Notice first that a circular pattern implies that the maximum absolute values of the horizontal and vertical
components of the field must be the same, so AH =±AV . Further, circular pattern means E2

H +E2
V = const,

which implies
cos2(kz−ωt +ϕH)+ cos2(kz−ωt +ϕV ) = const.

Because cos2 ϕ = (1+ cos2ϕ)/2 for any ϕ , this condition is equivalent to

cos[2(kz−ωt +ϕH)]+ cos[2(kz−ωt +ϕV )] = const.

Using another trigonometric identity cosϕ + cosθ = 2cos[(ϕ +θ)/2]cos[(ϕ−θ)/2], we have

cos[2(kz−ωt)+ϕH +ϕV ]cos(ϕH −ϕV ) = const.

Because the first factor in the left-hand side of the above condition cannot be a constant, this condition is
satisfied if and only if cos(ϕH −ϕV ) = 0, i.e. ϕH = ϕV

π

2 +mπ .

Solution to Exercise C.5. We will try and prove that there exist a set of numbers {A,B,D,F} that are independent
of u, such that

AE2
H +BE2

V +DEHEV = F, (SC.2)

where EH(z, t) and EV (z, t) are given by Eq. (C.1). It is known from analytic geometry that Eq. (SC.2) represents
one of the conic sections: hyperbola, parabola, or ellipse. Because both EH and EV are bounded functions,
Eq. (SC.2) can only describe an ellipse, with the circle and linear trajectory being extreme cases thereof.

We use trigonometric identities to write Eq. (C.1) as follows:

EH = AH(cHc− sHs); (SC.3)
EV = AH(cHc− sV s),

where we have defined c = cos(kz−ωt), s = sin(kz−ωt), cH,V = cosϕV,H and sH,V = sinϕV,H Next, we trans-
form the left-hand side of Eq. (SC.2):
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AE2
H +BE2

V +DEHEV (SC.4)

= AA2
H [c

2
Hc2 + s2

Hs2−2cHsHcs]

+BA2
V [c

2
V c2 + s2

V s2−2cV sV cs]

+DAHAV [cHcV c2 + sHsV s2− (cHsV + sHcV )cs]

= AA2
H

[
1
2
(c2

H + s2
H)(c

2 + s2)+
1
2
(c2

H − s2
H)(c

2− s2)−2cHsHcs
]

+BA2
V

[
1
2
(c2

V + s2
V )(c

2 + s2)+
1
2
(c2

V − s2
V )(c

2− s2)−2cV sV cs
]

+DAHAV

[
1
2
(cHcV + sHsV )(c2 + s2)+

1
2
(cHcV − sHsV )(c2− s2)− (cHsV + sHcV )cs

]
= AA2

H

[
1
2
+

1
2
(c2

H − s2
H)(c

2− s2)−2cHsHcs
]

+BA2
V

[
1
2
+

1
2
(c2

V − s2
V )(c

2− s2)−2cV sV cs
]

+DAHAV

[
1
2
+

1
2
(cHcV − sHsV )(c2− s2)− (cHsV + sHcV )cs

]
,

where we used c2
H + s2

H = c2
V + s2

V = c2 + s2 = 1. The above result will simplify to

AE2
H +BE2

V +DEHEV =
1
2
(AA2

H +BA2
V +DAHAV ) (SC.5)

if A, B and D are such that the coefficients in front of the (z, t)-dependent variables c2− s2 and cs in Eq. (SC.4)
vanish: {

AA2
H(c

2
H − s2

H)+BA2
V (c

2
V − s2

V )+DAHAV (cHcV − sHsV ) = 0
2AA2

HcHsH +2BA2
V cV sV +DAHAV (cHsV + sHcV ) = 0.

The above is a system of two equations with three unknown variables, so it always has a nontrivial solution. For
this solution, Eq. (SC.5) holds, which is identical to Eq. (SC.2) with F = 1

2 (AA2
H +BA2

V +DAHAV ).

Solution to Exercise C.6. Refractive indices ne and no modify the wavelengths of the ordinary and extraordinary
waves according to λe = λ/ne and λo = λ/no, respectively, which corresponds to wavenumbers ke = 2πne/λ

and ko = 2πno/λ . Propagating through the crystal, these waves acquire phases ϕe = keL and ϕo = koL, so
∆ϕ = 2π(ne−no)L/λ .

Solution to Exercise C.7. The half- and quarter-waveplates with vertical optic axes will shift the phase of the
vertical field component by π and π/2, respectively. See Fig. SC.2.

