
Lecture 19. Spinors

1. Def: a ‘vector+flag’ that can be mapped onto a pair of complex numbers: s =

(
a
b

)

2. Extracting a null 4-vector from a spinor: Xµ = 〈s| σµ |s〉

where I =

(
1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

3. Rotating the coordinate system: spinor s→ Us

Ux = ei(θ/2)σx = cos(θ/2)I + i sin(θ/2)σx =

(
cos(θ/2) i sin(θ/2)

i sin(θ/2) cos(θ/2)

)
,

Uy = ei(θ/2)σy = cos(θ/2)I + i sin(θ/2)σy =

(
cos(θ/2) sin(θ/2)

− sin(θ/2) cos(θ/2)

)
,

Uz = ei(θ/2)σz = cos(θ/2)I + i sin(θ/2)σz =

(
eiθ/2 0

0 e−iθ/2

)
.

4. Any 2× 2 matrix Λ with unit determinant Lorentz-transforms a spinor.
Such matrices can be written

Λ = exp (iσ · θ/2− σ · ρ/2)

where ρ is rapidity and θ is rotation angle. If Λ is unitary the transformation is a rotation in space;
if Λ is Hermitian it is a boost.

5. Main idea:

{
1st rank spinor ↔ null 4-vector
one type of 2nd rank spinor ↔ any 4-vector (⇒ transformation rule)



1. Spinor basics
i. A “spinor” is essentially a mathematical tool.
ii. A rank 1 spinor is very much like a 4-vector; (a rank 2 spinor is like a tensor).
iii. Spinors are used in quantum as well as classical physics; we shall only do classical physics.
iv. Everything you can do with vectors and tensors you can also do with spinors!
v. But don’t worry, we will focus on describing just two basic physical

quantities: energy-momentum and angular-momentum.

Two ways of thinking about a spinor.

1. It is a two-component vector having complex coefficients:

s =

(
a
b

)
(a, b ∈ complex numbers)

2. It is a null 4-vector, with real (not complex) components, with a ‘flag’ attached.

If we write the spinor as

s = seiα/2

(
cos(θ/2)e−iφ/2

sin(θ/2)eiφ/2

)

then the associated 4-vector (sometimes called ‘flagpole’) is




r
r sin θ cos φ
r sin θ sin φ

r cos θ




where r = s2. The spatial (3-vector) part can also be called a Bloch vector.



Lecture 20. Chirality, Weyl equations, Dirac spinor

1.
contraspinor s′R = ΛsR, Xµ = 〈sR|σµ |sR〉
cospinor s′L = (Λ†)−1s′L, Xµ = 〈sL| σµ |sL〉

contraspinor is called “right handed” or “+ve chirality”
cospinor is called “left handed” or “−ve chirality” but this terminology invites confusion (e.g.
we don’t call contravariant 4-vectors “right handed”)

2. Weyl equations and parity violation

Pλσ
λwR = 0 ⇒ (E/c− p · σ)wR = 0,

Pλσ
λwL = 0 ⇒ (E/c + p · σ)wL = 0.

→ eigenvalue equations, helicity is positive/negative for contraspinors/cospinors.

3. Treat massive particles using a pair of spinors, φR, χL.
Form U = A− B, W = (A + B)mcS: pair of orthogonal non-null 4-vectors.
Hence

Uµ = Ψ†γ0γµΨ, Wµ = mcSΨ†ΣµΨ,

where γ0 =

(
0 I
I 0

)
, γi =

(
0 −σi

σi 0

)
“Dirac matrices”

4. Lorentz transform of Dirac spinor: Ψ →
(

Λ(v) 0
0 Λ(−v)

)
Ψ

leads to “particle Dirac equation”

( −m E + σ · p
E − σ · p −m

)(
φR(p)
χL(p)

)
= 0.



Lecture 21. Variations on the wave equation

1. Wave equation: ¤2φ = 0 or − 1

c2

∂2φ

∂t2
+∇2φ = 0.

Plane wave solutions

φ(t, x, y, z) = φ0e
i(k·r−ωt) ⇒ ω2 − k2c2 = 0. (c.f. E2 − p2c2 = 0.)

2. Klein Gordan equation: (¤2 − µ2c2)φ = 0.

Plane wave solutions: ω2 − k2c2 = µ2c4

Associated 4-current J = i (φ¤φ∗ − φ∗¤φ) , ¤ · J = 0

3. Dirac equation in 1D (i.e. 1 spatial dimension plus time):
zero mass: (

∂

∂t
+ c

∂

∂x

)
φ1 = 0,

(
∂

∂t
− c

∂

∂x

)
φ2 = 0.

non-zero mass:

i
(

∂
∂t
− c ∂

∂x

)
φ1 = µc2φ2

i
(

∂
∂t

+ c ∂
∂x

)
φ2 = µc2φ1

}
⇒

(
ω̂ + σzk̂xc

)
ψ = µc2σxψ

4. Dirac equation in 3D (i.e. 3 spatial dimensions plus time):
zero mass:

(ω̂ − σ · k̂c)φ1 = 0,

(ω̂ + σ · k̂c)φ2 = 0.

non-zero mass:

(ω̂ − σ · k̂c) φR = µc2χL,

(ω̂ + σ · k̂c) χL = µc2φR

}
or iγλ∂λΨ = µcΨ

Dirac current Jµ = ψ†γ0γµψ = (ψ†ψ, cψ†αψ)

and 4-spin Wµ = ψ†γ0γµγ5ψ