Solution to Exercise C.9. The ±45◦ polarization patterns correspond to AH =±AV and ϕH = ϕV +mπ with an
integer m. By comparing this condition with that of Ex. C.4(b), we find that the ±45◦ and circular polarization
waves obtain from each other by adding or subtracting π/2 to/from ϕV , which is exactly what the quarter-wave
plate does.
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Fig. SC.2 Solution to Ex. C.2.

Solution to Exercise C.10. Linear polarization at angle θ implies that AH = Acosθ , AV = Asinθ , where A is
real and positive, and ϕH −ϕV = 0. Without loss of generality, we assume ϕH = ϕV = 0. Before the waveplate,
we have

EH(z, t) = Acosθ cos(kz−ωt), (SC.6)
EV (z, t) = Asinθ cos(kz−ωt);

and after the waveplate

EH(z, t) = Acosθ cos(kz−ωt), (SC.7)
EV (z, t) = Asinθ cos(kz−ωt +π/2) =−Asinθ sin(kz−ωt).

It follows from the latter result that
E2

H(z, t)
cos2 θ

+
E2

V (z, t)
sin2

θ
= A2,

which is the equation of an ellipse whose axes are oriented vertically and horizontally, and the ratio between
these axes equal to cosθ/sinθ (Fig. SC.3).

EH

EV

EH

EV

�

quarter-wave plate

at 90�

Fig. SC.3 A λ/4-plate with the optic axis oriented vertically transforms a linearly polarized light
into elliptically polarized while preserving both the vertical and horizontal amplitudes (Ex. C.10).
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Solution to Exercise C.11. As we know from Ex. C.5, the general polarization pattern is elliptical. Suppose
the amplitudes along the major and minor semiaxes are A1 and A2 and the major axis is oriented at angle β to

horizontal. Let us denote θ = tan−1(A2/A1) and A =
√

A2
1 +A2

2. Let us start with horizontally polarized light of
amplitude A and apply a quarter-wave plate at angle θ to horizontal. In the reference frame of the waveplate, this
action is equivalent to applying the quarter-wave plate with a horizontal optic axis to a linear pattern at angle
−θ . Using the logic of the previous exercise, we will obtain an elliptical pattern with the axes oriented along
and perpendicular to the optic axis, the ratio between these axes being equal to cosθ/sinθ = A1/A2. In the lab
frame, this corresponds to an elliptical pattern at angle θ to horizontal. What remains is to turn this pattern; this
is achieved by means of a half-wave plate at angle (β +θ)/2 (Fig. SC.4).

EH

EV

EH

EV

�� QWP

EH

EV

�

�������

initial pattern
QWP at �

H
W

P
at

��
�

�
��

�

HWP

Fig. SC.4 Obtaining an arbitrary polarization pattern from horizontal using two waveplates
(Ex. C.11). HWP/QWP: half- and quarter-wave plates

Solution to Exercise C.12. In the reference frame oriented at angle 45◦ with respect to the lab frame, the optic
axis of the quarter wave plate is vertical. Linearly polarized light, propagating through this waveplate, generates
a pattern described by

~E(z, t) = ARe[(cosθ î+ isinθ ĵ)eikz−iωt ],

where θ is the angle between the polarization and the waveplate axis and A =
√

A2
H +A2

V (see Ex. C.10). In order
to convert to the lab frame, we perform rotation of the field vector in the x− y plane by 45◦ using the matrix
found in Ex. A.41

R̂45◦ '
1√
2

(
1 −1
1 1

)
to find

~E ′(z, t) =
A√
2

Re[(cosθ − isinθ)î+(cosθ + isinθ) ĵ]eikz−iωt .

This corresponds to the same intensity A2(cos2 θ +sin2
θ)/2=A2/2 for the horizontal and vertical polarizations.

This result is easily visualized by observing that the transformation of a linear pattern in the reference frame
of the quarter-wave plate (Fig. SC.3) results in an elliptical pattern that is symmetric with respect to ±45◦ axes
(which correspond to the horizontal and vertical in the lab frame), and hence will yield equal amounts of energy
when projected onto these axes.
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Solution to Exercise D.1. Using integration by parts, we find

+∞∫
−∞

Gb(x) f (x) = Γb(x) f (x)

∣∣∣∣∣∣
+∞

−∞

−
+∞∫
−∞

Γb(x) f ′(x)dx, (SD.1)

where

Γb(x) =
x∫

−∞

Gb(x′)dx′.

x

�
G xb( ) �b( )x

2b

Fig. SD.1 Normalized Gaussian function Gb(x) and its integral Γb(x).

The first term of Eq. (SD.1) equals f (+∞) for a bounded f (x). To evaluate the second term, we analyze the
behavior of function Γb(x) (Fig. SD.1). It approaches 0 at −∞, 1 at +∞, and is significantly different from these
values in the region where Gb(x) is substantially different from zero. The width of this region vanishes with
b→ 0. In this limit, Γb(x) behaves like the Heaviside step function (D.7). Therefore, for a smooth f (x),

+∞∫
−∞

Γb(x) f ′(x)dx =
+∞∫
0

f ′(x)dx = f (x)

∣∣∣∣∣∣
+∞

0

= f (+∞)− f (0)

S229
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according to the fundamental theorem of calculus. Substituting both terms into Eq. (SD.1), we obtain f (0).

Solution to Exercise D.2.

a) We obtain Eq. (D.4) by substituting f (x) = 1 into Eq. (D.3).
b) Make a replacement of the integration variable x−a = t. Then dt = dx and

+∞∫
−∞

δ (x−a) f (x)dx =
+∞∫
−∞

δ (t) f (t +a)dt
(D.3)
= f (a).

c) Consider a smooth function f (x) and the integral

I =
+∞∫
−∞

δ (ax) f (x)dx.

To calculate this integral, we replace the integration variable ax = t, so dx = dt/a. Then for a positive a,

I =
+∞∫
−∞

δ (t) f (t/a)dt/a = f (0)/a.

If a is negative, x =±∞ corresponds to t =∓∞, so we have to change the integration limits:

I =
−∞∫

+∞

δ (t) f (t/a)dt/a =−
+∞∫
−∞

δ (t) f (t/a)dt/a =− f (0)/a.

The two equations above can be combined by writing

+∞∫
−∞

δ (ax) f (x)dx = f (0)/|a|. (SD.2)

Comparing Eqs. (D.3) and (SD.2) we obtain

δ (ax) =
δ (x)
|a|

.

Solution to Exercise D.3. Let dθ(x)/dx = α(x) and consider the integral

I =
+∞∫
−∞

α(x) f (x)dx

for a smooth bounded function f (x). Integrating by parts, we find
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I = θ(x) f (x)|+∞
−∞−

+∞∫
−∞

θ(x) f ′(x)dx.

The first term in the above expression is f (+∞). The second term, according to the definition of the Heaviside
function, is

+∞∫
0

f ′(x)dx = f (+∞)− f (0),

so I = f (0). Thus the generalized function α(x) behaves according to the definition (D.3) of the delta function,
so it is the delta function.

Solution to Exercise D.4.
d∫

c

δ (x)dx =
d∫

c

θ
′(x)dx = θ(x)|+∞

−∞ = 1,

where θ(x) is the Heaviside function and we have used the fundamental theorem of calculus.

Solution to Exercise D.5.

a) This follows from the definition (D.10) of the Fourier transform for k = 0.
b)

f̃ (−k) =
1√
2π

+∞∫
−∞

e−i(−k)x f (x)dx

=
1√
2π

+∞∫
−∞

(e−ikx)∗ f (x)dx

=

 1√
2π

+∞∫
−∞

e−ikx f (x)dx

∗ (because f (x) is real)

= f̃ ∗(k).

c) We introduce a new integration variable t = ax and act by analogy to Ex. D.2(c)
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F [ f (ax)] =
1√
2π

+∞∫
−∞

f (ax)e−ikxdx

=
1√
2π

+∞∫
−∞

f (ax)e−i k
a axdx

=
1√

2π |a|

+∞∫
−∞

f (t)e−i k
a tdt

=
1
|a|

f̃ (k/a).

d) Similarly to the above, replacing the integration variable according to t = x−a, we have

F [ f (x−a)] =
1√
2π

+∞∫
−∞

f (x−a)e−ikxdx

=
1√
2π

+∞∫
−∞

f (x−a)e−ik(x−a)−ikadx

=
1√
2π

e−ika
+∞∫
−∞

f (t)e−iktdt

= e−ika f̃ (k).

e)

F [eiξ x f (x)] =
1√
2π

+∞∫
−∞

f (x)e−ikxeiξ xdx

=
1√
2π

+∞∫
−∞

f (x)e−i(k−ξ )xdx

= f̃ (k−ξ ).

f) We use integration by parts and the fact that f (x) vanishes at ±∞:



SD Solutions to Appendix D exercises S233

F [d f (x)/dx] =
1√
2π

+∞∫
−∞

d f (x)
dx

e−ikxdx

=
1√
2π

f (x)e−ikx
∣∣∣∣+∞

−∞

− 1√
2π

+∞∫
−∞

f (x)
de−ikx

dx
dx

= 0− (−ik)
1√
2π

+∞∫
−∞

f (x)e−ikxdx

= ik f̃ (k).

Solution to Exercise D.6. In order to calculate the integral

F [e−x2/b2
] =

1√
2π

+∞∫
−∞

e−ikxe−x2/b2
dx, (SD.3)

we express the exponent in Eq. (SD.3) as a quadratic function of x and then apply Eq. (B.17):

F [e−x2/b2
] =

1√
2π

+∞∫
−∞

e−
(

x2

b2 +ikx+ k2b2
4 −

k2b2
4

)
dx

=
1√
2π

e−
k2b2

4

+∞∫
−∞

e−(
x
b+

ikb
2 )

2
dx

=
1√
2π

e−
k2b2

4

+∞∫
−∞

e−
(x+ikb2/2)

2

b2 dx

=
1√
2π

e−
k2b2

4 b
√

π

=
b√
2

e−
k2b2

4 .

Solution to Exercise D.7.

a)

F [δ (x)](k) =
1√
2π

+∞∫
−∞

δ (x)e−ikx (D.3)
=

1√
2π

.

b) By setting d = 2/b, Eq. (D.1) can be rewritten in the form

d
2
√

π
e
−k2d2

4 → δ (k) for d→ ∞. (SD.4)
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We also notice that, in the limit d→ ∞, the Gaussian function e−x2/d2
becomes constant 1. Hence

F [1] = lim
d→∞

F [e−x2/d2
]

(D.16)
= lim

d→∞

d√
2

e−
k2d2

4
(SD.4)
=
√

2π δ (k).

Solution to Exercise D.8. Let us first set a = 1. We notice that the required integral is, up to a factor of
√

2π , the
Fourier transform of the function f (x) = 1 at point −k. Applying Eq. (D.18), we find

+∞∫
−∞

eikxdx =
√

2πF [1](−k) = 2π δ (−k) = 2π δ (k).

Here we used the fact that the Delta function is even, which is evident from Eq. (D.1). To generalize this result
to an arbitrary a, we use Eq. (D.12).

Solution to Exercise D.9.

a) Using results (D.13) and (D.17) we have

F [δ (x+a)+δ (x−a)] =
eika + e−ika
√

2π
=

√
2
π

coska.

b)

F [cos(ax+b)](k) = F

[
eiaxeib + e−iaxe−ib

2

]
(k)

(D.14)
=

eib

2
F [1](k−a)+

e−ib

2
F [1](k+a)

(D.18)
=

√
π

2
[eib

δ (k−a)+ e−ib
δ (k+a)].

c)

F [e−ax2
cosbx](k) = F

[
e−ax2

eibx + e−ax2
e−ibx

2

]
(k)

(D.14)
=

1
2

{
F [e−ax2

](k−b)+F [e−ax2
](k+b)

}
(D.16)
=

1
2
√

2a

{
e−

(k−b)2
4a + e−

(k+b)2
4a

}
.

d)

F [e−a(x+b)2
+ e−a(x−b)2

](k)
(D.13)
= F [e−ax2

](eikb + e−ikb)

(D.16)
=

√
2
a

e−
k2
4a coskb.
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e)

F [θ(x)e−ax](k) =
1√
2π

+∞∫
0

e−ax−ikxdx

=
1√
2π

1
a+ ik

.

f)

F [top-hat(x)](k) =
A√
2π

a∫
−a

e−ikxdx

=− A√
2πik

(e−ika− eika)

=

√
2A√
πk

sin(ka)

=

√
2Aa√
π

sinc(ka),

where sinct = sin t/t.

Solution to Exercise D.10.

F−1[F [ f ]](x) =
1

2π

+∞∫
−∞

 +∞∫
−∞

f (x′)e−ikx′dx′

eikxdk

=
1

2π

+∞∫
−∞

+∞∫
−∞

f (x′)eik(x−x′)dk dx′

=
1

2π

+∞∫
−∞

f (x′)

 +∞∫
−∞

eik(x−x′)dk

dx′

(D.19)
=

1
2π

+∞∫
−∞

f (x′)
[
2πδ (x− x′)

]
dx′

(D.5)
= f (x).

Solution to Exercise D.11. We start with the definition (D.21) of the inverse Fourier transformation:

F−1[ f (x)](k) =
1√
2π

+∞∫
−∞

e−i(−k)x f (x)dx = F [ f (x)](−k)
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[here we exchanged the variables x and k with respect to Eq. (D.21)].


